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Quantitative Phase Imaging Using Hard X Rays
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The quantitative imaging of a phase object using 16 keV x rays is reported. The theoreti
basis of the techniques is presented along with its implementation using a synchrotron x-ray sou
We find that our phase image is in quantitative agreement with independent measurements of
object. [S0031-9007(96)01227-6]
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X-ray imaging is a subject of wide international intere
because of the high penetrability and short wavelengt
x rays. However, as the energy of the radiation increa
the image contrast due to absorption diminishes.
comparison, the phase shift, if it can be rendered visi
remains relatively high. For example, for 10 Å radiatio
approximately 3 mm of carbon produces a2p phase
shift and 50% absorption. If the wavelength is decrea
to 1 Å, 3 mm of carbon is required to produce 50
absorption while only30 mm is required to produce a2p

phase shift. Thus, for imaging with hard x rays there
a considerable premium on being able to use phase a
contrast mechanism.

We definephase-contrast imagingas any technique tha
renders phase variations visible. In the optical reg
this includes both Nomarski and schlieren techniqu
We propose that the termphase imagingbe limited to
techniques that are able to produce an image in which
contrast is proportional to the phase shift. Zernike pha
contrast imaging falls into this category when the ph
shifts are small. We definequantitativephase imaging
as techniques that yield quantitative phase images o
object. To date, in the x-ray region, quantitative ph
imaging is only possible via interferometric techniqu
the temporal and spatial coherence requirements ther
place severe constraints on the source. In this paper
describe a noninterferometric quantitative phase-imag
technique.

Phase-contrast techniques, as defined in the prev
paragraph, have been presented in a number of
lier papers. Differential phase contrast using cry
diffraction was first demonstrated by Forster, Goetz,
Zaumseil [1]; these authors described their techniqu
an x-ray schlieren method. Related work has been p
lished by Somenkov, Tkalich, and Shil’stein [2]; Ingal a
Beliaevskaya [3]; Daviset al. [4,5]; Gao, Davis, and
Wilkins [6]; and Cloetenset al. [7]. All of these ap-
proaches provide differential phase contrast, or schlie
imaging that relies on the deviation of the radiation a
encounters phase gradients. Snigirevet al. [8,9] have
also recently performed some work on phase-cont
imaging that has a close relationship to that prese
here, and this technique may be shown to yield a m
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of the Laplacian of the phase distribution. In the ver
soft x-ray region, Schmahl and co-workers have pu
lished [10,11] phase-imaging work that is a direct analo
of Zernike phase contrast microscopy. Momose, Take
and Itai [12] have recently published a phase-imagin
technique based on an x-ray interferometer.

In this Letter we develop quantitative phase imagin
using the so-called transport of intensity equation [1
that relates the propagation of the intensity distributio
to the phase distribution in a wave in the paraxi
approximation. Much work has recently been publishe
on the solution of this equation, particularly in the conte
of adaptive optics in the visible region [14–16]. Gureye
and Nugent [17] have recently shown how the transpo
of intensity equation may be solved without explicitly
seeking the boundary conditions for the solution. It
this theoretical work that we develop and impleme
experimentally in the current paper.

Consider a scalar paraxial monochromatic wave

usx, y, zd ­ I1y2sx, y, zdexphikz 1 iwsx, y, zdj (1)

with intensity Isx, y, zd, slowly varying phasewsx, y, zd,
and k ­ 2pyl. If the intensity is nonzero everywhere
in an open regionV of the planez ­ z0, then, in V,
the intensity and phase satisfy the transport of intens
equation (TIE):

k
≠I
≠z

­ 2=== ? sI===wd . (2)

If the intensity Isx, y, z0d is equal to zero both at the
boundary and outsideV, then the TIE, Eq. (2), has a
phase solution which is unique up to an arbitrary additiv
constant [18].

We consider a method for finding the solution to th
TIE in a rectangular regionVab ­ s0, ad 3 s0, bd. We
introduce the Fourier harmonicsWmn and the standard
scalar productkf, gl in Vab:

Wmnsx, yd ­ exphi2pmxyajexphi2pnyybj , (3)

kf, gl ­
1

ab

Z b

0

Z a

0
fsx, ydgpsx, yd dx dy . (4)
© 1996 The American Physical Society 2961
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The Fourier harmonics are orthonormal with resp
to this scalar product. Let the intensity derivative
approximated by a finite sum of Fourier harmonics,

k
≠I
≠z

­
X
m, n

FmnWmn, jmj # M, jnj # N .

(5)

We seek a phase of similar form,

w ­
X
m, n

wmnWmn, jmj # M, jnj # N . (6)

To find this phase we take the scalar product (4) of Eq.
and a Fourier harmonicWpq, integrate by parts using th
fact that the boundary integral vanishes, asI ­ 0 at the
boundary, and obtainkI=w, =Wpql ­ Fpq. Substituting
the representation Eq. (6), we arrive at the followi
system of algebraic equations for the unknown Fou
coefficients of the phase:X

m, n
Lmn

pq wmn ­ abFpq , (7)

Lmn
pq ­ s2pd2smpbya 1 nqaybdIsp2md sq2nd , (8)

where jmj, jpj # M and jnj, jqj # N , and Imn ­
kI , Wmnl are the Fourier coefficients of the intens
distributionIsx, y, z ­ 0d.

This system of equations may be solved in gene
and this will be reported in a further publication. F
the purposes of this Letter, however, let us consider
special case of a uniform intensity distribution such t
Isx, y, 0d ; I0 in Vab andIsx, y, 0d ; 0 both outsideVab

and at the boundary. Clearly, in this case,Imn is only
nonzero whenp ­ m and q ­ n so that the Fourier
coefficients of the phase reduce to

wmn ­
sabd2

s2pd2sm2b2 1 n2a2dI0
Fmn , (9)

with the range of indices defined following Eq. (8) b
where m2 1 n2 fi 0. Thus, in order to calculate th
phase from the z derivative of the intensity in the case
uniform illumination, it is sufficient to perform the Fourie
transform of k≠Iy≠z, reweight its Fourier coefficient
in accordance with (9), and perform the inverse Fou
transform.

We are thus led to a very rapid approach to the recov
of the phase from intensity with the unusual ben
that no separate determination of boundary condition
required. A full discussion of this theoretical approa
will be presented in a future paper. In the present pa
we present the results of an experiment in which th
ideas are tested using hard x rays.

The experiment sketched in Fig. 1 was assemble
beam line 20 A (Australian National Beamline Facilit
at the Photon Factory synchrotron at KEK in Tsuku
Japan. The monochromator was adjusted so as to pro
a beam of 16 keV x rays. The resulting x-ray beam ha
divergence of approximately 0.38 mrad in the horizon
and 0.037 mrad in the vertical. Two100 mm square
apertures were placed in the beam to produce a hi
2962
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uniform beam with a square profile. The prime purpo
of the apertures is to limit the effective source size in t
synchrotron and thus produce enhanced spatial coher
in the x-ray beam. Smaller apertures were not used
the effect we seek is effectively the redirection, throu
refractive index variations in the object, of optical ener
from one point in the detection plane to another; th
clearly requires that a significant amount of the object
illuminated at any one time.

A commercial carbon electron microscope calibrati
grid (SPI model 411CG-AB) with a period of330 mm
was used as our test object. It was placed in
approximately square Pb defining aperture. The x-
optical thickness of the grid was measured by observ
the absorption of 8.05 keV x rays through the gri
The grid was measured to have an average effec
thickness of68 6 24 mm of solid density carbon. The
uncertainties arise partially from genuine variations
the grid thickness but primarily from a poor signal
noise ratio in the absorption measurement due to the
absorption of the grid at this energy.

Our phase-imaging experiments were performed w
an x-ray energy of 16 keV for which maximum absorptio
by the object is about 0.7%. Our experimental arran
ment did not allow us to measure the absorption ima
of the object immediately behind the object for 16 ke
x rays, and so we were precluded from directly observ
the absorption of 16 keV x rays. However, we took a
sorption to be negligible in our experiment.

A 15 3 15 micron pinhole was placed in front o
an Ar filled ion chamber 1.68 m from the object. Th
object was scanned in20 mm steps and the signal wa
integrated for approximately 1 sec at each point of t
scan. The resulting image showed contrast resulting fr
the refractive effects in the carbon grid. The resulti
data are shown in Fig. 2 after they have been croppe
a square shape and where the large constant backgr
has been subtracted; this is effectively the value of≠Iy≠z
and is therefore the direct input to our reconstructi
algorithm. These data were Fourier transformed usin
fast Fourier transform (FFT) algorithm and the resulti
spectrum multiplied by a filter of the form given in
Eq. (9).

Two important steps were taken in preparation of t
data for analysis: First, since the intensity distributi
at the object plane was not measured, the input data
use for≠Iy≠z might be in error by an additive constan
due to divergence in the incident radiation. Secon
in preparation for processing using the FFT, our d

FIG. 1. Schematic of the experimental arrangement.
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FIG. 2. Experimental data with the large constant backgro
subtracted. The contrast on the data before backgro
subtraction was approximately 7%.

were cropped to a square format which precluded
direct measurement of the edge effects in the data.
consequence of the first step is the loss of any informa
on the divergence in the incident field. The conseque
of the second is the loss of information at the boundar

Loss of information on the divergence of the fie
will be manifest as the presence of theZ4 Zernike
polynomial in a Zernike decomposition of the pha
image [16]. The removal of the boundary signal
equivalent to the addition of some linear combinat
of “diagonal” Zernike polynomials to the phase ima
where the diagonal Zernike polynomials represent
class of phase variations that are manifest only at
boundary in this form of experiment [16]. To elimina
these components we perform a Zernike decompos
of the phase image and subtract the low-order diag
components and theZ4 component. The practical effe
of this subtraction is to eliminate the slowly varyin
background indirectly produced by the preparation of
data for analysis. This approach was very succes
and the resulting image is shown in Fig. 3; note that
Zernike decomposition is most conveniently perform
on a circular set of data. Prior to this subtractio
the low-order components obscured much of the im
information.

The apertures used in the experiment limited
effective source shape to a well-defined square. I
straightforward to show that the resulting phase imag
the true phase image convolved with the square so
distribution. In principle, then, the image could
corrected by deconvolving out the effect of the sou
using standard Fourier techniques. However, this co
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FIG. 3. Direct reconstruction of the experimental data.

would inevitably lead to noise amplification around t
zeros in the reconstructing filter. In order to elimina
this problem and to take a very conservative appro
to image reconstruction, we used a modified filter t
approximately compensated for the source blurring.

The blurring due to a square source may be comp
sated by multiplying the Fourier components of the ima
by Fskd ­ akysinsakd, where2a is the source width. In
our data, we used a deblurring filter of the form

F0skd ­

8>>><>>>:
1

1 2
4

27
sakd2

jkj #
3

2a

jakj jkj .
3

2a

. (10)

This filter always amplifies the spatial frequencies l
than or equal to the amount required by the full dec
volution filter Fskd [i.e., jF0skdj # jFskdj ; kg and is a
smooth function that very closely mimics the true filter
second order forjkj # 3y2a.

The effective source size2a in our experiment was
directly determined by scanning an edge through
experimental setup. The modified full reconstruction fil
is shown in Fig. 4. It can be seen that the suppres
of frequencies is much less than for the unmodifi
filter but that no frequencies are amplified; the resul
that the reconstruction is sharper while remaining rat
insensitive to noise contamination. The image after
application of the modified filter is shown in Fig. 5, and
can be seen to be much sharper when compared with
previous image.

As reported earlier, we measured the x-ray opti
thickness of the object using 8 keV x-ray absorptio
This measurement allows us to predict the phase s
2963
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FIG. 4. Filters used in the reconstruction. The dashed l
indicates the theoretical phase retrieval filter. The solid li
indicates the modified filter that partially compensates for t
finite source size. Note that there is no frequency amplificat
in either of these filters.

for 16 keV x rays using the known complex atom
scattering factors for carbon. Using this approach,
average phase shift of the grid bars for the 16 keV x ra
was predicted to bes2.9 6 1.0dp. Our phase image
produced an average phase shift ofs3.3 6 0.3dp , in good
agreement with the deduction obtained via our absorpt
measurement. We thus conclude that we have ind
managed to quantitatively recover the phase distribut
of the x rays. Note that use of the deblurring filte
described in the previous paragraph merely sharpens
resulting image; it does not affect the thickness deduc
from the phase image.

In conclusion, then, we have presented the theoret
basis for, and an experimental confirmation of, quan
tative noninterferometric phase imaging using 16 ke

FIG. 5. Phase image obtained with the modified filter.
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x rays. The experimental arrangement is extrem
simple, and our phase imaging implies a phase shift
the test object that is in quantitative agreement with th
deduced from an independent absorption measurem
We take the agreement between our measured phase
and the simple absorption-based deduction as exp
mental confirmation that our phase images are inde
quantitatively correct.

This work was supported by grants from the Australia
National Beamline Facility, a consortium of Australia
universities, ANSTO, DIST, and the Australian Resear
Council. D. P. acknowledges the receipt of an Australi
Postgraduate Award. The authors acknowledge valua
conversations with David Balaic and Andrew Peele duri
the course of this work.

*Also with CSIRO Division of Forestry and Fores
Products, Private Bag 10 Clayton, Vic, 3169, Australia.

[1] E. Forster, K. Goetz, and P. Zaumseil, Kris. Tech.15,
937–945 (1980).

[2] V. A. Somenkov, A. K. Tkalich, and S. Sh. Shil’stein, Sov
Phys. Tech. Phys.36, 1309–1311 (1991).

[3] V. N. Ingal and E. A. Beliaevskaya, J. Phys. D28, 2314–
2317 (1995).

[4] T. J. Davis, D. Gao, T. E. Gureyev, A. W. Stevenson, a
S. W. Wilkins, Nature (London)373, 595–598 (1995).

[5] T. J. Davis, T. E. Gureyev, D. Gao, A. W. Stevenson, a
S. W. Wilkins, Phys. Rev. Lett.74, 3173–3176 (1995).

[6] D. Gao, T. J. Davis, and S. W. Wilkins, Aust. J. Phys.48,
103–111 (1995).

[7] P. Cloetens, R. Barrett, J. Baruchel, J-P. Guigay, a
M. Schlenker, J. Phys. D29, 133–146 (1996).

[8] A. Snigirev, I. Snigireva, V. G. Kohn, S. Kuznetsov, an
I. Schelokov, Rev. Sci. Instrum.66, 5486–5492 (1995).

[9] A. Snigirev, I. Snigireva, V. G. Kohn, and S. M
Kuznetsov, Nucl. Instrum. Methods Res., Sect. A370,
634–640 (1995).

[10] G. Schmahl, D. Rudolph, and P. Guttmann, inPhase Con-
trast X-ray Microscopy Experiments at the BESSY Stora
Ring, edited by D. Sayre, M. Howells, J. Kirz, and
H. Rarback, X-Ray Microscopy II (Springer-Verlag
Berlin, 1987), pp. 228–232.

[11] G. Schmahl, P. Guttmann, G. Schneider, B. Nieman
C. David, T. Wilhein, J. Thieme, and D. Rudolph, i
Phase Contrast Studies of Hydrated Specimens with
X-ray Microscope at BESSY, edited by A. Erko and
V. Aristov, X-Ray Microscopy IV (Bogorodski Pechatnik
Chernogolovka, Moscow Region, 1994).

[12] A. Momose, T. Takeda, and Y. Itai, Rev. Sci. Instrum.66,
1434–1436 (1995).

[13] M. R. Teague, J. Opt. Soc. Am.73, 1434–1441 (1983).
[14] F. Roddier, Appl. Opt.27, 1223–1225 (1988).
[15] F. Roddier, Appl. Opt.29, 1402–1403 (1990).
[16] T. E. Gureyev, A. Roberts, and K. A. Nugent, J. Opt. So

Am. A 12, 1932–1941 (1995).
[17] T. E. Gureyev and K. A. Nugent, J. Opt. Soc. Am. A13,

1670–1682 (1996).
[18] T. E. Gureyev, A. Roberts, and K. A. Nugent, J. Opt. So

Am. A 12, 1942–1946 (1995).


