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Stability of Quantum Electrodynamics with Nonrelativistic Matter
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We prove stability for systems composed of arbitrarily many nonrelativistic Pauli electrons minimally
coupled to the quantized, ultraviolet-cutoff electromagnetic field and of static nuclei interacting with
each other through Coulomb forces. [S0031-9007(96)01414-7]
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In this Letter we prove that the quantum electrod
namics of nonrelativistic, quantum mechanical mat
interacting with the quantized radiation field is stab
provideda2sZ 1 1d is sufficiently small and an ultraviole
cutoff is imposed on the quantized electromagnetic vec
potential. As usual,e denotes the elementary electr
charge," is Planck’s constant,c is the velocity of light,
and a  e2y"c ø 1

137 is the dimensionless feinstructur
constant; the charges of nuclei are assumed to be bou
above byZe. A typical system described by this theo
consists of an arbitrary numberN of nonrelativistic
electrons with electric charge2e, bare massm . 0, spin
1
2 and a bare gyromagnetic factorg  2 (Pauli electrons),
an arbitrary numberK of static nuclei of nuclear charg
#Ze, and arbitrarily many photons. In the Coulom
gauge, electrons and nuclei interact through Coulo
two body potentials, and the electrons are coupled
the transverse degrees of freedom of the radiation fi
by minimal substitution. Photons with energies lar
compared to typical atomic energiesf~mc2sZad2g are not
coupled to the electrons because of the ultraviolet cu
imposed on the electromagnetic vector potential.

Stability is the statement that the energy per char
particle in such a system is bounded uniformly inN
and K. Our result on stability also holds for systems
dynamicalnuclei, provided the interactions between n
clear magnetic moments and the quantized electrom
netic field are neglected or suitably regularized. Much
atomic, molecular, and condensed matter physics is c
cerned with the study of detailed properties of the syste
just described.

Our result extends earlier results on systems of e
trons and nuclei coupled toclassical, static magnetic
fields proven in [1,2]; see also [3–6] for earlier partial r
sults. An important part of our proof is based on metho
developed in [2,7]. Our units are"2s2me2d21 for length,
2me4"22 for energy, and2me2"21 for the magnetic vec-
tor potential. In the Coulomb gauge, the Hamiltonian
a typical system is given by

H  Hm 1 Hf ,
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where

Hm 
NX

i1

hfpi 1 ALsxidg ? sij2 1 VC ,

VC 
NX

i,j1
i,j

1
jxi 2 xjj

2

N ,KX
i,k1

Z
jxi 2 Rk j

1

KX
k,l1
k,l

Z2

jRk 2 Rl j
,

Hf  a21
Z

jkj
X

l6

alskdpalskdd3k . (1)

The HamiltonianH acts onsLNH d ≠ F , whereH 
L2sR3d ≠ C2 and F is the bosonic Fock space ove
L2sR3d ≠ C2. The factorsC2 describe the spin of the
electron and the helicity of the photon, respective
The ultraviolet-cutoff electromagnetic vector potential
the Coulomb gauge is given by

ALsxd ; Asxd  A2sxd 1 A2sxdp,

A2sxd 
a1y2

2p

Z
kskd jkj21y2

X
l6

alskdelskdeikxd3k .

The cutoff function kskd satisfies jkskdj # 1 and
suppk , hk [ R3 j jkj # Lj, for some constantL , `.
For eachk, the direction of propagation̂k  kyjkj and
the polarizations e6skd [ C3 are orthonormal. The
operatorsalskdp and alskd are creation and annihilation
operators on F and satisfy canonical commutatio
relations

falskd#, al0 sk0d#g  0 ,

falskd, al0 sk0dpg  dll0dsk 2 k0d .

The main result of the Letter is the following theorem.
Theorem 1.—There is a dimensionless, positive con

stant´ such that

H $ 2const3 sZ 1 1d2sN 1 Kd ,

provideda2sZ 1 1d # ´ andaL4 # const3 sZ 1 1d4.
© 1996 The American Physical Society
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Because of (1), the maximal cutoff allowed by the the
rem corresponds to photon energiesa21L  const3
a25y4sZ 1 1d. For a5sZ 1 1d4 ø 1, the maximal pho-
ton energya21L is much larger thansZ 1 1d2, which
is the scale of typical atomic energies in our units (s
Proposition 2).

Remark.—Our proof shows that

H $ 2constL 3 sZ 1 1d2sN 1 Kd ,

provided a2sZ 1 1d # ´, for arbitrary L; but the con-
stant on the right hand side tends to∞, asL ! `. (Note
thatH is the unrenormalized Hamiltonian.)

Stability of matter in a classical magnetic field.—Here
we extend recent results in [2] concerning the stabil
of quantum mechanical matter in an arbitrary extern
magnetic field. In [2] the energy functional of the syste
contains the magnetic field energy. Here we show t
the lower bound given in [2] for the combined energy
matter and magnetic field holds true, at least qualitative
if the magnetic energy is retained only in a neighborho
of the nuclei of size at least that of a Bohr radius f
nuclear chargeZ. (A similar result is announced in [1].)
t

-

e

l

t

,
d

Proposition 2.—Let

V  hx [ R3j jx 2 Rjj # sZ 1 1d21

for somej  1, . . . , Kj .

Then there iś . 0 such that

Hm 1
1

8pa2

Z
V

s= ≠ Ad2sxdd3x $ 2const

3 sZ 1 1d2sN 1 Kd , (2)

for any classical vector potentialAsxd, provideda2sZ 1

1d # ´.
The proof adds a localization argument to some resu

of [2]. Given K $ 1 nuclei at positionsR1, . . . , RK ,
the physical spaceR3 is partitioned into Voronoi cells
Gj  hxj jx 2 Rjj # jx 2 Rk j for k  1, . . . , Kj s j 
1, . . . , Kd. Let Dj  minhjRj 2 Rk j jj fi kjy2. A
potentialW is defined [2] cellwise as

Wsxd  Zjx 2 Rjj
21 1 Fjsxd for x [ Gj , (3)

where
Fjsxd 

(
s2Djd21s1 2 D22

j jx 2 Rjj
2d21 for jx 2 Rjj # lDj ,

s
p

2Z 1
1
2 d jx 2 Rjj

21 for jx 2 Rjj . lDj .
s

We setl 
8
9 , as in [2]. In particular, forx [ Gj , one

has W sxd # fZ 1 maxsssls1 2 l2d21y2,
p

2Z 1
1
2 dddg 3

jx 2 Rjj
21 # Qjx 2 Rjj

21, where Q  Z 1
p

2Z 1

2.2. If K  0, we setW  0.
Let h be the one-particle Pauli operator with potentia

A andW , i.e.,

h  fsp 1 Ad ? sg2 2 W . (4)

Then [2,7]

Hm $ dGshd 1
Z2

8

KX
j1

D21
j , (5)

wheredG is fermionic second quantization [8]. Note tha
N  dGs1d is the number of electrons. It is proven in [2
[see Eqs. (3) and (18)] that

dGshd $ 24.13Q2sN 1 2Kdy3

2 b
Z

Bsxd2d3x 2 c
KX

j1

D21
j , (6)

where b, c are given following (18) in [2] andB 
= ^ A.

Proof of Proposition 2.—Let l . 0 be some length
scale to be chosen later, and letCsbd, C0sbd, C00sbd be
open cubes of sidel, 3l, and5l, respectively, centered a
b [ lZ3. The cubesCsbd form a partition ofR3 without
their boundaries, whereas theC0sbd form an open cover
of R3. By scaling we can construct a partition of unit
ls

t
]

y

h jbj subordinate tohC0sbdj satisfyingX
b[lZ3

j2
bsxd  1,

X
b[lZ3

f=jbsxdg2 # const3 l22.

We shall also need similarly constructed function
j̃b (not forming a partition of unity), with j̃2

b # 1
but 1 on C0sbd and 0 outside C00sbd. We then
setAb  j̃bA 1 s1 2 j̃bdab , whereab  jC00sbdj21 3R

C 00sbd Asxdd3x is the average ofA over the cubeC00sbd.
Clearly,Ab  A on C0sbd.

SetNb  h jjRj [ C00sbdj and letGb,j, Db,j, Wbsxd
be the objects appearing in (3) if the set of nuclei isNb .
We claim that

Wsxd # Wbsxd 1 const3 Ql21 for x [ C0sbd . (7)

Indeed, letx [ C0sbd > Gj . If j ” Nb then W sxd #

Qjx 2 Rjj
21 # Ql21. If j [ Nb , thenGj , Gb,j . Let

k be such thatDj  jRj 2 Rkjy2. We distinguish be-
tween Rk [ C00sbd and Rk ” C00sbd. In the first case,
Dj  Db,j and Wsxd  Wbsxd; in the second one,l #

jx 2 Rk j # jx 2 Rjj 1 2Dj, which gives (7) in view of
Fjsxd # const3 Qsjx 2 Rjj 1 2Djd21.

All this yields

h 
X

b[lZ3

jbhjb 2
X

b[lZ3

s=jbd2

$
X
b

jbhbjb 2 const3 sl22 1 Ql21d ,
3495
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wherehb is the Pauli Hamiltonian (4) with potentialsAb ,
Wb . A more convenient expression for the last sum
obtained by introducing a Hilbert spacêH  ©bH and
operators

ĥ : Ĥ ! Ĥ , ĥ  ©bhb , j : H ! Ĥ , j  ©bjb .

Then
P

b jbhbjb  jpĥj and 1  jpj. Upon sec-
ond quantization we havedGs jpĥjd  Gs jdpdGsĥd 3

Gs jd  Gs jdpf
P

b dGshbdgGs jd and N  dGs jpjd 
h

3496
is
Gs jdpf

P
b dGs1bdgGs jd. If Nb  [ we simply note

thathb $ 0. Otherwise, we apply (6) and obtain

dGshbd $ 2const3 Q2fdGs1bd 1 jNbjg

2 b
Z

B2
bd3x 2 c

X
j[Nb

D21
b,j ,

where Bb  = ^ Ab  j̃bB 1 =j̃b ^ sA 2 abd.
Therefore
Z
B2

bd3x # 2
Z

j̃2
bB2d3x 1 2

Z
f=j̃b ^ sA 2 abdg2d3x

# 2
Z

C00sbd
B2d3x 1 const3 l22

Z
C00sbd

sA 2 abd2d3x # const3
Z

C00sbd
s= ≠ Ad2d3x ,
since the second to last integral is bounded b
s5ld2p22

R
C00sbds= ≠ Ad2d3x (Poincaré’s inequality).

Moreover, we note thatD21
b,j # D21

j . Collecting esti-
mates and using that the cubeshC00sbdj have the uniform
finite intersection property we find that

dGshd $ 2const3

"
sQ2 1 l22d sN 1 Kd

1 b
Z

<Nb fi[C00sbd
s= ≠ Ad2d3x

1 c
KX

j1

D21
j

#
.

The domain of integration is contained inV for 5
p

3 l 
sZ 1 1d21, so thatQ2 1 l22 # const3 sZ 1 1d2. The
conclusion, which we now sketch, is as in [2]. We us
parametersX  Za2, Y  a instead ofZ, a. The con-
ditions const3 b  s8pa2d21 and const3 c # Z2y8
[see (5)] are seen to hold forX  X0, Y # Y0 for some
X0, Y0 . 0, proving the bound (2) in that case. Fo
X # X0, Y # Y0, a bound is obtained by using that th
infimum of the left hand side of (2) is decreasing ina, if
Z $ X0Y22

0 , and inZ otherwise. ThusZ 1 1 in (2) gets
replaced by maxsZ, X0Y 22

0 d 1 1 # const3 sZ 1 1d.
Stability of matter coupled to the quantized electroma

netic field.—The Hamiltonian of the modes allowed by
y

e

r
e

g-

the cutoff is

Hk ; a21
Z

jkskdj2jkj
X

l6

alskdpalskdd3k .

It follows from

s= ≠ A2d sxd 
ia1y2

2p

Z
kskd jkj1y2

X
l6

alskd

3 fk̂ ≠ elskdgeikxd3k

thatZ
s= ≠ A2d sxdps= ≠ A2d sxdd3x  2pa2Hk , (8)

fs= ≠ A2d sxd, s= ≠ A2d sxdpg  4paCk , (9)

with Ck  s2pd23
R

jkskdj2jkjd3k # s2pd22L4y2.
Lemma 3.—Let f [ L1sR3d > L`sR3d be real valued.

Then

1
8p

Z
fsxd f= ≠ Asxdg2d3x # a2jj fjj`Hk

1 aCk jj fjj1 . (10)

Proof.—We setA0  = ≠ A for brevity and estimate
fsxdA0sxd2  fsxd fA0
2sxdpA0

2sxd 1 A0
2sxdA0

2sxdp 1 A0
2sxdpA0

2sxdp 1 A0
2sxdA0

2sxdg

# f fsxd 1 j fsxdjg fA0
2sxdpA0

2sxd 1 A0
2sxdA0

2sxdpg  4f1sxd fA0
2sxdpA0

2sxd 1 2paCkg
e

by making use of BpB $ 0 for B  j fsxdj21y2 3

sj fsxdjA0
2sxd 2 fsxdA0

2sxdpd as well as of (9). Integra-
tion and (8) then yield (10).

We are now able to reduce the stability problem to t
case of a classical field.

Proof of Theorem 1.—Let a2sZ 1 1d # ´, where´ is
the bound in Proposition 2. By usingHf $ Hk and (10)
with f the characteristic function ofV we find
H $ Hm 1 a2sZ 1 1d´21Hk

$ Hm 1
Z 1 1
8p´

3
Z

V
f= ≠ Asxdg2d3x 2 ´21sZ 1 1daCkjVj .
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All fields on the right hand side are multiplicatio
operators in the same Schrödinger representation ofF

[3,8]. Hence (2) applies tósZ 1 1d21 instead ofa2 and
yields

H $ 2const3 fsZ 1 1d2 1 ´21aL4sZ 1 1d22g

3 sN 1 Kd .
Remarks.—(1) Carefully rearranging the calculation

presented above and keeping track of the explicit v
ues of various constants, one finds that the stability
sult of Theorem 1 holds forZ # 6 and a #

1
132 , for

example. These bounds are certainly far from op
mal but cover a physically relevant range. ForZ # 6,
a #

1
137 and for L  1 (which, in physical units cor-

responds to an ultraviolet cutoff at4a21 Ryd) we have
H $ 21920sN 1 Kd. (2) It is easy to prove (see, e.g
[9]) that, for arbitrary values of a2sZ 1 1d and arbi-
trary N , `, K , `, the HamiltonianH is bounded be-
low, more preciselyH $ 2const3 sN2 1 Kd, provided
the ultraviolet cutoff L , `. Of course, the constan
in this estimate depends onZ and L and diverges, as
Z or L tend to ∞. We conjecture that, forarbitrary
a2sZ 1 1d, H $ 2const0 3 sN 1 Kd, for a finite con-
stant depending onZ and L that diverges, asL or Z
tend to∞. (3) Ultimately, the dependence of our stab
ity bounds on the ultraviolet cutoffL is due to the fact
that we are studying theunrenormalizedHamiltonian of
quantum electrodynamics with nonrelativistic matter. T
renormalization of this theory can be understood by co
sidering a single Pauli electronsN  1, K  0d interact-
ing with the quantized radiation field. One can show th
in this theory, charge renormalization isfinite and that,
for a fixed bare electron massm . 0, the radiative cor-
rections to the energy of an electron areOsL2d. Fur-
thermore, a perturbative renormalization group calculat
suggests that, for a fixed value of the physical elect
mass, the bare electron massm  mL must be chosen to
depend on the ultraviolet cutoffL:

mL  m0ML, with ML , L28pa1Osa2d,
l-
re-

ti-

,

l-

e
n-

t,

on
on

for some positivem0. Thus the renormalized Hamiltonian
of the theory is given by

HL 
NX

i1

M21
L hfpi 1 ALsxidg ? sij2

2 mLN 1 VC 1 Hf ,

with ML ! 0 andmL ! `, asL ! `. The problems of
finding the correct(nonperturbative)expressions forML

and mL and of proving stability forHL, uniformly in L,
remain open.
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