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Crossover between Spatially Confined Precipitation and Periodic Pattern Formation
in Reaction Diffusion Systems
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2Department of Chemistry, Boston University, Boston, Massachusetts 02215
(Received 19 June 1996)

We have observed a crossover between a spatially confined precipitation regime and periodic patte
formation regime. This unusual behavior was observed when electrolyte solutions of Na2HPO4 and
CaCl2 were allowed to diffuse into an agarose gel from opposite ends. The formation of the confined
precipitate occurs when the electrolyte fluxJ is the same at both sides of the gel. The time of formation
and the width of the precipitate are a function ofJ and both follow the scaling relationv , sJyDd2b

with b  0.40 6 0.2 andD the diffusion coefficient. The growth of periodic bands of precipitate was
observed whenJ was different at both gel ends. [S0031-9007(96)01256-2]

PACS numbers: 82.20.–w, 05.40.+ j, 05.50.+q, 81.10.Aj
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There has been much recent interest in the prope
of the one dimension reaction front inA 1 B ! Cssolidd
diffusion reaction systems [1–5]. Particular attenti
has been paid to systems where the initially separ
reactants after diffusing are allowed to react irreversi
and the productsC are inert particles which may diffus
[6] or not [7]. Among the reaction diffusion controlle
systems one of the most interesting cases occurs w
an electrolyte front diffuses and reacts with anot
electrolyte which is embedded in a gel. The chemi
reactions between the salts lead to a slightly solu
product that precipitates discontinuously in bands para
to the diffusion front’s surface. This phenomenon, cal
Liesegang bands, has been widely studied becaus
offers a model to explain a great variety of formatio
in nature, ranging from agate rocks and gold veins
the growth of bacterial rings in agar and gallston
[8–15]. The patterns appear to follow some gene
laws. First, the positionxn (measured from the ge
surface) of thenth band is related to the timetn of its
formation by the so called time lawxn , t

1y2
n which is the

hallmark of the diffusion mechanism. Second, the ra
between the positions of adjacent bands,xnyxn21  p,
approaches a constant valuep . 1 for large n although
the phenomenon of reverse banding, i.e.,p , 1 has
sometimes been observed. Third, the width of the ba
vn grows with the distance according to the relati
wn , sxnda with a smaller than 1.

Many theoretical and simulation studies have be
made to explain the formation of Liesegang patter
No single model can explain all the observed resu
such as the presence of precipitate particles betw
the bands, the reverse spacing (p , 1) phenomena, o
the formation of complex patterns (double bandin
However, there is considerable evidence to support
supersaturation theory of Ostwald and Prager wh
considers band formation as a spatially discontinu
nucleation process [6,7]. The formation of sharp rings
0031-9007y96y77(13)y2834(4)$10.00
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preceded by the onset of a turbidity front, implying th
colloidal particles are continuously distributed initial
and the sharp band formation is a post nucleation proc
involving aggregation and growth mechanisms [16].

Recently there has been renewed interest in the s
of periodic precipitations because the possibilty of sim
lating the process allows more quantitative predictio
Mean-field models [17,18] and more recently cellu
automata models [13,19] have been proposed to desc
in a more accurate and quantitative manner the forma
of periodic patterns. The related phenomenon of diffus
limited reactions, without pattern formation, has also be
modeled quite extensively in recent years.

In the usual Liesegang experiment one electrolyte
present in the gel and the other one, typically at a m
higher concentration, diffuses in from one boundary. T
question of whether Liesegang bands will form if both r
actants diffuse from opposite boundaries has, to the
of our knowledge, never been addressed. Such a sy
offers the possibility of (i) determining if a crossover b
tween a continuous diffusion-reaction front and a discr
periodic precipitation regime can be obtained, and (ii)
examine if the scaling and mean-field theoretical pred
tions for the reaction-diffusion fronts are valid for the pr
cipitate front.

In this Letter we report an experimental and numeri
study of the formation of the precipitate in a system
which a fluxJ of A andB electrolyte particles are applie
at the opposite boundaries of a gel. We have sele
for our work agarose gel and two salts, Na2HPO4 and
CaCl2 as reagents because the low solubility of one
the reaction products (CaHPO4). We have followed the
kinetics of formation of the precipitate in both cases a
we have investigated the influence of the electrolyte fl
on the dimensions of the precipitate. Concurrently
simulation of the behavior of these systems, in terms
mean-field rate equations for the densities ofA, B, andC
particles is presented.
© 1996 The American Physical Society
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Aqueous solutions of the two salts were allowed
diffuse into a 1.5% agarose gel of length 2 cm in
2 mm diameter glass capillary. The time evolution of t
precipitate was recorded using a charge-coupled de
camera and the images were stored on a videotape
analyzed using a frame-grabber and digital image ana
sis program.

Figure 1 shows an image of the gel recorded 10 d
after the initiation of the reaction. An intensity profil
along the length of the gel is traced below the photogra
The ratio of the reactant concentrations appears to ha
profound effect on the precipitation profile. A spatial
confined precipitation front occurs for the equal conce
trations (lower panel), whereas Liesegang bands app
when the concentrations at both ends of the gel are
ferent (upper panel). Similar results were obtained ove
wide range of concentrations. The profiles remain pr
tically identical 5 months later, which seems to indica
that the precipitation was complete after the first cou
of weeks.

In an attempt to reproduce the observed behavior
have performed numerical simulations with the diffusio
reaction model. We have assumed that in the reac
A 1 B ! C, the productC is a neutral molecule capabl
of diffusing and aggregating. The aggregation is mode
by an additional reactionC ! D where D, although
chemically identical toC, represent the solid phase. Th

FIG. 1. Photograph showing the different precipitates in
agarose gel when Na2HPO4 and CaCl2 diffuses from both ends
of the gel. The electrolyte concentrations in mM are (a) 80y20
and (b) 20y20. Below the images we display the precipitatio
profiles. In the insets we show the simulated profiles calcula
using Eq. (1) withK  0.1, Kn  0.02, Kp  0.8, Da  1.7,
Db  1.2, Dc  1.8, cn  0.003, andcs  0.0005.
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reaction term is expressed in the mean-field formK a b of a
two molecule irreversible collision process with a const
reaction rate. We have ignored the reverse processC !

A 1 B. This assumption relies on the experimental f
that we are dealing with ions that form weakly solu
species which leads to a simplification for these coup
partial differential equations with nonlinear terms.

Following Dee’s [6] simplification we have consider
that the aggregation term consists of two parts: the
one accounts for nucleation and has the formKnc for
c . cn, where cn is the the supersaturation thresho
at which nucleation is no more hindered by kine
barriers. Nucleation is assumed to be the only mechan
responsible for the triggering of the precipitation in t
gel because cluster-cluster aggregation is inhibited
the trapping of mesoscopic particles in the gel struct
The second part of the precipitation term is in gener
complicated integro-differential expression [6,20] of t
concentration ofC and D. It is based on the fact tha
in the presence of aggregation, precipitation of nu
is no more hindered by kinetic barriers and occurs
concentrationc . cs, wherecs, the saturation threshold
,cn. In order to simplify the equations, we have follow
the Chopardet al. approach [19] and have retained t
nonlinear termKp c d so that our simplified equation
become

dta  Da=2a 2 Kab ,

dtb  Db=2b 2 Kab ,

dtc  Dc=2c 1 Kab 2 KncHsc 2 cnd (1)

2 KpcdHsc 2 csd ,

dtd  KncHsc 2 cnd 1 KpcdHsc 2 csd ,

whereHsxd is the Heaviside step function.
The results obtained by numerically integrating Eq.

are shown in the insets of Fig. 1. In the case
equal electrolyte concentrations we obtain a continu
precipitate similar to the experimental one. The format
of the Liesegang bands is simulated by just changing
initial electrolyte concentrations at both gel extremes
keeping the rest of the parameters unchanged.

Although the formation of Liesegang rings in gels
a well known phenomenon, the occurrence of a dra
change from a spatially confined precipitate to a reg
of periodic precipitates to our knowledge has not yet b
investigated. Chopardet al. performed simulations with
cellular automata models [19] of the Liesegang rings
predicted different possible pattern formation as a fu
tion of the values ofKnuc andKp . The only influence tha
these authors have attributed to the concentration gra
appears in thea exponent of the expression that giv
the bandwidth as a function of the precipitate posit
wn , sxnda . They reported that the exponenta decrease
from 0.6 to 0.5 when decreasing the initial electrol
concentration differences (a0 2 b0). No predictions
2835
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were made for equal electrolyte concentrations. O
investigations show that the precipitation profile may v
depending upon having equal electrolyte concentrat
or not.

When the electrolyte concentrations on the two si
are equal, the fluxJ would be the same at both ends. A
illustrated in Fig. 2 we found that with equal electroly
concentrations ranging from 10 mM to 1 M the precipita-
tion front becomes increasingly narrow as the concen
tion increases. In Fig. 3 we show the log-log depende
of the time of formation and width of the precipitate fro
versus the electrolyte concentration. The width follo
a relation v , sJyDd2b, with b  0.40 6 0.02. The
time at which the precipitate could be first detected
the imaging system also follows the same power-law
pendence on the concentration.

The inhomogeneous mean-field description predic
reaction front width which scales asv , sJyD2d21y3.
For d  1 it was proposed [5] that the fluctuations mod
the scaling of the width tov , sJyDd21y2. The time of
formation of the precipitate is predicted follow a relati
of the typetc  s 1

c d1y2

The profile of the reaction front was fitted bett
with the prediction of the mean-field model, than w
the Gaussian form predicted by the fluctuation mo
fied model for the high concentration case (80y80). The

FIG. 2. Dependence of the precipitation profile with t
electrolyte concentration.
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reverse was observed for the low concentration c
(20y20), implying that fluctuation effects are more pr
nounced at lower concentrations when the precipitatio
slower than at higher concentrations when the precip
tion occurs faster.

Even though theb value obtained is larger than th
one predicted by the mean-field theory for the react
front it suggests that the profile of the aggregation fr
approximates that of the reaction front. This means
the diffusion of the particles formed in the reaction fro
should be small. If we consider the precipitation profi
as the addition of a reaction front in the center and t
Liesegang bands at the borders then we can write, u
the mean-field prediction,

vcenter

vwings


√
Dcenter

Dwings

!2y3

. (2)

We find thatvwings , vcenter ; henceDwingsyDcenter , 1,
which implies that the average size of the particles sho
be larger at the lateral bands than in the center of
precipitate. This prediction agrees very well with t
finding of Le Van and Ross [9] that the size of the p
ticles inside a band increases towards the outerm
border in the direction of the diffusion front. Inside th
two bands that confined the precipitate the larger parti
would grow through an Ostwald ripening mechani
constituting somewhat like the bricks of the walls th
enclose the precipitate front.

FIG. 3. Log-log plot of the time of formation and profil
width versus the concentration.
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In the case of unequal concentrations we obtained
riodic precipitation. The position of the bands, measu
from the center of the precipitate, follows a similar spa
ing law to the bands formed when the CaCl2 is embed-
ded in the gel. Only the value of the spacing parame
p  1.4 seems somewhat larger than thep  1.2 found
when the electrolyte is embedded in the gel. Furtherm
the time law is also fulfilled and there are not sufficie
number of bands to check the predictions for the wi
law. One of the most striking features we have obser
is the asymmetry at the early stages of the precipita
profile before the Liesegang bands were formed in c
trast to the very symmetric profiles corresponding to
formation of the confined precipitate. Although the sy
metry in the profile is a consequence of the symmetry
the flux, it looks as if only small differences in electroly
concentration are required to achieve Liesegang band

Figure 4 shows the profiles obtained for the differe
electrolyte concentration ratios. In all cases bands de
oped, even though for the 10y20 and 25y20 more than 1
week would be required to observe the second band.

FIG. 4. Crossover between the spatially confined precipi
to the periodic Liesegang regime as a function of the conc
tration gradient. The patterns were recorded 1 week after
initiation of the experiment.
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implies that under the conditions described above, onl
small difference in electrolyte concentration is required
obtain periodic patterns.

Although the scaling behavior of the real system is n
fully mimicked, we have been able to reproduce easily
patterns experimentally observed.

We have observed a crossover between a regime
spatially confined precipitate to a regime of period
precipitation. We have demonstrated that the electro
flux is the main parameter defining the type of precipita
formed. Furthermore, for equal electrolyte fluxes w
have found a scaling law for the width of the precipita
profile and its time of formation similar to that found i
A 1 B ! C reaction-diffusion fronts.
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