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Quantum Statistics of the Squeezed Vacuum by Measurement of the Density Matrix
in the Number State Representation
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We report the reconstruction of the quantum state of squeezed vacuum generated by a continuou
wave optical parametric amplifier. Homodyne detection and tomographic reconstruction methods wer
used to obtain the density matrix in the Fock (number state) representation. The photon numbe
distribution exhibits odd-even oscillations, a manifestation of the photon pair production in the second
order nonlinear medium. [S0031-9007(96)01320-8]

PACS numbers: 42.50.Dv, 03.65.–w, 42.50.Ar, 42.65.–k
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A single-spatial mode of the electromagnetic field in
optical frequency domain represents a particularly cl
and accessible example of a quantum harmonic oscill
system. Quantum statistical effects arising from the n
commuting quadrature components of the electric field
light waves have been clearly established as a result o
tensive experimental studies. Ultimately, a complete ch
acterization of a quantum state implies the determina
of its wave function (for a pure state) or, more genera
of its density matrix. Performing such studies is of im
portance because they represent a clear application o
principles of quantum measurement. On a practical s
optical quantum state analyzers will likely become use
tools in the future, for example, to characterize particu
quantum states of the light field that may be injected i
optical instruments such as interferometers or polarime
so as to improve significantly their sensitivity [1].

Historically, the characterization of optical quantu
states was first pursued using photon counting and was
plied to study the statistics of thermal [2], coherent [2], s
and super-Poissonian [3], and quantum correlated l
fields [4]. This technique is particularly useful for dete
mining the second-order correlation function, where
tector quantum efficiency is not a limiting factor. Mo
detailed information, the photon number probability d
tribution psnd, i.e., the diagonal elementsknjrjnl of the
density matrix, wherejnl is then-photon Fock state, ma
in principle be obtained by recording with an ideal ph
ton counter the statistics of photon emission events f
the light source. Accurate measurements ofpsnd of non-
classical states require counters with appropriately h
temporal resolution, near-unity quantum efficiency, a
single photon resolution. As photon counters with t
combination of properties are not yet available, such m
surements are, however, not possible at present. A
ond common method, which has been widely applied
the characterization of squeezed light [5,6], measures
variances of the electric field quadratures (via photocur
spectral densities) using balanced homodyne detectio
with high efficiency photodetectors lacking single phot
sensitivity.
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A full characterization of optical quantum states is po
sible beyond the capabilities of the above approaches.
shown by Bertrand and Bertrand and Vogel and Risk
[8], homodyne detection of the state followed by tomo
graphic reconstruction permits one to recover the Wign
quasiprobability distribution function from experimenta
data. The density matrix in position or momentum repr
sentation is then easily obtained by Fourier transformatio
The technique is a precise one thanks to the availabi
of near-unity quantum efficiency (high-flux) photodete
tors. Smitheyet al. [9] performed the first experiment of
quantum state tomography and reconstructed the Wig
function of pulsed squeezed light using the inverse Rad
transform.

Here we report the reconstruction of the density mat
in the number state basis of a strongly nonclassical st
of the light field. The squeezed vacuum state genera
by a continuous-wave optical parametric amplifier (OPA
[6,10,11] is measured and reconstructed using eleg
algorithms recently developed [12–14], which yield a
density matrix elements without passing through the int
mediate step of reconstructing the Wigner function. T
experimental verification of oscillation in the photon num
ber distribution is made possible by using an OPA th
emits strongly (5.5 dB) squeezed vacuum and a highly
ficient homodyne detector.

The principle of the experiment is sketched in Fig.
A quantum state generator, here a parametric oscilla
pumped below its threshold by a continuous-wave las
emits a light field on which a large number of measur
ments are performed. The generated state is assume
be reproducible, i.e., not to change substantially over
course of the full measurement. Referring for experime
tal details elsewhere [10], we note that several charac
istics of the system are crucial for obtaining the resu
described here. The parametric oscillator employed i
monolithic magnesium-oxide-doped lithium niobate res
nator which is mechanically stable and located in a tigh
temperature-controlled oven. The oscillator’s pum
wave (frequency2v) is obtained by externally resonantly
frequency doubling a continuous-wave, diode-pumpe
© 1996 The American Physical Society 2933
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FIG. 1. Block diagram for measurements of the quantum st
and the photon statistics. In the squeezed state genera
the second harmonic of the laser frequency generated in
enhancement cavity pumps a monolithic optical paramet
amplifier.

miniature Nd:YAG laser (l  1064 nm) of exquisite
frequency stability, which also provides the local oscilla
tor wave (frequencyv). This source reliably generate
squeezed vacuum with good temporal stability. Th
squeezed vacuum, whose spectrum is centered at the o
cal frequencyv, is detected using a balanced homodyn
detector. The 2 mW power level local oscillator, whos
high-frequency excess intensity noise is suppressed
means of a filter cavity, is overlayed with the unknow
state at a 50%-50% beam splitter, and the two result
waves are detected by highly efficient photodetecto
Since the light fluxes are very high, the detectors do n
resolve individual photons but generate a large avera
current with small fluctuations due to any (quantum a
classical) fluctuations of the two waves. An electronic c
cuit generates the photocurrent differencei2su, td which,
after accurate balancing of the photodetector electro
gains, is proportional to a particular quadrature of the s
nal electric field, and to a high degree free of the fluctu
tions of the local oscillator. Electronic noise is negligibl
(14 dB below shot noise). The relative phaseu between
signal and local oscillator fields is variable, so that a
quadratures can be sequentially accessed.

Rather than measuringi2su, td directly, for technical
reasons we measure phase sensitively its spectral com
nent i2su, V, td in a small band around a radiofrequenc
V  2 MHz by mixing with a rf local oscillator of
frequencyV. In this case, the quantum measureme
performed by the homodyne detector is on the two-mo
quadrature observableXsud  eiffasv 1 Vde2iu 1

aysv 2 Vdeiug 1 H.c., where asv0d, asv0dy are the
annihilation and creation operators of modev0 [7] and f

is the rf local oscillator phase. Thus, the reconstructi
performed below yields the quantum state information
the signal’s spectral components atv 6 V.

The data shown in Fig. 2(a) consist of a time trac
of i2su, V, td, taken while the local oscillator phase i
2934
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FIG. 2. (a) Record of the photocurrent differencei2 in a
100 kHz bandwidth around 2 MHz as a function of time. T
local oscillator phase is varied linearly in time. (b) Varianc
of the quadrature distributions for 128 local oscillator phas
derived from the data in (a). Solid line is theory, Eq. (1).

scanned. The scan rate is16 msy2p. i2su, V, td is ob-
tained by filteringi2 with an rf spectrum analyzer (100 kH
resolution bandwidth, zero span) and sampling its int
mediate frequency output every 100 ns with a Nicolet 4
digital oscilloscope. Each sampling corresponds to o
measurement of the field quadrature. The statistical dis
bution of the currenti2 for fixed phaseu is the probability
distributionPsxu , ud of finding a valuexu for the observ-
able Xsud. The relation between these quadrature dis
butions and the density matrixr is given byPsxu , ud 
kxu jrjxul. By dividing theu  0, . . . , 2p data into 128
intervals, in each of which the phaseu is nearly constant,
a set of 128 amplitude probability distributionsPsxu , ud
is obtained. The total number of data points is 160 0
The quadrature amplitudes are normalized by compari
with the distribution measured for a vacuum state (sig
blocked) [10].

The experimentally obtained quadrature distributio
agree well with the theoretical distributions for a squeez
vacuum state given by [15]

Psxu , ud  spwud21y2 exps2x2
uyw2

ud ,

w2
u  s1 1 hS2d cos2 u 1 s1 1 hS1d sin2 u , (1)
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where 1 1 hS2  0.28 6 0.03, 1 1 hS1  15.8 6 1
are, respectively, the measured variances of the maxim
squeezed and antisqueezed quadratures relative to the
uum [11], obtained from a quantum noise spectral dens
measurement [10].h  s82 6 5d% is the measured to-
tal efficiency which comprises thes88 6 4d% OPA cavity
escape efficiency [16], 98% propagation efficiency, 98.5
matching of local oscillator and squeezed vacuum spa
modes, ands97 6 2d% photodetector quantum efficiency
In Fig. 2(b) we report the variances of the measur
Gaussian probability distributions and compare them w
Eq. (1). This plot is equivalent to a direct measureme
of the quadrature variances [6,10].

The reconstruction of the quantum state is perform
by evaluating integrals over the measured quadrat
probability distributionsPsxu , ud, yielding the density
matrix elements in the Fock basis,

rnm 
Z p

0

Z 1`

2`
Psxu , udfnmsxudeisn2mdudxu du . (2)

The functionsfnm are transcendental functions whos
definition and numerical algorithm can be found i
Ref. [14].

Of particular interest are the diagonal elementsrnn,
which are the occupation probabilities of the Fock sta
jnl. According to Eq. (2), these depend only on the phas
averaged probability distributionsPsxd 

R
Psxu , ud duy

2p [13]. Figure 3 shows the phase-averaged distributio
corresponding to the data of Fig. 2, which agree very w
with the theoretical distributions calculated using Eq. (1
Performing the integrations over the averaged quadrat
distributionPsxd, the photon number distributionpsnd 
rnn shown in Fig. 4 is obtained. For the squeezed va

FIG. 3. Phase-averaged marginal distributionsPsxd of a
5.5 dB squeezed vacuum state, and, in the inset, of the vacu
state. Circles, experimental data; lines, theory.Psxd is
Gaussian for the vacuum, but non-Gaussian for the squee
vacuum state. The photon number distribution is obtained
integrations overPsxd.
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uum state the probabilities are clearly larger for even p
ton numbers than for odd ones. For an ideal (minim
uncertainty) squeezed state zero probabilities for oddn are
expected, since the Hamiltonian describing the parame
process occurring inside the nonlinear crystal is quadr
in the creation and annihilation operators [17–19]. Ho
ever, the probabilities for odd photon numbers are nonz
because the squeezed state detected here is a mixed
having undergone losses inside the resonator and du
the detection process which cause the distribution to sm
out. The photon number distribution for a mixed squee
vacuum state is given by [18]

rnn  2

s
s2 1 hS2d s1 1 S2d

2 1 2S2hS2

shsdnP1
n ssss1 2 hdsddd ,

with s  jS2jy
q

4 1 4S2 1 2hS2
2 2 h2S2

2 .
(3)

HereP1
n denotes thenth Legendre polynomial with posi

tive coefficients, which in terms of the usual Legend
polynomialPn can be written asP1

n std  s2idnPnsitd. As
can be seen from Fig. 4, the occupation probabilities
culated from the measured total efficiencyh and squeezed
quadrature variance1 1 hS2 agree well with the experi
mental data.

The photon number average and variance for the exp
mental photon statistics up ton  12 areknlexp  2.1 and
ksDnd2lexp  8.5, respectively. This is in good agreeme
with the truncated theoretical values2.17 and 8.86 and
shows that the squeezed vacuum state is strongly su
Poissonian. Note, however, that Fock states withn .

12, while not accurately reconstructed from the data,
contribute significantly to the average and the varian
the theoretical values including alln are knl  hsS2 1

S1dy4  3.5 andksDnd2l  knl s1 1 h 1 2knld  30.1.
The average photon number has a simple interpr

tion: it corresponds to the photon flux per unit frequen

FIG. 4. Photon number distribution of the squeezed vacu
state and the vacuum state (inset). Solid points refer to exp
mental data, histograms to theory, Eq. (3). The experimen
determined statistical error is 0.03.
2935
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s-

interval emitted by the squeezed vacuum source. Integrat-
ing over the whole spectrum of the parametric oscillator a
total flux of 2hGpPpysPth 2 Ppd  2.6 3 108 photons
per second is calculated for the present device with OPA

cavity FWHM linewidth2G  34 MHz and pump power
Pp  0.75Pth [20]. This 40 pW power should be acce
sible to direct measurement.

The reconstructed density matrix up ton  6 is given
explicitly by
2936
rnm 

0BBBBBBBBBB@

0.44 0.00 20.23 0.00 0.14 0.00 20.08
0.00 0.07 0.00 20.06 0.00 0.05 0.00

20.23 0.00 0.13 0.00 20.09 0.00 0.06
0.00 20.06 0.00 0.05 20.01 20.04 0.00
0.14 0.00 20.09 20.01 0.06 0.00 20.05
0.00 0.05 0.00 20.04 0.00 0.03 0.00

20.08 0.00 0.06 0.00 20.05 0.00 0.04
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The elements are real because the phaseu  0 was arbi-
trarily set where the maximally squeezed quadrature oc
in the data of Fig. 2(a). Two features of the density mat
are apparent. The odd diagonals are zero due to the
ror symmetry of the squeezed state Wigner function [1
Second, oscillations in the magnitude of the elements a
occur along the even diagonals.

Evaluating the trace of the square of the density m
trix yields a measure of the deviation of the state fro
a pure one. Using the reconstructed matrix (up ton 
12) we obtain Trsr̂2d  0.48, the expected value bein
1y

p
s1 1 hS2d s1 1 h S1d  0.47. The mixture charac-

ter is therefore substantial for our quantum state.
In conclusion, we have reported a complete experim

tal reconstruction of a particular spectral component o
highly nonclassical state of the light field which exhibits
nontrivial photon number distribution. The even-odd o
cillations reflect the quantum (pair) character of the pa
metric interaction occurring in the nonlinear crystal. Th
reconstruction shows the power and practical applicab
of optical homodyne measurements in combination w
recently developed tomographical techniques to pas
the macroscopic world details about a fragile quant
state that carries a very small photon flux. The work p
sented here may be extended on the one hand to si
taneous analysis of many spectral components cove
the full bandwidth of the emitted radiation. On the oth
hand, the characterization of squeezed light states
small but nonvanishing mean electric field should be
warding. Here, for sufficiently high degrees of squeezi
direct evidence of quantum interference effects in ph
space is expected, resulting in large-period oscillation
the photon number distribution [19].
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