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We point out that off-shell four-dimensional spacetime supersymmetry implies strange Hermiticity
properties for theN  1 Ramond-Neveu-Schwarz superstring. However, these Hermiticity properties
become natural when theN  1 superstring is embedded into anN  2 superstring. [S0031-
9007(96)01339-7]
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Superstring theory is the only known renormaliza
quantum theory of gravity, and spacetime supersymm
plays a crucial role in removing the divergences. Spa
time supersymmetry also plays a crucial role in the rec
conjectures [1] of strong-weak duality in superstri
theory. However, spacetime supersymmetry is only
on-shell symmetry in the conventionalN  1 Ramond-
Neveu-Schwarz (RNS) description of the superstri
which makes it difficult to observe its effects.

It will be shown in this Letter that after modifyin
the conventional Hermiticity properties, four-dimension
supersymmetry can be extended to an off-shell symm
of the superstring. The modified Hermiticity properti
are those of anN  2 embedding of theN  1 RNS
superstring [2], whereN  1 and N  2 refer to the
number of worldsheet superconformal invariances. T
suggests that theN  2 description of the superstring [3
may be useful for illuminating the effects of spacetim
supersymmetry. It is interesting to note thatN  2
superstrings have recently appeared in models [4] wh
try to explain the strong-weak duality symmetries.

In four-dimensional compactifications of theN  1
RNS superstring, the spacetime-supersymmetry gen
tors in the2

1
2 picture are

qa 
1

2pi

I
dz es1y2d s2f6is06is16iHC d, (1)

where there are an even number of1 signs in the ex-
ponential sa  1 to 4d, f comes from fermionizing the
bosonic ghosts asb  i≠je2f and g  2ihef, c3 
6c0  e6is0 and c1 6 ic2  e6is1 where cm is the
fermionic vector, and≠HC  JC is the U(1) generator o
the c  9, N  2 superconformal field theory represen
ing the compactification manifold.

These spacetime-supersymmetry generators satisfy
anticommutation relations

hqa, qbj 
1

2pi

I
dz e2fcmgm

ab , (2)

which is not the usual supersymmetry algebrahqa, qbj 
1

2p

H
dz ≠xmg

m
ab where 1

2p

H
dz ≠xm is the string momen-

tum. However, after hitting the right-hand side of (
with the picture-changing operatorZ  hQ, jj, it becomes
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1
2pi

H
dz Ze2fcmg

m
ab 

1
2p

H
dz ≠xmg

m
ab. So up to pic-

ture changing, theqa ’s form a supersymmetry algebra [5
But off-shell supersymmetry requires that theqa ’s

form a supersymmetry algebra without applying pictur
changing operations. This is because picture chang
is only well defined when the states are on-shell. O
shell, the states are not independent of the locations of
picture-changing operators.

So off-shell spacetime supersymmetry requires mod
cation of theqa ’s. Note thatqa has picture2

1
2 and the

momentum 1
2p

H
dz ≠xm has picture 0, so we need gen

erators with picture1 1
2 . The obvious solution [3] is to

split qa into a chiral part with picture2 1
2 and an antichiral

part with picture1
1
2 :

qa 
1

2pi

I
dz es1y2d f2f6iss01s1d1iHCg ,

q Ùa  Zq Ùa 
1

2pi

I
dz fbhes1y2d f3f6iss02s1d2iHCg (3)

1 i:sefcm≠xm 1 efG1
C 1 efG2

C d

3 es1y2d s2f6iss02s1d2iHC :g ,

where G6
C are the fermionic generators of thec  9

N  2 superconformal field theory. TheN  1 4D
supersymmetry algebra hqa , q̄ Ùbj 

1
2p

H
dz ≠xms

m
a Ùb

is now satisfied off-shell where we are using standa
two-component Weyl notation.

Although we have solved the problem of finding of
shell supersymmetry generators, we now have a n
problem. Using the standard RNS definition of Hermiti
ity where all fundamental fields are Hermitian or an
Hermitian (the anti-Hermitian field iss0), the Hermitian
conjugate ofqa is no longerq Ùa . Fortunately, this new
problem can be solved by modifying the definition of He
miticity. However, this new Hermiticity definition will be
natural only if one embeds theN  1 superstring into an
N  2 superstring.

To find the appropriate Hermiticity definition, one firs
writesq Ùa in the form

q Ùa  eR

µ
1

2pi

I
dz bhes1y2d f3f6iss02s1d2iHCg

∂
e2R ,
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where

R 
1

2p

I
dz cje2fscm≠xm 1 efG1

C 1 G2
C d (4)

andeRFe2R  F 1 fR, Fg 1
1
2 fffR, fR, Fgggg 1 · · · (the expansion usually stops after two terms).

One then defines Hermiticity as

sxmdy  eRxme2R , scmdy  eRcme2R , sFCdy  eRFCe2R ,

sefy2dy  eRscje2s3y2dfde2R , se2fy2dy  eRsbhes3y2dfde2R ,

sbdy  eRsibh≠he2fde2R , scdy  eRs2icj≠je22fde2R ,
(5)

shdy  eRsihb≠be2fde2R , sjdy  eRs2ijc≠ce22fde2R ,
m

c

g
e-
ty
r-

c,

s.
whereFC are the worldsheet fields in thec  9, N  2
superconformal field theory. It is straightforward to chec
that the new Hermiticity definition satisfiessFydy  F
for all F, preserves OPE’s, and implies thatsqady  q Ùa .

One strange feature of the Hermiticity definition of (5
is that a field may have a different conformal weight fro
its Hermitian conjugate sincesTdy  T 1 i≠sbc 1 jhd
whereT is the RNS Virasoro generator. Another strang
feature is that the BRST operator is not Hermitian sin
Qy 

1
2p

H
dz b. [This easily follows from writingQ 

eRs i
2p

H
dz bh≠he2fde2R.]

Although these features are strange in theN  1 RNS
description of the superstring, they are natural if theN 
1 superstring is embedded into anN  2 superstring. As
discussed in Ref. [2], any criticalN  1 superstring can
be embedded into a criticalN  2 superstring where the
c  6, N  2 superconformal generators are [2]

TN2  TN1 1
i
2

≠sbc 1 jhd ,

G1
N2  jBRST , G2

N2  b , JN2  bc 1 jh ,

(6)

andjBRST  eRsibh≠he2fde2R .
2892
k

)

e
e

Using the Hermiticity definition of (5),sTN2dy 
TN2, sG1

N2dy  G2
N2, and sJN2dy  JN2, which

are the standard Hermiticity properties of anN  2
string. [This Hermiticity can be made manifest by writin
the N  2 generators of (6) in terms of spacetim
supersymmetric variables [3].] So the Hermitici
properties implied by off-shell four-dimensional supe
symmetry are natural only if theN  1 superstring is
embedded into anN  2 superstring.
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