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Quantum Phase Diffusion of a Bose-Einstein Condensate
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We discuss the quantum properties of the Bose-Einstein condensate of a dilute gas of atoms in a trap.
We show that the phase of the condensate undergoes quantum diffusion which can be detected in far
off-resonant light scattering experiments. [S0031-9007(96)01469-X]
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Recent observations of the Bose-Einstein condensa
(BEC) in systems of trapped alkali atoms [1–3] ha
triggered enormous interest in the properties of su
condensates. These properties can be well describe
the mean field Bogoliubov-Hartree (BH) approach [4–
where the condensatewave functionfulfills a nonlinear
Schödinger equation (NLSE) [7], whereas element
excitation (quasiparticle) was functions fulfill a set o
coupled Schrödinger-like equations. Several versions
the BH approach have been discussed in the litera
[8–12], but, as pointed out recently by Griffin [13], onl
some of them are physically sound and gapless in
limit of a large trap (i.e., they are in accord with th
Hugenholtz-Pines theorem [14]). Among those there
the “Bogoliubov” approximation [11], which is valid a
temperatureT  0 and leads to a closed NLSE, and th
self-consistent “Popov” approximation [15], valid at finit
temperatures.

So far the discussion of the BH approach has mai
concentrated on the condensate wave function and
spectrum of quasiparticle excitations [16,17]. The qua
tum properties of the condensate have not been th
oughly discussed in the context of recent experimen
Even the most complete presentation of this problem
Blaizot and Ripka [18] limits the discussion to specifi
examples of homogeneous systems. In this Letter
study the quantum fluctuations of the condensate, in p
ticular, its phase diffusion. This problem is importa
for three main reasons: (a) In the standard BH appro
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(c.f. [11]) one associates the annihilation (creation) ope
ator of the condensate with the condensate wave fun
tion c0s$r dfcp

0 s$r dg. We shall demonstrate that such an
approach needs to be revised. (b) The phase of the c
densate is a fundamental concept in the theory of U(
symmetry breaking for interacting Bose gases [19]. Th
quantum state of an interacting condensate is conventio
ally assumed to be acoherentstate with a fixed phase
and a nonvanishing mean of the atomic field operator
Javanainen pointed out recently that the phase corre
tions will also be detected if two condensates are
U(1) symmetric states, e.g., Fock states [20]. Macro
scopic populations of such states are sufficient to indu
phase correlations independent of the fact whether t
gas is interacting or not. This is analogous to laser th
ory where the density matrix of a lasing system (descri
ing an average over ensemble of measurements) is U
symmetric, whereas in a single quantum measureme
a fixed phase is selected, and the system exhibits th
phase correlations as if it was from the very beginnin
in a state with broken phase symmetry [21]. We follow
this analogy further, and show that the phase of inte
acting condensate undergoes necessarily quantum dif
sion, since having a fixed phase is inconsistent with ato
number conservation atT  0 [22]. (c) At finite T the
number of condensed atomsN0 may fluctuate, and the
phase diffusion is reduced. (d) The phase diffusion ca
be measured, for instance, with elastic off-resonant lig
scattering.
© 1996 The American Physical Society 3489
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We start with the second quantized Hamiltonian

H 
Z

d $r Ĉys$rd

"
2

h̄2

2M
,2 1 Vts$r d 2 m

#
Ĉs$rd

1
u0

2

Z
d $r Ĉys$rdĈys$rdĈs$rdĈs$rd , (1)

whereu0  4p h̄2ascyM [23], asc is the scattering length
of the interatomic potential,̂Cs$rd fĈys $rdg is the atomic
annihilation (creation) operator,M the atomic mass, and
Vts$rd the trap potential. The chemical potentialm assures
the conservation of the average number of atomsN̂ R

d $r Ĉys $rdĈs $rd.
Our discussion is based on the “Bogoliubov” approx

mation, which is the simplest gapless approximation th
describes reasonably well both the condensate and its
citations atT  0. We set

Ĉs$rd 
p

N c0s$rd 1 dĈs$rd , (2)

where thec-number condensate wave functionc0s$rd is
normalized as

R
d $r jc0s$rdj2  1. dĈs$rd is the quantum

fluctuations part that fulfills the same standard boson
commutation relations aŝCs$rd. We assume thec0s$rd to
be real. We substitute now (2) into Eq. (1) and negle
both 3rd and 4th order terms in fluctuations. The linea
terms vanish providedc0s$rd is the lowest energysmd
solution of the NLSE

fL 1 u0rs$rdgc0s$rd  0 , (3)

with L ; sh̄2y2Md,2 1 Vts$rd 2 m, and rs$rd  N 3

c
2
0 s$rd. The Hamiltonian becomes then a bilinear form o

dĈs$rd anddĈys$rd, and can be transformed to a canonica
form by introducing quasiparticle annihilation operators

gk 
Z

d $r fUks$rddĈs$rd 1 Vks$rddĈys$rdg (4)

and g
y
k . They fulfill bosonic commutation relations,

fgk , g
y
k0g  dkk0, fgk , gk0g  0, which lead to the standard

biorthonormalityconditions [11] forUks$rd andVks$rd.
For the moment, we suppose that the Hamiltonian w

take a canonical form

H °!
X̀
k0

h̄vkg
y
k gk , (5)

such thatfgk , H g  h̄vkgk . The latter equation then
gives

fL 1 2u0rs$rdgUks$rd 2 u0rs$rdVks$rd  h̄vkUks$rd ,

fL 1 2u0rs$rdgVks$rd 2 u0rs$rdUks$rd  2h̄vkVks$rd ,
(6)

We observe that the solutions of the above equatio
exhibit a time-reversal symmetry; i.e., if a pairsUk , Vkd
is a solution with vk , then the pairsV p

k , Up
k d is the

solution for 2vk . Time-reversal symmetry assures tha
gk fi g

y
k if vk fi 0 It is easy to check that Eqs. (6) have
3490
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a unique solutionU0s $rd  V p
0 s$rd ~ c0s$rd with v0 

0. This is a Goldstone mode resulting from theUs1d
symmetry breaking. It is the very existence of this ze
mode that assures the gaplessness of the “Bogoliub
approximation. It is easy to check that the operator

P̂ 
Z

d $r c0s$rd fdĈs$rd 1 dĈys$rdg (7)

commutes with the Hamiltonian and is itselfHermitian,
and as such cannot be associated with either annih
tion, or creation operator of the condensate mode.
should rather be associated with acollective motion
without restoring force,and interpreted as a “momentum
operator of the condensate mode [18]. We no
that P̂ commutes with all gk , g

y
k for k fi 0, i.e.,R

dr c0s$rd fUks$rd 2 Vks$rdg  0 for k fi 0.
We immediately observe that our initial assumption (5

is inconsistent. The Hamiltonian must be a bilinear for
and must commute witĥP, therefore its correct canonica
form is

H  aP̂2y2 1
X
kfi0

h̄vkg
y
k gk , (8)

with the coefficienta to be determined. We can introduc
a “position” operator canonically conjugated toP̂ as

Q̂  i
Z

d $r F0s$rd fdĈs$rd 2 dĈys $rdg , (9)

which has to fulfill fQ̂, P̂g  i, fQ, gk g  0 (for k fi 0)
by definition, andfQ̂, H g  iaP̂ because of (8). These
commutation relations imply that

2
Z

d $r F0s$rdc0s$rd  1 ,

Z
d $r F0s$rd fUks$rd 1 Vks$rdg  0 , (10)

for k fi 0, and

fL 1 3u0rs$rdgF0s $r d  ac0s $r d , (11)

which has a unique solution since the operatorL 1

3u0rs$r d is positive definite, presented in Fig. 1.
Having defined the “momentum” and “position” op

erators of the condensate mode, we can introduce
corresponding annihilation operatorg0  sP̂ 2 iQ̂dy

p
2

and the appropriate zero mode functionsU0s$rd, V0s $r d 
fc0s $r d 6 F0s $r dgy

p
2. Only if these functions are taken

into account the set of pairssUk , Vkd does become com-
pleteX̀

k0

fUks$rdUp
k s$r 0d 2 Vks$rdV p

k s$r 0dg  ds$r 2 $r 0d ,

X̀
k0

fUks$rdV p
k s$r 0d 2 Vks$rdUp

k s$r 0dg  0 , (12)
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FIG. 1. The wave functionsc0s $r d and F0s $r d for the JILA
TOP trap [1]: N  2000, asc  5.2 (nm), trap frequen-
ciessvx : wy : vzd  s1 : 1 : 81y2d s10 Hzd. Our theory gives
m  1.769sh̄vxd anda  1.129sh̄vxd.

whereas the biorthonormality conditions are valid for a
k, k0 including zero [11]. The total atomic field (2) can b
expanded as

Ĉs$rd 
X̀
k0

fUks$rdgk 2 V p
k s$rdgy

k g . (13)

Note that the mean value of̂Cs$rd is
p

N c0s$rd as
it should, if and only if the system is in the cohe
ent statej

p
N l of all the operatorsgkj

p
N l  zk j

p
N l

thatzk  zp
k , andzk 

p
N

R
d $r c0s$r 0d fUks$r 0d 1 Vks$rdg.

Note that sinceVks$rd becomes very small ask grows [17],
only the low excited states contribute to the coherent p
of the atomic field [24].

We can solve Eqs. (3), (10), and (11) using
Thomas-Fermi approximation [5,25], i.e., neglecting t
kinetic energy terms. For a 3D isotropic harmonic tr
Vts$rd  Mv2

t r2y2 yields c0s$rd  f15sr2
0 2 r2dy8p 3

r5
0 g1y2, F0s$rd  3yf8pr3

0 c0s$rdg for r # r0 and zero oth-
erwise,a  3Nu0y4pr3

0 with r0  s15Nu0y4pMv2
t d1y5

and m  Mv2
t r2

0 y2. Quite generally,a is proportional
to the condensate peak density, and in a 3D harmonic
grows withN asN2y5.

Even though the Hamiltonian (8) is bounded fro
below, it does not possess a stationary ground st
In general, the ground state should not contain a
excitation fork . 0, but it cannot havekP̂2l  0, since
then the Heisenberg relation would imply thatkQ̂2l ! `,
and the linearization approximation would cease to
valid. We can only trust the solution provided th
total number of excitationsNex 

R
d $r kdĈys$rddĈs$rdl
y

-

rt

a
e
p
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te.
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e

is not much greater than unity, which is the same
saying that the total number of atoms

R
d $rkf

p
N c0s$rd 1

dĈys$rdg f
p

N c0s$rd 1 dĈs$rdgl . N. The zero tem-
perature state of (8) should havekP̂2l , 2h̄v1ya .
OsN22y5d, since otherwise the excitation of the mod
with k fi 0 would be energetically favorable. On th
other hand, evidentlykP̂2l . OsN21d, since otherwise
kQ̂2l becomes at least of the order ofN. Moreover, any
state with a fixedkP̂2l  s2 (such as minimal uncertainty
squeezed state [26]) is not stationary, since (provid
kP̂l  kQ̂l  0) it exhibits necessarily a quantum diffu
sion

kQ̂2stdl  1y4s2 1 a2s2t2 . (14)

SinceNex contains a contribution proportional tokQ̂2stdl,
Eq. (14) implies that our linearization approximation
valid only for a finite duration. The value ofs2 is
determined by the very process of condensation,
for the extremal cases2  2h̄v1ya, kQ̂2stdl remains
minimal .OsN2y5d for v1t . 1.

What is the solution of this apparent paradox? T
laser theory and quantum optics give a hint again. T
linearized solution with a broken U(1) symmetry cann
be strictly valid due to the condensate phase diffusi
Similar to the case of a laser, the stationary density ma
is U(1) symmetric, and corresponds to an “amplitud
squeezed state [26]. An elegant way to describe it wo
employ quasiprobability distributions (such as Glaube
P, Q, or Wigner’s W functionals). Within such an
approach the stationary quasiprobability functionals
always U(1) symmetric, and the phase correlations a
diffusion exhibit themselves as in [20] only on the lev
of higher order correlation functions [27]. An alternativ
approach to rescue the linearized theory is to reinterpre
in terms of the phase operator of the condensate. To
aim we rewrite the atomic field operators in the form

Ĉs$r, td 
p

N c0s$r 0d 2 ic0s$rdQ̂std 1 · · ·

. f
p

N c0s$rd 1 · · ·g expf2iQ̂stdy
p

N g . (15)

With such an ansatz the mean number of atoms
practically conserved, and the variance ofP̂ may be of
order of unity.

The immediate consequence of (15) is that the two-ti
correlation function (TTCF)kĈys $r , t 1 tdĈs $r , tdl de-
cays with t; the decay has the form exps2a2t2y2Nd
if kP̂2l  1, and if the “momentum” fluctuations ar
Gaussian. Such decay can be deduced from the stan
“macroscopic” theory of BEC, where the condensa
wave function behaves as

p
rs $r d expf2imsNdtg, and

the TTCF collapses as expf2Ns≠my≠Nd2t2y2g due to
the Poissonian fluctuations ofN in the grand canoni-
cal ensemble [28]. Indeed,Ns≠my≠Nd2  a2yN for
T  0. However, it is easy to repeat our calculatio
using the “Popov” approximation [13] valid forT fi 0
[i.e., replacing rs $r d by r0s $r d 1 2drs $r d in Eq. (3),
3491
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rs $r d by r0s $r d 1 drs $r d in the diagonal, andrs $r d by
r0s $r d in the off-diagonal terms in Eqs. (6) withr0s $r d 
N0jc0s $r dj2, drs $r d  kdĈys $r ddĈs $r dl]. It is then ele-
mentary to show that in Thomas-Fermi limitr0 becomes
r0sT d  r0s0d f2 2 fsTdg1y5, wherefsT d  N0sT dyN is
the condensate fraction. The phase diffusion rate
comes thenasTdy

p
N0sT d  3u0

p
N0sT dy4pfr0sT dg3 p

NfsT d f≠msN , T dy≠Ngyf2 2 fsTdg. This expression
shows that forT fi 0 the diffusion is only partially
related to conservation ofN, and the nonconservation o
N0 reducessignificantly its rate.

The phase diffusion can be detected, for instance,
measuring the beat note between the two interfer
condensates [21]. It can also be measured in cohe
light scattering. The coherently scattered field is det
mined by the mean value of the atomic dipole opera
kd̂s $r , td ~ kĈys $r , tdĈes $r , td, whereĈes $r , td is the anni-
hilation operator for excited atoms. In the presence o
laser field of the Rabi frequencyVL and photon frequency
o
h
e

(

p
i
e

s

a

i

o
o

3492
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vL, Ĉr s $r , td fulfills the quantum Langevin equation

dĈes $r , tdydt  2sive 1 g 1 gddĈes $r , td
2 iĈs $r , tdEvacs $r , td 2 isVLy2d
3 exps2ivLtdĈs $r , td , (16)

where ve and 2g are the energy and natural linewidt
of the excited state, whereasEvacs $r , td is the quantum
noise term describing vacuum fluctuations of the ele
tromagnetic field [26]. Equation (16) is derived usin
the Markov-Born approximation, and neglecting th
resonant dipole-dipole interactions between the exci
and ground state atoms. It is thus valid only for a dilu
BEC. The (complex) rategd accounts for free evolution
of the excited wave packet, i.e., its energy shift due to t
photon recoil, and its spreading rate. Such approximat
works amazingly well in the considered regime o
parameters [29]. In the case of weak field scatterin
we solve Eq. (16) perturbatively with respect toVL and
Evacs $r , td, and using Eq. (15) we obtain atT  0
lim
t!`

kd̂s $r , tdl ~ lim
t!`

Z t

0
dt0 e2sive1gd st2t0 d2ivLt 0

kĈys$r , tdĈs $r , t0 dl

.

*
Njc0s $r dj2e2ivLt

g 1 gd 1 isve 2 vLd 1 iay2N 2 iaP̂y
p

N

+
. (17)
o

t

n

e
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The quantum noise term in Eq. (16) does not affect th
mean value of the dipole operator, while the spectrum
the elastic scattering is given by the square modulus of t
right-hand side of Eq. (17). The phase diffusion caus
a shift of the spectrum~ ayN, whereas the fluctuations
of P̂ cause a broadening~ ay

p
N . Both effects vanish

when N ! `: the shift asN23y5, and the broadening
as N21y10, provided kP̂2l . Os1d. For finite N . few
hundred thousands the latter of these effects is small
the order of a fewvt), but should bedetectable,at least
if the condensation occurs in a tight trap, such as a far-o
resonance dipole trap, or an optoelectric trap.

Summarizing, we have shown that the standard a
proach of associating the condensate wave function w
the zero mode annihilation operator has to be revis
to include the proper description of its quantum fluctua
tions. The present approach associates the condens
wave function with the condensate “momentum” opera
tor. In effect, the Hamiltonian of quasiparticle excitation
contains a term proportional to the square of this “mo
mentum” operator. The condensate is time dependent a
exhibits quantum phase diffusion. We have derived an
lytic expressions for the phase diffusion constanta at low
T . The effects of the phase diffusion are measurable
off-resonant elastic light scattering.
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