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This Letter reports on three-dimensional simulations that follow exact,z symmetric soliton solutions
to an important equation of plasma physics and fluid dynamics. These solitons are seen to
up when perturbed slightly alongz. Some fairly robust, three-dimensional entities are subseque
produced. However, they do not seem to resemble known, azimuthally symmetric solutions
explanation of this interesting fact is offered. [S0031-9007(96)01348-8]

PACS numbers: 03.40.Kf, 47.20.Ky, 52.35.Sb, 52.35.Py
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Solitons are by now well-researched entities that app
both in nature and in present day mathematical consid
tions of nonlinear, partial differential equations. The 3
Kadomtsev-Petviashvili equation considered here [1] i

snt 1 6nnx 1 nxxxdx 2 3snyy 1 nzzd ­ 0 . (1)

This equation is known as KPI. It describes the dyna
ics of nonlinear waves and solitons in a variety of m
dia (plasmas, fluids) [2–4] about which more follow
Equation (1) is usually much simpler than the full set
equations it models. In deriving it, one assumes weak
persion and that the soliton or nonlinear wave in ques
propagates alongx. Changes iny andz are slower than
in the direction of motion. Equation (1) is not integrab
by inverse scattering unless≠z ­ 0. For a more extensive
discussion of the derivation of (1) and some solutions,
Ref. [5].

The KPI equation appears in plasma physics w
describing small amplitude, fast magnetosonic wa
(FMS) propagating in a lowb s­ 8ppyB2d magnetized
plasma. If these waves propagate at an angle with res
to the magnetic field, collapse may occur. Collap
mechanisms can, in turn, lead to a transfer of energy to
plasma ions. A better understanding of these mechan
is lacking. More generally, the fate of nonlinear structu
in plasmas is currently being investigated in seve
plasma physics laboratories. Certain restrictions, suc
small amplitude, long wavelength, propagation veloc
within a small interval around that for linear FMS wave
wave frequency small as compared with the ion cyclot
frequency, etc., are assumed when deriving KPI in
context. Nevertheless, it is often subsequently found t
by serendipity, this model equation’s usefulness exte
far beyond the expected region in parameter space,
Chap. 8 of Ref. [5].

A second area where KPI appears is the cond
sate model of superfluid helium. The two- and thre
dimensional solitons of KPI then model the vortex lin
and rings that have been observed there. In this con
KPI is derived as a limit of the nonlinear Schröding
equation, which itself is a somewhat controversial mo
0031-9007y96y77(14)y2855(4)$10.00
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for helium II. At present, it would seem that KPI is mo
firmly grounded in physical reality in the case of FM
waves as compared to the Bose condensate context.

There are also further physical contexts in which K
appears, e.g., a very thin sheet of water,h , 0.47 cm,
if surface tension is taken into account [5]. Howev
physical context for physical context, KPI is not so f
as ubiquitous in theoretical physics as its mathematic
less interesting companion, KPII [a plus in front of the la
term in (1); it has no two-dimensional soliton solutions

It is of interest to physicists when a soliton collaps
in three dimensions and produces a known nonlin
structure. When, however, the resulting structure was
hitherto known, interest is even greater. This is the c
described in the present Letter.

Exact, N soliton solutions to both one- and two
dimensional space versions of (1) are well know
The one-dimensional solitonnsx 2 ytd is unstable in
two dimensions [5], and its breakup into an array
two-dimensional, exact soliton solutions has been dem
strated both analytically and numerically [6–8]. T
two-dimensional solitonnsx 2 yt, yd is stable in two
dimensions [9].

We now come to the more physical question
what happens in three dimensions. As the 1D solit
having plane symmetry, is known to disintegrate in
2D entities in two dimensions, it should certainly bre
up in three dimensions. The 2D solitonnsx 2 yt, yd is
known from theory to be unstable in three dimensio
[9,10]. However, perturbing it along thez axis in a
simulation, actually seeing it break up and following t
debris, demands somewhat cumbersome numerics. A
as we know, this has not yet been done. Breakup
3D, azimuthally symmetric solitonshasbeen investigated
numerically [10–12]. It might seem odd that simulatio
for breakup of the 3D soliton have been perform
whereas for the 2D one have not. The explanat
is in the symmetry. The 3D soliton breakup can
studied insx, rd fr ­ s y2 1 z2d1y2g space, neglectingu.
On the other hand, disintegration of the 2D soliton
three-dimensional space can only be followed in a fu
© 1996 The American Physical Society 2855
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FIG. 1. Consecutive stages of the evolution of a 2D soli
initially perturbed alongz. The equation of the soliton a
t ­ 0 is given by (2) with x replaced byx 1 d cosskzzd.
Here n ­ 17

6 , d ­ 0.12, kz ­ 1
3 . Three surfaces of constan

n s­ 20.8, 1, 8.84d are seen. The three-dimensional solit
slowly breaks up producing new structures and debris. C
sections alongx, y (bottom) andx, z (top) are shown. Initially
the bottom ones correspond to constantn lines as given by (2).
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three-dimensional simulation. This task is the subject
our Letter.

Although we know from theory that our soliton wi
disintegrate, there are at least two ancillary questions
be addressed: (1) Will any products of the breakup
robust? (2) If so, will they resemble the 3D solito
solutions, known approximately from the theory [13]?

In fact, a similar 3D simulation was performed for
different model soliton equation [Zakharov-Kuznietso
which differs from (1) only in they and z terms [14]].
There the answers to both questions were affirmat
However, in that case, the 3D solitons were known
be stable, in contradistinction to the present study
(1). Thus, until we performed the simulation, we had
consider both questions 1 and 2 as open.

The two-dimensional soliton solution [15] is

nsx, y, td ­
4nf1 2 nsx 2 3ntd2 1 n2y2g
f1 1 nsx 2 3ntd2 1 n2y2g2

, n . 0 .

(2)

Note thatn, which is theexcessover the mean density in
(1), can be negative. Valleys appear around thex axis.
As already mentioned, theory tells us that this soliton
unstable inx, y, z, t.

The three-dimensional soliton resembles (2) rota
around thex axis. However, known solutions are approx
mate [not exactly (2) withy ! r] [13]. This is not
surprising in view of the nonintegrability of (1) in 3D.

Our calculations were performed on an HP Apo
9000 model 720 workstation. The numerical algorith
used for calculating the time evolution was the leapfr
algorithm, applied when (1) was integrated overx. Pe-
riodic boundary conditions were assumed. More ab
the algorithm and its stability can be found in the seco
of Refs. [8]. These 3D calculations took several hund
computer hours.

The soliton (2) was wiggled alongz such that, att ­
0, x was replaced byx 1 d cosskzzd. Since we do not
know the value ofkz corresponding to maximum growt
rate of the instability, the “wave number” was chosen
trial and error. The Kadomtsev-Petviashvili equation
peculiar in that even the initial conditions must fulfill a
infinite set of constraints. The most obvious one follo
from anx integration:

=2
'

Z `

2`
ndx ­ 0 .

Our initial condition satisfies all these constraints. Aga
this aspect is discussed extensively in [8] (for 2D; see a
[16] for theory). Figures 1–3 show three-dimension
visualizations of various constantn surfaces as the solito
propagates. Two cross sections augment each frame.
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nt is
FIG. 2. As in Fig. 1, but only the middle,n ­ 1, surface displayed.

FIG. 3. As in Fig. 1, but only the innermost,n ­ 8.84, surface displayed. This figure clearly shows that a robust fragme
produced. It was obscured in Fig. 1 by the other surfaces (n ­ 20.8 and 1).
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message of all the pictures is that the 2D soliton d
break up when perturbed along the third direction, p
ducing a rather robust fragment. Different constant d
sity surfaces break up at different rates. It is ob
ous that the fragment is not the 3D soliton mention
above. Apart from anything else, it lacksu symmetry
aroundx.

A comparison with the illustration of Ref. [14] i
instructive. The fact that our 3D soliton is unstab
seems to bar it from appearing even briefly here. T
is an entirely new situation in this kind of simulatio
to our knowledge (for a 3D structure to exist but refu
to put in an appearance as a result of 2D soli
disintegration).

We would like to thank Professor David Kaup and P
fessor Jerry Bona and Dr. Andrzej Skorupski for disc
sions. We would also like to thank the Interdisciplina
Center of Mathematics and Dr. Niezgódka for use of
AVS computer graphics system.
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