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Polyampholytes (PAs) are heteropolymers with long range Coulomb interactions. Unlike polyme
with short range forces, PA energy levels have nonvanishing correlations and are thus very differe
from the random energy model (REM). Nevertheless, if charges in the PA globule are screen
as in a regular plasma, PAs freeze in REM fashion. Our results shed light on the potential ro
of Coulomb interactions in folding and evolution ofproteins, which are weakly charged PAs, in
particular, making connection with the finding that sequences of charged amino acids in proteins are
random. [S0031-9007(96)01429-9]
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The freezing transition of heteropolymers, in which th
number of thermodynamically relevant states goes fro
an exponentially large value [O seN d] in the random glob-
ule state, to only a few [O s1d] conformations in the frozen
state, has attracted a great deal of interest. In addit
to providing an interesting problem in the statistical me
chanics of disordered materials [1], this system is pote
tially relevant to the biologically important question o
protein folding. Most previous investigations have fo
cused on heteropolymers with short range interactio
Recently, however, there has been renewed theoret
[2–4] and experimental [5,6] interest in polyampholyte
(PAs), which are heteropolymers with charged monome
of both signs. It has been shown that, due to screening
fects, PAs collapse to compact globules if their net char
is below a critical value [7]. There is also some eviden
from exact enumeration studies of short chains [8] th
dense globules of neutral PAs may have a freezing tran
tion. However, it is unclear how long range (LR) interac
tions affect freezing, or whether the formalism develope
for globular polymers with short range (SR) interaction
remains applicable to the LR case.

The freezing transition of SR heteropolymers is mo
commonly described by the random energy model (REM
[9], although it is not always applicable even in this cas
[10]. As the principal underlying assumption of REM i
the statistical independence of energies of states (polym
conformations) over disorder (sequence of charges alo
the chain), we first examine correlation of the energies a
then discuss the resulting freezing transition. Our starti
point is the Hamiltonian

H ­
NX

IfiJ

BsIsJfsrI 2 rJd , (1)

where B is a constant,I labels monomers along the
chain, andssId [ 61 is the charge of monomerI . The
range of interactions is indicated throughfsrd, such that
fsrd ­ Dsrd for SR interactions, andfsrd ­ 1yrd22 for
Coulomb forces ind dimensional space. Finally, we only
0031-9007y96y77(17)y3565(4)$10.00
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consider the case of maximally compact polymers, assu
ing that maximal density is maintained independently
Coulomb interactions, i.e., by an external box, poor so
vent, or internal attractions, such thatR , N1yd.

The simplest characteristics of statistical dependen
of energies is the pair correlation between two arbitra
conformationsa andb, given by

kEaEblc ; kEaEbl 2 kEal kEbl ­ B2Qab , (2)

with Qab ;
P

IfiJ fsra
I 2 ra

J dfsrb
I 2 r

b
J d. In the fa-

miliar case of SR interactions,QSR
ab ­

P
IfiJ Dsra

I 2

ra
J dDsrb

I 2 r
b
J d is just the number of bonds in common

between configurationsa andb. Numerical simulations
[10] indicate that in many cases the probability distr
bution for Q

SR
ab , i.e., PSRsQd ;

P
ab dsQ 2 Q

SR
abd, is

sharply peaked at smallQ. This happens because on
can easily “hide” monomers by moving them only a sma
distance and decreasing their contribution toQSR. Large
statistical dependence is thus achieved only for conform
tions that are closely related. The validity of REM res
on the statistical rarity of such closely related conform
tions. REM is valid when configurations that are statis
cally dependent can be ignored in a largeN limit.

By contrast, with long range interactions, the releva
parameter for judging statistical dependence isQ

LR
ab ­P

IfiJ fjra
I 2 ra

J j ? jr
b
I 2 r

b
J jg2sd22d. While the geomet-

ric interpretation ofQLR
ab is not as clear asQSR

ab, it
measures the similarity in contributions from monome
pairs sI , Jd in conformationsa and b to the overall en-
ergy. Unlike the SR case, polymeric bonds always ke
monomers within the scale of LR interactions. Thus, fo
two conformations chosen at random, the overlapQ

LR
rand

may not be negligible (even ifQSR
rand is). The following

scaling argument provides an estimate of the width of t
probability distributionPLRsQd ;

P
ab dsQ 2 Q

LR
abd.

First, consider the maximum overlap which occu
(for both LR and SR) whenall elements are correlated
(i.e., Qmax ­ Qaa is the correlation of a configuration
with itself). To compute this, we note that for each o
© 1996 The American Physical Society 3565
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the N monomers there is a contribution fromO srd21d
monomers at a distancer (for compactstates ind dimen-
sions), resulting inQmax , N

R
dr rd21fsrd2. For SR

interactions, this integral is dominated by contributions
a microscopic length scale (set by the interaction ran
and we getQSR

max , N. For LR interactions, while con
tributions from monomers far away are smaller, there
more of them. For Coulomb interactions ind # 4, the in-
tegral is dominated by the longest distance, and for a p
mer of sizeR, we getQLR

max , NRdyR2sd22d , NR42d .
We can use similar arguments for the overlap betw

two conformations chosen at random (Q
LR
rand). In fact,

for the LR problem,QLR
max and Q

LR
rand scale identically,

as both cases involveO sN2d pairs of monomers, eac
giving a contributionO s1yR2sd22dd, for a total ofQLR

max ,
Q

LR
rand , N2R2s22dd. Moreover, as the main contribu

tion to Q
LR
rand comes from far away sites, this residu

overlap is only weakly conformation dependent. T
existence of a residual overlap changes the prob
fundamentally from the SR case: REM is not valid
there is always a statistical dependence ind , 4 [11].

Computer simulations support the above argume
To examine a large range inN , we generated random
conformations on a lattice by first choosing a radiusR,
and then enumerating random paths [12] on the se
lattice sites which are withinR. R was varied from
3 to 10 lattice sites, and the following results rep
sent averages over 20 conformations for eachR value.
Figure 1 shows that the scaling exponentsg defined
by Q , Ng appear to be the same within error f
random pairs of conformations, as well as the over
of any conformation with itself. Furthermore, the fi
agree well with the predictionsgLR

max ­ g
LR
rand ­ 4y3. By

contrast, with SR interactionsgSR
max ­ 1, while g

SR
rand ø

0.75 is distinctly smaller. We also calculated SR a
LR overlapsQSR and QLR for 1000 pairs of 64-mer

FIG. 1. Scaling ofQrand and Qmax with N for LR and SR
interactions (d ­ 3). Power law scaling of the formQ ,
Ng indicates thatQLR

randyQLR
max does not vanish in the thermo

dynamic limit, whereasQSR
randyQSR

max does.
3566
t
)

e

-

n

m

s.

of

-

p

conformations (d ­ 3, cubic lattice). The resulting his
tograms, with overlaps normalized by the maximal valu
are shown in Fig. 2. SR overlaps are peaked at sm
values, whereas the LR overlaps are peaked close
unity. Furthermore, the sharpness of the distribution s
gests thatQLR is approximately independent of the cho
sen pairs of conformations.

Having demonstrated the residual overlap betwe
energies of conformations with LR interactions, a
hence the breakdown of REM, we go on to bet
characterize the density of states. This will take us
step closer to understanding the freezing of PAs.
describe the density of states, we use the following th
characteristics: the annealed energy variancesann (the
width of the density of states for annealed disorde
the average quenched energy variancesquen (the width
of the density of states for quenched disorder), and
quenched energy correlation functiong (the statistical
dependence between states). These quantities are g
by the formulas

s2
ann ; k sE2d lc ­ k sE2d l 2 k E l2,

s2
quen ; k sE2d lc ­ k sE2d l 2 ks E d2l , (3)

g ; ks E d2lc ­ ks E d2l 2 k E l2,

where · · · and k· · ·l denote averaging over conformation
and sequences, respectively. Note that these quantitie
related by a mathematical identitys2

ann ­ s2
quen 1 g.

In the annealed case, the energy variance iss2
ann ­

B2Qmax, since, in this case, all possible states can be
cessed and thus the width of the energy spectrum mus
maximal. This result is also easily extracted from Eq. (
by averaging over conformations witha ­ b. Averag-
ing the same equation overall pairs of statesa and b,
we can findg: For M conformations, there areM pairs
a ­ b which completely overlapQab ­ Qmax, but this

FIG. 2. Probability distributionsPsQLRd and PsQSRd, ob-
tained from 64-mers on a cubic lattice. Because of finite s
effects, there is some residual overlap in the SR case (h
peaked at 0.1). However, we expect that the SR residual o
lap vanishes in the thermodynamic limit, while the LR overl
does not.
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is overshadowed by the remainingM sM 2 1d pairs
with overlap Qab ­ Qrand, resulting in g ø B2Qrand.
In addition to measuring the statistical dependence b
tween states,g ­ ks E d2lc also describes how the mean o
the energy spectrum for a given sequence varies betw
sequences. Finally the width of the energy spectrum
a typical sequence iss2

quen ; s2
ann 2 g ­ B2sQmax 2

Qrandd. This makes sense physically as correlation (a
ticorrelation) in the energies should narrow (broaden) t
width of the energy spectra. Also, we see that when the
is no correlation (g ­ 0), sann ­ squen, as in the REM.

The following picture emerges from the above result
As Q

SR
rand ­ 0, we haveg ­ 0 for the SR case above

the freezing temperature, and the mean of the ene
spectrum does not vary significantly between sequenc
Also, the width of the spectrum for a given sequence
large (the maximum possible value, as in the annea
case). The variation of the means of the energy spec
between sequencesg is much smaller than the typical
width of each spectrums2

quen; thus disorder is not
important for SR interactions above freezing. Of cours
below the freezing temperature, self-averaging brea
down, and disorder is relevant. By contrast, for LR
interactions,QLR

rand does not vanish and is significant. W
thus expect the widths of the energy spectra to be sm
and the means to vary widely from sequence to sequen

The results of a computational test of the abov
scenario, obtained from the exact enumeration of
globular states of 36-mers on a cubic lattice (d ­ 3) are
presented in Fig. 3. We see that for SR interaction
the means of the spectra are indeed well defined a
their width (gray region) is large. For LR interactions
the means are poorly defined, with a variance betwe
sequences which is greater than the widths of individu
spectra (error bars).

Is the insight gained above sufficient to analyze th
freezing transition in PAs? In general, freezing

FIG. 3. Mean and width of the energy spectra for 80 s
quences of 36-mers, determined by full enumeration over
maximally compact conformations (see text for details).
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governed by the low energy tail of the density o
statesrsEd ­ MPsEd, where M is the total number
of conformations, andPsEd is the single level energy
distribution. In the standard REM entropy crisis scenari
the system freezes in a microstate, much like a snapsh
at a temperatureTf at whichrT , 1, whererT ­ rsET d
is the density of states at the equilibrium energyET at the
temperatureT .

The density of states in the high temperature regime
governed bysann, as can be seen by a high temperatu
expansion: The partition functionZ ­ trfexps2bH dg
is first expanded in powers ofb ­ 1yT , resulting
in (after averaging over sequences)2bF ­ kln Zl ­
ln M 2 bk E l 1 b2k sE2d lcy2 1 · · · . From this ex-
pression [and using Eq. (3)], the entropy is calculated
SsT d ­ ln M 2 b2s2

queny2 1 · · · , where (as demon-
strated earlier) for Coulomb interactions ind ­ 3,
s2

quen , e2N2yR, yielding

rT , M expf2 1
2 se2NyTRd2g . (4)

From the structure of the series [3], we expect th
high temperature expansion to break down for tempe
tures T , TD ; e2NyR. This temperature can also be
obtained by regarding the polymer globule as a (nonpo
meric) plasma of the sameN charges confined within
the volumeR3. As the Debye screening length for thi
plasma is of the orderrD , sTR3yNe2d1y2, there are two
regimes: ForT , TD , the plasma is fully screened a
rD , R. However, forT . TD , rD . R and the charges
are not screened. The latter regime is meaningless
a regular plasma, but describes the high temperature
havior of the polymer globule. It is not clear that, with
the constraints of polymeric bonds, the scaling for a P
should be the same as that for a screened plasma at
temperatures. However, assuming that this is the ca
the entropy can be estimated by noting that the plas
is composed of roughlyN , R3yr3

D , sNe2yRT d3y2 in-
dependent Debye volumes. Assuming that the entropy
proportional toN , we finally conclude

rT , M expf2cse2NyTRd3y2g , (5)

where c is a numerical constant. Note that Eq. (5
indicates a very sharp decrease of the density of state
the low energy tail, proportional to expf2c0sE 2 E d3g,
which reflects the fine tuning of configurations necessa
for screening.

Typically the number of conformations of a polyme
scales asM , evN , with v of the order of unity. In the
limit where the polymer is kept maximally compact b
an external box, poor solvent, or internal attractions, su
that R , aN1y3, wherea is a monomeric length scale,
v is approximately the entropy of Hamiltonian walks
Freezing, which is signaled byr , 1, can take place
in the unscreened regime only for short chains wi
N , 1yv. (The “apparent” freezing temperature fo
unscreened polymers grows asN1y6.) In this case, a
3567
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further decrease of temperature will not lead to screenin
of course. For longer chains, we predict freezing at a
N-independent temperature ofTf , e2ysav2y3d in the
screened regime. In this sense, the compact PA freeze
a phase transition that is similar to REM. We stress th
this happens despite the unusual scaling of the width
the density of states,s , N2y3. The distinction between
the two behaviors is important for understanding th
results of lattice simulations, as it appears that 36-me
are in the short chain regime.

We expect that the nature of the frozen state al
depends onTf yTD. For freezing in the screened regime
(Tf , TD), the system looks much like that of the SR
case, i.e., like a disordered version of a salt crystal. F
freezing in the unscreened regime (Tf . TD), we expect
a smaller degree of antiferromagnetic ordering; consiste
with the idea that freezing at a higher temperature leads
a state which is less energetically optimized.

An important class of PAs areproteins. In the light of
our findings in this work, we make here some conclud
ing remarks about protein folding and evolution. Of th
20 natural amino acids, three are positively charged (Ly
Arg, His), two are negatively charged (Asp, Glu), and th
rest are neutral. Nevertheless, it is often assumed that
interactions are not essential to proteins, as the screen
length in biological solvents is often quite small. It is les
clear that screening is also effective in compact glob
lar configurations with little or no solvent in their interi-
ors. Furthermore, secondary structural elements such
a-helices effectively reduce the conformational flexibil
ity of proteins. Indeed, the conformation space of sma
proteins (i.e., 70–90 amino acids) perhaps corresponds
that of lattice 27-mers [13], and small proteins are likel
to be in the short chain regime with respect to LR in
teractions. Thus, while the total charge on a given pr
tein may be small, in solvents with few counterions, th
may be sufficient to lead to a REM-violating correlate
energy landscape, making the results obtained here re
vant. Moreover, for the typical separation of charges
a globular protein (roughly 20 Å), and given a dielec
tric constant of order 5–10, andv ø 2, the characteristic
freezing temperatureTf is of the order of (biologically
relevant) room temperatures.

We have discussed how the mean of the density
states can vary greatly from sequence to sequence.
appears that a large contribution to this mean com
from the interaction between monomers that are n
far apart along the sequence. For example, while ne
nearest neighbors along the chain can somewhat v
their spatial distance from each other, this will stil
not break their great contribution to the mean energ
This is why the conformational average energy depen
strongly on the correlations between charges quench
along the sequence. For Coulomb interactions, cha
with anticorrelated sequences have low mean energi
3568
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This is intriguing, considering the recent finding tha
protein sequences are indeed anticorrelated with resp
to their charge [14]. This indicates that perhaps prote
evolution was not just dictated solely by the degre
of hydrophobicity of monomers (which depends on th
degree of charge, not the sign), but by Coulomb effe
as well.
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