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Scaling Laws for Fracture of Heterogeneous Materials and Rock
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Using computer simulation we show that, near the global failure point, the cumulative elastic energy
released during fracturing of heterogeneous solids follows a power lawlegtperiodic corrections
to the leading term. This is consistent with a recently proposed scaling law that relates the dynamics
of the precursors of large earthquakes to their occurrence time, thus providing a rational basis for it in
terms of rupture of the rock. It is also consistent with the scaling of acoustic emissions that precede
fracture of composite materials, with the time to failure, and may thus provide a basis for predicting
fracture of materials. [S0031-9007(96)01440-8]

PACS numbers: 91.30.Px, 62.20.Mk, 64.60.Ak

Two important phenomena in natural rock masses aré andB are constants, and is a critical exponent. More-
earthquakes, and the nucleation and propagation of fraover, using arguments from the renormalization group
tures. Most rock masses contain complex and intertheory of critical phenomena, Sornette and Sammis [7]
connected fracture networks, the presence of which isuggested that there are significant correction-to-scaling
crucial to the economics of oil recovery processes fronterms to this power law, and that these correctiondage
underground reservoirs, generation of vapor from geothemperiodic, so that one has the following scaling law:
mal reservoirs for use in power plants, and the develop-
ment of groundwater resources, as the fractures provide €(z) = A + B(t, — t)"
high permeability paths for fluid flow in natural reservoirs. log(, — 1)
Because of its obvious significance, characterization of X ‘1 + C co{zw - E} , (1)
fractured rock is an active research field [1]. Earthquakes, log D
on the other hand, are the result of a series of complewhereC, D, andE are also constants. Such correction
phenomena involving the interaction between stress corterms arise if the critical exponents are complex humbers.
centration, the structure of the fracture and fault networkn Eq. (1)t is made dimensionless with some suitable vari-
of rock, and local pore fluid pressures. Study of the dy-able or time scale. In practice, one fits the data by Eq. (1)
namics of earthquake faults is also a very active area db estimate the various parameters and, in particylarit
research. However, a clear picture of how earthquakesas shown [7] that Eqg. (1) can provide accurate predic-
develop has not emerged yet. For example, although wions for the timer, at which some large earthquakes have
know that the vast majority of earthquake hypocenters aralready occurred. For example, Eq. (1) predicts that the
distributed on the regional fracture and fault networksLoma Prieta earthquake in northern California, which had
the nature of the dynamics of earthquakes and the precisemagnitude of 6.7—7.1, should occuni#89.9 = 0.8; the
relation between rupture and fracture of rock and this dyearthquake actually occurred on 17 October, 1989. De-
namics, which are the most important problems, have respite its potential as a predictive tool, the origin of Eq. (1)
mained largely unsolved. and its relation with nucleation and propagation of frac-

It has been proposed [2—4] that large earthquakes ateres in the rock remain unclear. If this relation can be
similar to critical phenomena in that before they occurclarified, it can lead to a much deeper understanding of
long-range correlations develop at many scales that leatthe long-standing problem of the dynamics of large earth-
to a cascade of events (earthquakes) at increasingly largguakes. As a by-product, one may potentially have an ac-
scales. The development of such long-range correlationsurate tool for predicting large earthquakes.
between the events that precede a great earthquake hadf large earthquakes do represent a critical phenomenon,
been documented [5]. If this picture of the developmenthen only may be led to the idea that the criticality
of a large earthquake is correct, then one may guess thet caused by failure in the Earth’s crust which can be
its precursors may follow power laws which are characterthought of as a scaling-up process in which failure at
istics of critical phenomena. This guess has already beemne scale is part of damage accumulation and creation
exploited for predicting large earthquakes. In particular, itof fractures at a larger scale. Hence, Eq. (1) should also
has been suggested [6,7] that any meas(reof seismic  be observed for any measure that characterizes nucleation
release at tim¢g close to the time of a large earthquake and propagation of fractures in heterogeneous rock. The
should obey a power law(r) = A + B(t, — t)"™, where  purpose of this Letter is to show that this is indeed the
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case, and that, near the macroscopic failure point, thies infinite (i.e., as large as the linear size of the system).
cumulative elastic energy released during formation ofFor 1/2 < H < 1 a fBm generates long-range positive
fractures in heterogeneous rock follows an equation similacorrelations, whereas fdr < H < 1/2 one has negative
to (1). Thus, one can explain the origin of Eqg. (1) basedr anticorrelations. In our simulations we usdd= 0.1
on the relation between the dynamics of large earthquakeand 0.9, where the smaller value is about what has been
and that of the development of rupture and fracture irfound for rock [12].
heterogeneous rock, and might ultimately have an accurate We initiate the failure process by applying a fixed
means of estimating when a large earthquake may occuexternal strain to the network in a given direction (in shear
However, we argue that our results are more general angr tension), calculatingt;’s, and breaking all the springs
may be applicable to a broad class of phenomena, ranginghose lengths have exceeded their critical threstigld
from earthquakes and rock fracture, the main focus ofvhere each broken spring represents a microcrack. We
this Letter, to fracture of heterogeneous materials and thiéhen increase the external strain gradually and recalculate
critical properties of spin systems (see below). u;’'s for the new configuration of the network, select the
To establish this we employ our discrete model ofnext springs to break, and so on. At each stage we also
fracture [8—10] for heterogeneous media. Consider awalculate the cumulative elastic ene§i that is released
L X L triangular network with a periodic boundary con- by fracturing of the system, i.e., the total enetgyof the
dition in one direction, each site of which is characterizedsystem when no fracture has been created minus the elastic
by the displacement vectar; = (u;,, u;,), With nearest- energy of the system in its current state. The simulation
neighbor sites connected by springs, where each springpntinues until a sample-spanning fracture network is
represents a portion of rock at a small scale. We conformed. We used a0 X 80 network withg/a = 0.05,
sider here the case of brittle fracture for which a linearwhich is a typical value for heterogeneous solids, and
approximation is valid up to a threshold (defined below).variedy in order to study its effect on the behavior of the
The displacement; is computed by minimizing the elas- system. We also made several realizations of the system,

tic energyE with respect tau;, where and studied its behavior in individual realizations, as well
@ ’ as its average over all the realizations (see below).
E=~ Z[(“i ~u)) - RiFgyj Let us discuss first the results with the random distri-
(i) bution of the thresholds. Ify = 0, then the system is
+ % Z (80i)*gij ik - (2)  more or less homogeneous. Under this condition, once a
(jik) crack nucleates in the rock, stress enhancement at its tip

Herea and B are the central and bond-bending or angle-is larger than at any other point of the medium, and there-
changing force constants, respectivay; is a unit vector  fore the next microcrack almost surely develops at its tip.
from site i to site j, g;; is the elastic constant of the Hence, in such a system the microcracks are all connected
spring between andj, and( jik) indicates that the sum and clustered together with almost no dead-end branches,
is over all triplets in which the bondsi andi-k form  and one does not see large fluctuations in, e.g., the re-
an angle whose vertex is at We introduce a threshold leased elastic energy which is typical of the precursors to
value I, for the length of a spring, which is selected large earthquakes. On the other handy i 1, fracture
from a probability distribution. Two types of threshold of the system is catastrophic in the sense that, with a very
distributions were used. One was a power lg#i,) =  small increase in the external strain a very large number
1 - ’}/)lc_y, with0 < y < 1. Thus, fory = 0one hasa of fractures are created and the system reaches its final
narrow distribution of the thresholds, whereas for= 1  state very quickly, and thus it is very difficult to detect
one has a very broad and heterogeneous distributiothe fluctuations, unless one uses very large systems. It
However, this distribution is completely random andis only in the intermediate region where we see, without
provides no correlations between various regions of thdlifficulty, clear fluctuations in the cumulative elastic en-
system. It has been shown [1,11,12] that in natural rock atrgy released during fracturing of the system. Figure 1
large length scales there are long-rargicorrelations, shows the results for a single realization apd= 0.5,

in the sense that a high value of a rock property (e.g., itsvhere we present both our simulation results and their fit
porosity or the elastic moduli) is followed by a low value, to Eq. (1), with the time replaced by the external strath

and vice versa. To generate such correlations we usaghich plays the same role &g our model. The cumula-

a fractional Brownian motion (fBmpBy(r) that has been tive energy has been normalized By, while S has been
shown [1,11] to provide adequate representations of suchormalized by its value. just before a sample-spanning
correlations in rock, although any other stochastic procesgacture network has been formed. The fits were obtained
that can generate such correlations can be used. Brieflysing a Levenberg-Macquardt algorithm. As can be seen,
the fBm is a stochastic process such thpgy(r) — Eq. (1) provides an accurate fit to the data with= 0.13,

By (ro)]?) ~ Ir — ro|*, wherer andr, are two arbitrary whereas a simple power law without the log-periodic cor-
points in space, anH is the Hurst exponent. It has been rections does not. Note that the last data point, which rep-
shown [13] that fBm generates correlations whose extemesents the global failure point, is not on the fitted curve,

3690



VOLUME 77, NUMBER 17 PHYSICAL REVIEW LETTERS 21 OTOBER 1996

LI A B B A B We now discuss the results with a correlated distri-
bution of the thresholds, which we believe is more rel-
evant to heterogeneous rock at large length scales. |If
] H > 1/2, then the springs with low thresholds are clus-
s tered together. Since the first microcrack appears in a
] weak region of the system, the positive correlations cause
the crack to grow in the same region, and as a result the
behavior of the system is essentially similar to the ran-
dom case withy = 0, and indeed this is what we find
s with H = 0.9. However, withH < 1/2, which is the
] range relevant to heterogeneous rock [12], we have an-
ticorrelations, so that high and low values of the thresh-
T olds are next to each other. As a result, crack growth
o 0% og M0 1 e continues in a weak region until a much stronger re-
o _ _ gion is encountered in its neighborhood. When this
FIG. 1. Variations of the cumulative elastic energ re-

leased during fracturing (normalized by the eneigy of the happens, crack growth stops and another crack nucle-

unfractured system) with the external str@nnormalized by ~&t€s in another weak region. The growth of the new
its value S, just before the global failure, for a single realiza- crack also stops when it encounters another strong re-

tion of a random system. The dashed curve shows the fit of thgion, and so on. This then gives rise to large fluctu-

data (circles) by a simple power law, whereas the solid curveytions in the cumulative elastic energy released during

shows the fit with log-periodic corrections with the power law. fracturing, and indeed Fig. 3 which presents the results
with H = 0.1 confirms this. Asin Figs. 1 and 2, Eq. (1)

s provides an accurate fit to our data with= 0.4, close

to what Sornette and Sammis [7] found in their analy-

sis of Loma Prieta earthquake data,= 0.34 = 0.08.

An important question is whether such a behavior will\We do not expect the value af for this case to be the

disappear if we average the behavior of the system oveldme as that of the random distribution, since long-range

many realizations. Figure 2 presents the same type of daﬁ?rrelatlons change the value of a critical exponent from
value for a random system.

as those in Fig. 1, except that now the results represent e : . .
average of several realizations of the system. As can be The existence of such corrections to the scaling of the
seen, the oscillatory fluctuations do not die out when théeleased elastic energy may be explained as follows. The

behavior of the system is averaged over many realizationéQCk. first develops isolated microcracks WhiCh. are nuclea-
For this case we findn = 0.1 which, as expected, is ted in the weak regions. As the applied strain increases,
close to what we find for a single ’realization. S’incemore weak regions develop cracks, while the stronger re-

the fracturing process is nonlinear, we do not expect, Org};ions remain relatively intact. After some time the micro-

theoretical grounds [H. Saleur (private communications)]s\;ﬁcﬁs JO'T ?‘”dtf]‘ fraqte;l fractu;ethpattern e:nerge?z[8—110]
that the oscillations disappear after the averaging. Ich explains the existence of tne power faw in Eg. @)
At the same time, because the weaker regions have al-
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but to the left of it (failure occurs early). However, this i
a finite-size effect which will disappear if the size of the
network becomes very large.
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FIG. 2. The same as in Fig. 1, but averaged over several
realizations of the system. FIG. 3. The same as in Fig. 1, but for a correlated system.
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