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Parity-Affected Superconductivity in Ultrasmall Metallic Grains
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We investigate the breakdown of BCS superconductivitylirasmall metallic grains as a function
of particle size (characterized by the mean spacirigetween discrete electronic eigenstates), and the
parity (P = even/odd) of the number of electrons on the island. Assuming equally spaced levels, we
solve the parity-dependent BCS gap equation for the pairing paramgte; 7). The T = 0 critical
level spacingd. p, the critical temperaturg, »(d) (at whichAp = 0), and the condensation enerfy
are parity dependent, and all are so much smaller in the odd than the even case that this should manifest
itself in current experiments. [S0031-9007(96)01329-4]

PACS numbers: 74.20.Fg, 74.80.Bj, 74.80.Fp

The study of the properties of ultrasmall metallic for reasons explained below. This answer—although,
particles has witnessed a dramatic development during tha general, correct—is not yet quite complete, since it
last year: Using an ingenious new fabrication techniquegdoes not addresparity effects Even in “large” super-
Black, Ralph, and Tinkham (BRT) [1] have constructed aconducting islands (withl < A,) experiments [5] have
single-electron transistor (SET) whose island, a single nmdemonstrated the dramatic impact of paritylei charac-
scale Al grain, is more than 4 orders of magnitude smalleteristics; moreover, theory [6,7] predicts an even-odd dif-
in volume (estimated radii between~ 2.5 and 13 nm) ference for thesuperconducting pairing parameter itself
than that of conventional SETs. Thus a new energyfA, — A, =d/2 atT = 0. Though the latter difference
scale, the average level spacidg= 1/N(sr) between is immeasurably small in large islands, it should certainly
discrete electronic levels, enters the problem: Both théecome significant in ultrasmall grains. Moreover, since
free-electron estimate of = 272h?/mkr V and direct the crossover temperature at which parity effects become
observation (discrete steps in tiie/ curve) give values observable [5], namelyT.; = A,/ In Ng¢ (where in the
of d ranging from 0.02 to 0.3 meV, the latter being d < A, limit Ness = /87T A, /d), becomes of ordek,
much larger than the smallest accessible temperatureghend = A,, parity effects should survive to tempera-
(=30 mK) and on the order of the bulk superconductingtures as high ag. itself. HenceT, »(d) as function ofd
gap A, = 0.18 meV for Al). should be parity dependent too.

The eigenenergies of the larger grains<(5 nm) stud- In this Letter we address these issues by studying
ied by BRT revealed the presence of a gaQd >d  parity effects in the pairing parametekp(d,T) for
between the lowest two states of a grain with an even nungeneral d. In particular, we calculateAp(d,0) and
ber of electrons (parity = ¢), but its absence for an odd T, p(d) by solving the BCS gap equation (derived using
grain (P =o0). BRT convincingly interpreted this as evi- parity-projected mean-field theory (MFT) [6,7]) &=
dence for superconductivity: In an even grain, all excitedd and Ap =0, respectively, for the case of equally
states involve at least two BCS quasiparticles and hencgpaced single-particle levels. We fifid, (d)/T..(d) <
lie at least2() above the BCS ground state; in contrast,1 and a remarkably small ratio of critical level spacings
in an odd grainall states have at least one quasiparticled,,/d..=1/4 at T=0. Our results are completely
and hence no significant gap between ground and excitecbmpatible with BRT’s observations. Moreover, the
states. (Remarkably, the excitation spectra of many shefiredicted parity effects should manifest themselves in
model nuclei whose outer-shell valence nucleons experiheir latest experiments which have variable gate voltage,
ence an attractive short-range interaction show exactly thallowing them to change the number parity of a given
same feature [2], namely, the presence or absence of a sigrain at will.
nificant ga2Q) > d for all even or odd isotopes ofagiven = The model.-th BRT'’s experiments, the charging en-
nucleus, respectively, which was explained [2,3] usingergy Ec = e?/2C Of an ultrasmall grain is by far the
BCS techniques.) However, smaller particles(5 nm) largest energy scale in the problem (WEh = 4 meV >
showed no such evidence for superconductivity. A}), so that fluctuations in particle number are strongly

These experiments invite reconsideration of an old busuppressed. Therefore in this Letter we consider a com-
fundamental questionWhat is the lower size limit for the pletely isolated grain, which should be described using a
existence of superconductivity in small graing&hderson  canonical ensemble with a prescribed number of electrons
addressed this question already in 1959 [4] and argued=2m + p, wherep =(0,1) for P = (e, 0) (the labels
that “superconductivity would no longer be possible” if p, P, and alson will be used interchangeably as parity
the level spacing/ becomes larger than the bulk gadp, labels below). We adopt a model Hamiltonian having the
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standard reduced BCS form in sufficiently small samples. If the level spacing be-
. ; Pt comes sufficiently larged( = A), pair-mixing costs a pro-
H = ZS?C.,-UC,,-U - Adz cit+ci—cj-cj+. (1)  hibitive amount of kinetic energy and hence ceases to
jo i occur. The task at hand is to describe this breakdown
(semi)quantitatively, while keeping track of parity effects.
Canonical and parity projection.-Since in practice it
is so much easier to calculatg, v; grand-canonically
than canonically, the latter is seldom attempted. An
alternative [6,7] is to employ an auxiliary parity-projected
grand-canonical partition function,

Here c;-r(, creates an electron in the particle-in-a-box-

like, independent-electron statgo), where the states
|j+) and |j—) are degenerate, time-reversed partner
whose energieés?} are considered as a given set of
phenomenological parameters. The integér a discrete
quantum number. For a given=2m + p, we take ) . o
j =0 to describe the first energy level whose occupation Z8 () = Tro5[1 = (=) e AH=#Y), 2

in the T =0 Fermi sea|F) is not 2 butp, so thatj =  (1¢G denotes a grand-canonical trace), from which the
)}”1‘ N °(°2 F'/”Aa)”Y’ the dln&er(ljsmnless Cr(])upllng ColnSt_anEdesired fixedk partition functiionZn can, in principle, be
= InQw, is regarded as a phenomenological gy o ety projectedz, = [T —inzG(iu/B) . Since
; — n -7 27 P .
pzrameter determined ?jy ;‘e vglute—dA(O, 0) of theﬁ in practice, though, it is hard to perform the integral
effective gap (measure < 4) and some cut-o exactly, we approximate it by its saddle-point valdg =

frequencyw.. B G o
Pair-mixing.—At this point it seems appropriate to ¢ 28 (pn), Wherey, is fixed by .
briefly address the question of what is meant by the n=pB"1o,NZE(Wlu=p, [=Wpr]1.

“existence of superconductivity” in ultrasmall grains. It Here()» is taken in the parity-projected grand-canonical
dege_ryes special attention, firstly becau_s_e the usual MFd camble ofzG)) This equation, the bracketed part of
definition Ad > ;(c;-c,+) for the BCS pairing parameter \nich is the parity-projected version of a standard grand-
A gives zero in a canonical ensemble, and secondly,nonical identity, illustrates the elementary fact that
because most of the standard criteria, e.9., a gap followegle saqdle-point approximation produces nothing but the
by a continuous excitation spectrum, zero resistivity, anqjrand-canonical description we had set out to improve
the Meissner effect, are not applicable here. upon. Nevertheless, the above approach firstly illustrates
Now the microscopic reason for all of these (large-yhat the parity projection of Eq. (2), which is essential
sample) phenomena is, of course, &estence of a pair- o exiractinge /o differences, can be done exactly even
correlated ground state.The essence of its correlations \pen the fixedk projection cannot; and secondly ciarifies
is what we shall callpair-mixing acrosser, namely, iyt in a canonical ensemble, is simply the saddle-point
the partial population of some time-reversed pairs of 51 of an integration parameter, which, however, has to
st?te$|]+>, j—)) abovesr (j > 0) (with amplitudev; = he getermined with special care in ultrasmall grains, for
<cj+cj,cj7cj+>1/2>0) by partially depopulating some whichd is large.
pairs of states belover (j<0) (with amplitude u; = Mean-field approximation. We evaluateZy using
<c,-,c,-+c;r+c}_>1/2>0). This creates phase space for pair“naive mean-field theory” (our method is equivalent to
scattering (which is Pauli blocked in the normal groundthat used in [7]): Make the replacement
Ztritljer)]daggtt;egr?:rgclows the BCS interaction to lower the C;]__Cﬁ T, {cj—cj+ — {cj—cje)p} + {cj-cj+)p  (4)
Although BCS showed that a brilliantly simple way in # — u,N, neglect terms quadratic in the fluctuations
of calculating thex; and v; is to use grand-canonical represented bf} and diagonalize, using,j; = ujcje —
methods, pair-mixing, of course, can and does also occwvnjc}_g_ One obtains the usual resulfs — u,N =
in a fixedn system. Indeed, this pair-mixing can readily ~ S E,; yf, Vuios Where E, iy =[62; + A3]/2
be characterized by a “generalized” pairing parameter that” _ /7 /7 "7 77 I S] Bty
is equal to the conventionakd Y j(c;—c;+) in BCS's & =& — K vaj = 2(1 = &nj/Eyj), and C, = Ap/

. 2 :
grand-canonical mean-field treatment, but (in contrast t&'¢ * 2;(2exvj — 2Apu;v;).  Moreover, since the

the latter expression) is meaningful in a fixedsystem parity of electron number and quasipartigle number are
too, namely,Ad 3 ; u;v;. An experimental signature of always the same, Eq. (2) can be re}/vrlt(t;en [6] using
this pair-mixing is the energy cost needed to add o@uasiparticle-parity projectiorfy (u,) = 3(27 = Z9),
remove single electrons that perturb these correlations G _gc ey
(i.e., that “break pairs”). Since BRT quite unambiguously Z3(pn) = e P l,_[(l * e Pl (5)
measured such energy costs in their larger grains, it d
seems reasonable_to regard these as “superconductingrhe usual MF self-consistency conditidry = AdZ;» X
in the sense of having pair-correlated ground state that (c;—c;+)p takes the form
measurably exhibits pair-mixing. ‘

The notion of pair-mixing also pro_vides a simplg 1_ d Z 1 (1 - anli[r), (6)
way to understand why superconductivity ceases to exist A ljl<w./d 2E,; o
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wheref, ;o = (Yujo Yajo)r = =B "0z, NZ§ (). This @
description thus involves the usual BCS quasiparticles, but
their number parity is restricted to b@; accordinglyf,;.
differs from the usual Fermi functiofy‘»)(r [6,7].
Determination ofu,.—Following [8], let us henceforth

consider the case of equal level spacie=,jd + & ?j%
(which seems reasonable for largedue to level repul-

sion). Then Eg. (3), which fixeg,, [6] and has the form

(Nyp =3 ,[vZ + (ukj — v2))fujo ) holds provided that ®) o - 3‘890'/",7, 356

U = €9 — %d ép.., Which confirms the seemingly obvi- / /A

ous: In the language df’), u, lies exactly halfway be- E/A

tween the last filled and first empty levels #f= e, and
exactly on the singly occupied level #= o.

We are now ready to study the gap equation (6). FIG. 1. (a) CurveA gives the bulk gapA(0,T); curvesB—

Gap equation af” = 0.—The quasiparticle occupation E give A(d,T)p/A as a function ofd/A andT/A for P =e
function reduces tof,;» = 38,00, at T =0, as intu- (BD) andP =o (C, E). (b) Curvesa—d give, respectively,
itively expected, because then the even or odd systen{§(6 6)1} EESM)/A as functions ofd/A. Here A =
have exactly zero or one quasiparticle, the latter in the "
lowest quasiparticle state, namely=0. This e/o dif-
ference has a strong impact on the=0 gap equation: In  ¢a| results for7. »(d) [9], shown as curve® andE of
the odd case, thg=0 level, for WhichE,Z_j1 is largest, is  Fig. 1(a) forP = ¢/o0, have the expected limits at= 0
absenI reerCting the fact that the odd quasiparticle in theanddc,p, but behave unexpectec”y in between.

Jj =0 state obstructs pair scattering involving this state. Eyen.—n the even case..(d) is nonmonotonic,

To compensate this missing terty, must therefore be- jnjtially increasing slightly before dropping to zero very
come significantly smaller tha, as soon agl is large  rapidly asd — d... The intuitive reason for the initial
enough that a single term becomes significant relative thcrease is that the difference between the actual and

the complete sum. o . usual quasiparticle occupation functiongis, — f, <0
To quantify this statement, it is convenient 10 for an even grain (becoming significant when= A),
rewrite Eq. (6) at7 =0 as follows: Writing E,; = reflecting the fact that exciting quasiparticles two at a

Jdo/m (Ey; + 0?7, transferring the cut-ofiw, from  time is more difficult than one at a time. Therefore
>, to [dw, and performing thej sum (by contour the quasiparticle-induced breakdown of superconductivity

integration) gives with increasingl’ will set in at slightly highefT if d = A.
20,  [“dow 1—2 dép, Odd.—in the odd case, the critical level spaciig, (T')
In X —fo _Pw|:(tanh7TEPw/d) - 7Epy |’ is nonmonotonic as a function of increasify first

increasing to a maximum before beginning to decrease
5 _ . (7) toward d.,(T.) = 0. The intuitive reason for this is
whereEp,, = (0? + Ap)'/2. Since, amusingly, foP = that for0 < A, < T, d the oddj = 0 function f,o,(T)
e Eq. (7) is identical in form (with! — 277 T) to the well-  pacomes somewhat smaller than fis= 0 value of %
known gap equation for the dependence of the bulk 9ap pecause with increasing some of the probability for
[curve Ain Fig. 1(a)], we haved,(d,0) = Ap(0,d/27).  finding a quasiparticle in statg “leaks” from j = 0
In contrast, forA,(d, 0) one easily fln_ds from Eq. (7) t_hat to higher states withj # 0, for which En_jl < E. in
A,(d,0) = A —d/2 for d/A <1, in agreement with g4 (6)  Thus the dramatic blocking-of-pair-scattering
[6,71. i i effect of the odd quasiparticle becomes slightly less
The full solutions of Eq. (7) forAp(dp,0), obtained  yramatic ag is increased, so that. , increases slightly.
numerically and shown as curvé&and C in Fig. 1(a), An important general feature of our results is that
reveal thatA, (d,0) vanishes much sooner tha.(d,0).  |evel discretenesmlways reducesAp(d,0) to be <A
The critical valuesd. p at whichAp(dcp,0) =0 can be (s contradicting Ref. [10], which was convincingly
found analytically by setting» =T =0in Eq. (6): criticized in Ref. [8]). However, BRT’s experiment found
dS,e — 207 ~ 356 and deo _ %e'y ~0.890. (8 an effective gap that is Igrger by a factor of.1.5t0 2 than
its bulk valueA,. Following the argumentation of [8] for
Critical temperature.-Although ultrasmall grains can- thin films, we can attribute this to presumed changes in the
not undergo a sharp thermodynamic phase transition (thighonon spectrum in small samples, which can be modeled
would requiren — =), the quantityZ. p(d), defined sim- by using a constant value df larger (by a few percent)
ply as the solution to the\p — 0 limit of Eq. (6), is than the usual bulk valug,.
another measure of how rapidly pair-mixing correlations The rather rapid drop ofAp(d), once it happens,
break down as function of level spacing. Our numeri-could be the reason why BRT see a well-developed
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gap A even ford = A but do not see any for their thatd, , <d.., in fact, even follows from the back-of-the-
smallest grains. More importantly, Fig. 1(a) and Eq. (8)envelope estimat&€, = —A2/(2d) + A 6p, (obtained
show that there is a large regime in whidy, < A,, by using standard expressions from bulk BCS theory).
implying our main result: Pair-mixing correlations Finally, note that “empirical” support for the adequacy
vanish significantly sooner for odd than even grainsof our methods in the regim¢ = A comes from nuclear
as their size is reduced Since by tuning the gate physics, where th& = 0 variational grand-canonical BCS
voltage BRT can study thesame grain in both its description of pairing interactions in shell model nuclei
even and odd states, they should be able to obsergvith n ~ 100) has been remarkably successful [3] despite
the effects of A, <A, for a grain with appropriate the smallness of andd/A ratios approaching 1.
size in the measured excitation spectra, since these areln conclusion, we have investigated the influence of
governed by quasiparticle energies which certainly depengarity on the existence of superconducting (pair-mixing)
on Ap. Moreover, because\, drops linearly ind, correlations in ultrasmall grains. As a function of de-
such effects should set in already &< A, where the creasing grain size, these correlations break down in an
guasiparticle excitation gap caused by pairing correlationsdd grain significantly earlier than in an even grain, which
can still unambiguously be distinguished from ordinaryshould manifest itself in present experiments.
level discreteness. A detailed analysis of the measured It is a pleasure to thank BRT for showing us their
spectra, which requires a complete understanding of itpreliminary results and to acknowledge discussions with
magnetic field dependence and goes beyond the scope \6f Ambegaokar, C. Bruder, B. Janko, H. Kroha, A. Rosch,
this paper, will be presented elsewhere [9]. G. Schon, and J. Siewert. This research was supported by
Condensation energy.How robust are our MFT- “SFB 195" of the Deutsche Forschungsgemeinschatt.
based results? Since corrections to MFT are small [11] Note added.-After this paper had been submitted, we
only for d/A < 1, it is, for instance, doubtful that the learned that M. Tinkham had independently reached very
unexpected nonmonotonic subtleties Bfp(d), though similar conclusions.
intuitively plausible, have physical significance, since they
fall in the Ap = 0 regime whered/Ap > 1. To show
that, at least in the (experimentally accessible) regime of
T/d =0, our main result is indeed robust against correc- [1] C.T. Black, D.C. Ralph, and M. Tinkham, Phys. Rev.
tions to MFT, we shall now establish approximate lower Lett. 76, 688 (1996);74, 3241 (1995); Physica (Amster-
and exact upper bounds on the exact, parity-dependent dam)218B, 258 (1996).
condensation energieBp(d) = p(G|H|G)p — (F|H|F), [2] See, e.g., L. S Kisslinger and R. A. Sorens_,en, Mat. Fys.
which are also a measure of the amount of pair-mixing _ Medd. Dan. Vid. Selsk32, No. 9, 1 (1960), Figs. 1-4.
correlations present. Because MFT neglects quantumi3] See. €.g. A. Bohrand B.R. MottelsoNuclear Structure
fluctuations, which tend to raise the ground state energy (W.A. Benjamin, New York, 1975), Vol. Il, p. 641,

. L : footnote 34.
by weakening pair-mixing correlations, thi#=0 MF [4] P.W. Anderson, J. Phys. Chem. Soliti 28 (1959).

. MF
expressions Ep (v,,;) = Cu + 8p,o4, —2j<02¢e; (Cy [5] M.T. Tuominen, J.M. Hergenrother, T.S. Tighe, and
given above) provide approximatewer bounds on M. Tinkham, Phys. Rev. Let69, 1997 (1992); P. Lafarge
Ep. (In the regimed/A < 1, where only Gaussian et al., Phys. Rev. Lett70, 994 (1993).

fluctuations matter, these bounds are rigorous [12]; when[6] B. Janko, A. Smith, and V. Ambegaokar, Phys. Re\6®
d/A > 1 and the E}' approach zero, they becomes 1152 (1994).

less reliable as lower bounds because non-Gaussiafi’] D.S. Golubev and A.D. Zaikin, Phys. Lett. A95 380
fluctuations now matter too, but (because of the latter) _ (1994).

pair-mixing correlations will be immeasurably weak L8] M. Stronginetal.,Phys. Rev. Bl, 1078 (1970).

in this regime anyway.) On the other handpper [2] Jan von Delit (to be published).

" : [10] R.H. Parmenter, Phys. Rel66, 392 (1968).
bounds onZp can be found variationally using the [11] The microscopic reason for the breakdown of MFT for

trial ground statedG), = [];(@,; + 17njC;r+C;r—)|0> and d/A =1 is as follows: In principle, one can associate
|G, = 73’0|G)m and minimizing the correspond- with every quasiparticle stata;‘,,,1 ...%T,XUHIBCS) a dif-
ing E*, which can be written in the form [9,13] ferentset of parameter§u;, v;, A}ji,....j,s,, t0 be deter-
Epr = f})\/IF(l—,m) + Ad[5p 01—);‘;0 + Z,’(e(—j) _ 173,‘)]- mined variationally [13]; the MFT assumption, namely,
; i that for all statedj,oy,...,j,0,), these parameters are

Figure 1(b), Whllv(l:p givesEy/A szfrl/A,’ shows .(as all equal to a single sefu;,v;,A}, i.e., that A does
e3<pected) thatEp (dC’P)_ =0 gnd Ep™(dc.p) :,O with . not fluctuate from state to state,” is true only when
d.p < d.p. Moreover, it confirms that our main result is d/A < 11[9].

robust against corrections to MFT, sinite lower bound [12] B. Miihlschlegel, J. Math. Phy8, 522 (1962).

on Z, lies significantly above the upper boumsh Z,  [13] V.G. Soloviev, Mat. Fys. Skrif. Kong. Dan. Vid. Selsk.
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