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A symmetrically doped double-layer electron system with total filling fractionn ­ 1ym decouples
into two even-denominator composite fermion “metals” when the layer spacing is large. Stati
gauge fluctuations in this system mediate an attractive pairing interaction between composite fer
in different layers. A strong-coupling analysis shows that for any layer spacingd this pairing interaction
leads to the formation of a paired quantum Hall state. [S0031-9007(96)01357-9]

PACS numbers: 73.40.Hm, 73.20.Dx, 74.20.–z
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Composite fermions were introduced by Jain in order
understand the observed hierarchy of states in the fractio
quantum Hall effect (FQHE) [1]. A composite fermio
is an electron confined to move in two dimensions a
tied to an even number of statistical flux quanta. J
showed that the fractional quantum Hall effect for electro
at odd-denominator filling fractions can be viewed
an effective integer quantum Hall effect for composite
fermions. Halperin, Lee, and Read (HLR) took Jain
suggestion further, arguing that at Landau level fillin
fraction n ­

1
2 , or any even-denominator filling fraction

n ­
1

2m , the statistical flux attached to composite fermio
can, at the Hartree level, exactly cancel the physical fl
of the applied magnetic field [2]. The composite fermio
then form a new type of metal, and a growing number
experiments appear to support this description [3]. H
also showed that fluctuations of the statistical gauge fi
in this metal give rise to singular inelastic scattering
sufficient strength to lead to a breakdown of Land
Fermi liquid theory. Though experimental proof of th
non-Fermi-liquid nature of the composite fermion me
remains elusive, it has generated a great deal of excitem
in the theoretical community [4].

Double-layer electron systems have been realized
both double quantum wells [5] and wide single qua
tum wells [6]. The sm, m, nd states at filling fraction
n ­

2
m1n , proposed by Halperin [7], are double-laye

generalizations of the Laughlin states. At even deno
nators, there are additional possibilities motivated by
composite fermion construction. As one of us has poin
out [8], in the limit where the layer spacingd is large,
it should be possible to view a double-layer system
n ­

2
2m as two decoupledn ­

1
2m composite fermion

metals. This description will be referred to as the doub
layer composite fermion metal (DLCFM) description
what follows. The main result of this Letter is that a
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ideal DLCFM, by which we mean a DLCFM in which
the carrier densities in the two layers are precisely eq
there is no interlayer tunneling, and there is no disord
is alwaysunstable to the formation of a paired quantu
Hall state for any layer spacingd.

The Lagrangian density for an ideal DLCFM as defin
above is given by (̄h ­ c ­ 1)

L sr, td ­ L1sr, td 1 L2sr, td , (1)

where

L1sr, td ­
X

s

µ
c

y
ssdsr, td f≠t 1 ia

ssd
0 sr, tdgcssdsr, td

1
1

2mb
c

y
ssdsr, td f2i= 2 assdsr, td 1 eAsrdg2

3 cssdsr, td
∂

, (2)

L2sr, td ­ 2
X
s,s0

i
2p

K21
ss0 a

ssd
0 sr, tdeij≠ia

ss0d
j sr, td

1
1
2

X
s,s0

Z
d2r 0drssdsr, tdVs,s0sr 2 r0d

3 drss0dsr0, td . (3)

Here s is a layer index, Vs,s0srd ­ e2ye 3p
$r2 1 s1 2 ds,s0dd2 is the intralayer (s ­ s0) and

interlayer (s fi s0) Coulomb interaction,cs is the fermion
field in layers,

drssdsr,td ­ c
y
ssdsr, tdcssdsr, td 2 n (4)

is the density fluctuation about the mean density in e
layer, and= 3 A ­ B whereB ­ m 2pn

e is the applied
magnetic field. We work in the transverse gauge,= ?

assdsr, td ­ 0, and takeK11 ­ K22 ­ 2m, K12 ­ K21 ­
0, which is the natural choice in the limit of large lay
spacing. We further specialize tom ­ 1, but all results
© 1996 The American Physical Society 3009
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may easily be generalized. Integrating out thea
ssd
0 fields

enforces the constraint

1
2p

= 3 sassd 2 eAd ­ 2drssd , (5)

which attaches two flux tubes of the appropriate statist
flux to each electron. In the following, we shall denote
assd the fluctuation in the transverse gauge field associ
with layers.

It is natural to describe the fluctuations of this syst
in terms of in-phase and out-of-phase modes. If the
phase and out-of-phase gauge fields are defined asas6d ­
as1d 6 as2d, then within the random-phase approximati
the relevant gauge field propagators at low frequency
long wavelengths are, in the limitd ¿ l0,

Ds1dsq, ivnd . se2qy4pe 1 jvnjkfy4pqd21 (6)

for the in-phase gauge fluctuations and

Ds2dsq, ivnd .

8>><>>:
se2dq2y4pe

1jvnjkfy4pqd21 for q & d21,
se2qy4pe

1jvnjkfy4pqd21 for q * d21

(7)

for the out-of-phase fluctuations [8]. The current-curr
interactions mediated by these gauge fields in the in
layer Cooper channel are then

V 6
12sk, k0; ivnd ­ 6

µ
k 3 q̂

mp

∂2

D6sq, ivnd , (8)

where q̂ ­ sk 2 k0dyjk 2 k0j and mp is the effective
mass of the composite fermions. Fluctuations inas2d

are more singular at low frequencies than those
as1d because the Coulomb interaction suppresses the
phase density fluctuations but not the out-of-phase den
fluctuations. As a consequence the effective interac
is dominated by the out-of-phase fluctuations. We w
include both the in-phase and out-of-phase fluctuation
our calculations, while ignoring the less singular dens
density and density-current interactions [8].

The dominant out-of-phase mode mediates anattractive
pairing interaction between composite fermions in oppo
layers. This attractive pairing interaction appears beca
as2d couples to composite fermions in different layers
if they were oppositely charged. The fluctuatingas2d

field strongly inhibits the coherent propagation of a sin
composite fermion, while a pair made up of compos
fermions from different layers is neutral with respect
as2d. Such a composite fermion pair can then propag
coherently through the fluctuatingas2d field, much like a
colorless meson propagating coherently through a stro
fluctuating gluon field.

In [8] it was proposed that this attractive interacti
might lead to a “superconducting” instability of an ide
DLCFM. Such a superconducting state of compos
fermions would be incompressible and thus exhibit
FQHE [9]. Here we investigate this possibility with
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the framework of Eliashberg theory. Related work, in
different contexts, can be found in [10]. Using the Nambu
formalism the matrix Green’s function is

Gsk, ivnd ­ fivnZn 2 ekt3 2 fnt1g21, (9)

where vn ­ s2n 1 1dpT is a fermion Matsubara fre-
quency,Zn is the mass renormalization,fn is the anoma-
lous self-energy, andDn ­ fnyZn is the gap function.
The Eliashberg equations forl-wave pairing in this sys-
tem are then given by

vns1 2 Znd ­ 2 pT
X
m

Zmvm

sjZmvmj2 1 f2
md1y2

3 sls1d
m2n,0 1 l

s2d
m2n,0d ,

fn ­ 2 pT
X
m

fm

sjZmvmj2 1 f2
md1y2

(10)

3 sls1d
m2n,l 2 l

s2d
m2n,ld ,

where the coupling constantsl are obtained by averaging
the effective interactions (8) over the Fermi surface:

l
s6d
m2n,l ­

kf

2pmp

Z 2kF

0
cos

µ
2l sin21 q

2kF

∂
3 Ds6dsq, jvm 2 vnjd

q
1 2 sqy2kFd2dq .

(11)

The pairing interaction mediated byas2d is singular at
small q and is thus attractive in all angular momentum
channels. Here we consider the case ofs-wave pairing
and henceforth setl

s6d
m2n ; l

s6d
m2n,0.

Performing the integral (11) forls2d yields

ls2d
m2n ,

Ef

se2yel0d

µ
l0

d

∂2y3µ e2yel0

jvm 2 vnj

∂1y3

1 less singular terms, (12)

where Ef ­ k2
fy2mp and l0 ­ 1y

p
eB is the magnetic

length (for n ­ 1y2, kf ­ l21
0 ). As discussed by HLR

[2], the electron band mass must be renormalized so th
mp , eye2l0. For simplicity in what follows we will take
Ef , e2yel0 and

ls2d
m2n ­ g

µ
v0

jvm 2 vnj

∂1y3

, (13)

where g ­ sl0ydd2y3 is a dimensionless “coupling con-
stant,” andv0 ­ e2yel0. Performing the same integra-
tion for ls1d we obtain

ls1d
m2n , ln

µ
v0

jvn 2 vmj

∂
1 less singular terms. (14)
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The two Eliashberg equations can be combined
obtain a single equation forDn:

Dn ­ pT
X
m

1
sv2

m 1 D2
md1y2

3

∑µ
Dmvn 2 Dnvm

vn

∂
ls2d

m2n

2

µ
Dmvn 1 Dnvm

vn

∂
ls1d

m2n

∏
. (15)

Note that there is a cancellation whenvn ­ vm, which
removes the divergence in the attractive interactionl

s2d
m2n

when m ­ n. This cancellation can be understood a
consequence of Anderson’s theorem [11]. The quasis
(v , T ) gauge fluctuations which are responsible
the destruction of Fermi liquid behavior in the “norm
state,” drop out of the gap equation because they ca
viewed effectively as a random time-reversal invari
potential. Here by time reversal we mean combin
time reversal and exchange of the two layers, un
which as2d is, indeed, invariant. as1d, on the other
hand, is not time-reversal invariant, and hence is
governed by Anderson’s theorem. As a result, there
a finite-temperature divergence atm ­ n. The origin of
this divergence can be traced back to the fact that
composite fermion pairs are not “neutral” with respect
the as1d field. As a result, the pairing equation is n
gauge invariant and may contain unphysical divergen
These divergences are not present in gauge-inva
quantities such as the free energy, which was calcul
by Ubbens and Lee [12] in a related problem arising in
gauge theory description of the spin gap in the cuprate

We first ignore theas1d fluctuations and calculate wha
Tc would be in their absence. Linearizing (15) and sett
l

s1d
m2n to zero we obtain an equation which, because

the scaling behavior ofl
s2d
m2n, allows the dependence o

the temperature,v0, and g all to be factored out. The
resulting equation is

Dn ­ g

µ
v0

2pT

∂1y3 X
m

jm 2 nj21y3s1 2 dm,nd

3

µ
Dm

2m 1 1
2

Dn

2n 1 1

∂
sgns2m 1 1d . (16)

Unlike conventional BCS theory there is no need
a frequency cutoff in the gap equation. Because
effective interaction falls off asv21y3, it is possible
to take the Matsubara sum to infinity. The resulti
expression forTc in this limit is

Tc . 4.3v0g3 ~
1

d2
, (17)

where only the proportionality constant needs to
determined numerically.

We find a similar result for the zero-temperature g
if we continue to neglectas1d. The zero-temperatur
Eliashberg equation on the imaginary frequency axis
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be written as

Dsivd ­
1
2

Z `

2`
dv0 1

sv02 1 D2d1y2

3

µ
vDsiv0d 2 v0Dsivd

v

∂
ls2dsiv 2 iv0d .

(18)

Within the approximationDsivd ­ const the equation for
Ds0d obtained by taking thev ! 0 limit of the right-hand
side of (18) is

1 ­
gv

1y3
0

3

Z `

2`
dv0 1

sv02 1 D2d1y2

1
v01y3 ~ g

µ
v0

D

∂1y3

.

(19)
It follows that Ds0d ~ g3v0. A fully self-consistent
solution of (18) yields

Ds0d . 8.4g3v0 ~
1

d2 . (20)

Thus, in the absence ofas1d fluctuations, the supercon
ducting energy gap at zero temperature falls off as1yd2.
We emphasize that the gapD , g3usgd is not analytic at
g ­ 0 and is not a perturbative effect.

At zero temperature, theas1d fluctuations do not lead
to any divergences, so the Eliashberg equations may
solved without special precaution. Again, we consider
approximationDsivd ­ const. The equation forDs0d is
then, in the limitg ø 1,

1 ­
gv

1y3
0

3

Z `

2`

dv0 1
sv02 1 D2d1y2

1
v01y3

2
Z L

2L

dv0 1
sv02 1 D2d1y2

ln
v0

v0

. Ag

µ
v0

D

∂1y3

2 B

µ
ln

v0

D

∂2

1 less singular terms.

(21)

Here A and B are numbers of order 1 andL is a
high-energy cutoffL , v0. The presence of theas1d

fluctuations leads to a substantial suppression of the g
In the limit g ø 1 we find that

D , v0
g3

sln gd6 ~
1

d2sln dd6 . (22)

Although the gap is suppressed, theas1d fluctuations
do not eliminate the zero-temperature pairing instabili
This is the central result of this paper—an ideal DLCFM
as defined above, isalwaysunstable to the formation of a
paired state no matter how large the layer spacing is.

We now comment on the solution of the finite
temperature Eliashberg equations including theas1d

fluctuations. As stated above, the problem is that
logarithmic singularity in l

s1d
m2n is not canceled by
3011
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FIG. 1. Proposed phase diagram for a double-layern ­ 1
system including the paired quantum Hall state discussed
this paper. Heret12 is the interlayer tunneling amplitude.

Anderson’s theorem. However, in the presence of a s
perconducting gap theas1d fluctuations also acquire a gap
which in turn cuts off the logarithmic divergence inls1d

whenm ­ n so thatl
s1d
0 , lnsv0yDd. Therefore, when

treated self-consistently, theas1d fluctuations do not lead
to any divergence in the finite-temperature Eliashbe
equations. We believe that this treatment is equivalent
the free energy analysis of Ubbens and Lee [12] and, li
them, we find that within Eliashberg theory the singula
as1d fluctuations drive the finite-temperature pairin
transition to first order. However, we do not expect th
result to be physically relevant in our case. Fluctuatio
about the mean-field Eliashberg treatment presented h
will drive the transition temperature to zero becaus
as in the Chern-Simons Landau-Ginzburg theory of t
FQHE [9], the gauge fields screen vortices, renderi
their energy finite rather than logarithmically divergen
Thus there is no Kosterlitz-Thouless transition.

While our results should be valid for any ideal DLCFM
with total filling fraction n ­ 1ym, the casen ­ 1 is
particularly interesting. For this case a transition from
a FQHE state to a compressible state asdyl0 is increased
has been observed experimentally [5]. In the absence
interlayer tunneling the FQHE state atn ­ 1 for small
dyl0 is expected to have long-range phase coheren
associated with anXY -like order parameter [13]. The
observedT ­ 0 incompressible-compressible transitio
with increasingdyl0 can then be viewed as an unbindin
transition of vortex configuration (merons) of this orde
parameter [13]. Understanding the relation between t
“unbound meron liquid” and the DLCFM state is an ope
problem deserving further study. One possible scenario
shown in Fig. 1. While the paired DLCFM state has no
yet been observed experimentally forn ­ 1 this may be
due to disorder or unbalancing of the wells.
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To conclude, we have shown that in the absence
disorder and interlayer tunneling a perfectly balanc
DLCFM is, at the level of the Eliashberg equation
alwaysunstable to the formation of a paired state at ze
temperature, regardless of how large the layer spacing
Such a paired state will be incompressible and thus exh
the FQHE [9]. Motivated by this result we propose th
qualitative phase diagram shown in Fig. 1 for then ­ 1
double-layer system. The experimental observation
the paired quantum Hall state discussed in this pa
would provide strong evidence for the existence of gau
fluctuations in composite fermion metals.
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