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We have observed a crossover between a spatially confined precipitation regime and periodic pattern
formation regime. This unusual behavior was observed when electrolyte solutions,ldP®@aand
CacCl, were allowed to diffuse into an agarose gel from opposite ends. The formation of the confined
precipitate occurs when the electrolyte flixs the same at both sides of the gel. The time of formation
and the width of the precipitate are a functionJofind both follow the scaling relatiom ~ (J/D)™#
with 8 = 0.40 = 0.2 and D the diffusion coefficient. The growth of periodic bands of precipitate was
observed whed was different at both gel ends. [S0031-9007(96)01256-2]

PACS numbers: 82.20.—w, 05.40.+j, 05.50.+(q, 81.10.Aj

There has been much recent interest in the propertigreceded by the onset of a turbidity front, implying that
of the one dimension reaction frontin+ B — C(solid)  colloidal particles are continuously distributed initially
diffusion reaction systems [1-5]. Particular attentionand the sharp band formation is a post nucleation process
has been paid to systems where the initially separateithvolving aggregation and growth mechanisms [16].
reactants after diffusing are allowed to react irreversibly Recently there has been renewed interest in the study
and the product€ are inert particles which may diffuse of periodic precipitations because the possibilty of simu-
[6] or not [7]. Among the reaction diffusion controlled lating the process allows more quantitative predictions.
systems one of the most interesting cases occurs wheviean-field models [17,18] and more recently cellular
an electrolyte front diffuses and reacts with anotherautomata models [13,19] have been proposed to describe
electrolyte which is embedded in a gel. The chemicain a more accurate and quantitative manner the formation
reactions between the salts lead to a slightly solubl®f periodic patterns. The related phenomenon of diffusion
product that precipitates discontinuously in bands paralldimited reactions, without pattern formation, has also been
to the diffusion front's surface. This phenomenon, calledmodeled quite extensively in recent years.

Liesegang bands, has been widely studied because itIn the usual Liesegang experiment one electrolyte is
offers a model to explain a great variety of formationspresent in the gel and the other one, typically at a much
in nature, ranging from agate rocks and gold veins tdigher concentration, diffuses in from one boundary. The
the growth of bacterial rings in agar and gallstonesquestion of whether Liesegang bands will form if both re-
[8-15]. The patterns appear to follow some generahctants diffuse from opposite boundaries has, to the best
laws. First, the positiony, (measured from the gel of our knowledge, never been addressed. Such a system
surface) of thenth band is related to the timg of its  offers the possibility of (i) determining if a crossover be-
formation by the so called time law, ~ 15/2 whichisthe tween a continuous diffusion-reaction front and a discrete
hallmark of the diffusion mechanism. Second, the ratigPeriodic precipitation regime can be obtained, and (ii) to
between the positions of adjacent bands/x,—1 = p,  examine if the scaling and mean-field theoretical predic-
approaches a constant valpe> 1 for large n although tions for the reaction-diffusion fronts are valid for the pre-
the phenomenon of reverse banding, i.e.< 1 has cipitate front.

sometimes been observed. Third, the width of the bands In this Letter we report an experimental and numerical
w, grows with the distance according to the relationstudy of the formation of the precipitate in a system in
wn ~ (x,)* with « smaller than 1. which a fluxJ of A andB electrolyte particles are applied

Many theoretical and simulation studies have beerat the opposite boundaries of a gel. We have selected
made to explain the formation of Liesegang patternsfor our work agarose gel and two salts, MO, and
No single model can explain all the observed resultsCaCl as reagents because the low solubility of one of
such as the presence of precipitate particles betweehe reaction products (CaHRD We have followed the
the bands, the reverse spacing € 1) phenomena, or Kkinetics of formation of the precipitate in both cases and
the formation of complex patterns (double banding).we have investigated the influence of the electrolyte flux
However, there is considerable evidence to support then the dimensions of the precipitate. Concurrently, a
supersaturation theory of Ostwald and Prager whiclsimulation of the behavior of these systems, in terms of
considers band formation as a spatially discontinuousnean-field rate equations for the densitiesAipB, andC
nucleation process [6,7]. The formation of sharp rings igatrticles is presented.
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Aqueous solutions of the two salts were allowed toreaction termis expressed in the mean-field féfa b of a
diffuse into a1.5% agarose gel of length 2 cm in a two molecule irreversible collision process with a constant
2 mm diameter glass capillary. The time evolution of thereaction rate. We have ignored the reverse process
precipitate was recorded using a charge-coupled devicé + B. This assumption relies on the experimental fact
camera and the images were stored on a videotape atldat we are dealing with ions that form weakly soluble
analyzed using a frame-grabber and digital image analyspecies which leads to a simplification for these coupled
sis program. partial differential equations with nonlinear terms.

Figure 1 shows an image of the gel recorded 10 days Following Dee’s [6] simplification we have considered
after the initiation of the reaction. An intensity profile that the aggregation term consists of two parts: the first
along the length of the gel is traced below the photographone accounts for nucleation and has the fokiyc for
The ratio of the reactant concentrations appears to have@a> c¢,, where ¢, is the the supersaturation threshold
profound effect on the precipitation profile. A spatially at which nucleation is no more hindered by kinetic
confined precipitation front occurs for the equal concenbarriers. Nucleation is assumed to be the only mechanism
trations (lower panel), whereas Liesegang bands appeagsponsible for the triggering of the precipitation in the
when the concentrations at both ends of the gel are difgel because cluster-cluster aggregation is inhibited by
ferent (upper panel). Similar results were obtained over #he trapping of mesoscopic particles in the gel structure.
wide range of concentrations. The profiles remain pracThe second part of the precipitation term is in general a
tically identical 5 months later, which seems to indicatecomplicated integro-differential expression [6,20] of the
that the precipitation was complete after the first coupleconcentration ofC and D. It is based on the fact that
of weeks. in the presence of aggregation, precipitation of nuclei

In an attempt to reproduce the observed behavior wes no more hindered by kinetic barriers and occurs for
have performed numerical simulations with the diffusion-concentratior: > c¢,, wherecy, the saturation threshold is
reaction model. We have assumed that in the reactioric,. In order to simplify the equations, we have followed
A + B — C, the productC is a neutral molecule capable the Chopardet al. approach [19] and have retained the
of diffusing and aggregating. The aggregation is modeledonlinear termkK, cd so that our simplified equations
by an additional reactiorC — D where D, although become
chemically identical taC, represent the solid phase. The 5,4 — D,V%a — Kab.

8,b = D,V*b — Kab,

i o4 10 — K,cdH(c — cy),
m._ nol b 3 ]L\ 80/20 6,d = K,cH(c — ¢,) + KpcdH(c — ¢y),
r 1.' T 1 sy £ J.I.:
ofF | 1t H'":_ i Yo whereH (x) is the Heaviside step function.
. ;‘_w}; 1-,' ¥ i : ” The results_, obtalne_d by numer!cally integrating Eq. (1)
g f : : j : are shown in the insets of Fig.1l. In the case of
€ o &0 100 150 200 250 equal electrolyte concentrations we obtain a continuous
b= precipitate similar to the experimental one. The formation
o m of the Liesegang bands is simulated by just changing the
g | initial electrolyte concentrations at both gel extremes and
g ol | : | 4 .-\'a"'-'l;rnﬂ'"' 20/20 keeping the rest of the_parame’Fers uncharjged.. _
: ot e g Although the formation of Liesegang rings in gels is
ol LI i ] a well known phenomenon, the occurrence of a drastic
o ! | change from a spatially confined precipitate to a regime
[ ! - of periodic precipitates to our knowledge has not yet been
R Htmtm gt investigated. Chopardt al. performed simulations with
0 L e oz e ol cellular automata models [19] of the Liesegang rings and

predicted different possible pattern formation as a func-
tion of the values oK, andK,. The only influence that
FIG. 1. Photograph showing the different precipitates in arthese authors have attributed to the concentration gradient
agarose gel when N&lPQ, and CaC diffuses from both ends gppears in thex exponent of the expression that gives

of the gel. The electrolyte concentrations inare (a) 8¢20 ; ; i i
and (b) 2920. Below the images we display the precipitation the Bandvxldt?has a furlctéotrt; ?ftghe preCIplttzte position
profiles. In the insets we show the simulated profiles calculated’» (x0). ey reporte at the exponemidecrease
using Eq. (1) withk = 0.1, K, = 0.02, K, = 0.8, D, = 1.7, from 0.6 to 0.5 when decreasing the initial electrolyte

D, =12,D. = 1.8, ¢, = 0.003, andc, = 0.0005. concentration differencesad — bg). No predictions

relative position
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were made for equal electrolyte concentrations. Oureverse was observed for the low concentration case
investigations show that the precipitation profile may vary(20/20), implying that fluctuation effects are more pro-
depending upon having equal electrolyte concentrationaounced at lower concentrations when the precipitation is
or not. slower than at higher concentrations when the precipita-
When the electrolyte concentrations on the two sidesion occurs faster.
are equal, the fluy would be the same at both ends. As Even though theg value obtained is larger than the
illustrated in Fig. 2 we found that with equal electrolyte one predicted by the mean-field theory for the reaction
concentrations ranging from 10Mhto 1 M the precipita- front it suggests that the profile of the aggregation front
tion front becomes increasingly narrow as the concentraapproximates that of the reaction front. This means that
tion increases. In Fig. 3 we show the log-log dependencthe diffusion of the particles formed in the reaction front
of the time of formation and width of the precipitate front should be small. If we consider the precipitation profile
versus the electrolyte concentration. The width followsas the addition of a reaction front in the center and two
a relationw ~ (J/D) 8B, with 8 = 0.40 = 0.02. The Liesegang bands at the borders then we can write, using
time at which the precipitate could be first detected bythe mean-field prediction,

the imaging system also follows the same power-law de- © D 2/3
pendence on the concentration. center _ ( Ce“‘“) (2)
The inhomogeneous mean-field description predicts a Wwings Dyings

reaction front width which scales a® ~ (J/D?)~'3. e find thatyings < @center; NENCED yings/Deenter < 1,
Ford = 1itwas proposed [5] that the fluctuations modify which implies that the average size of the particles should
the scaling of the width tew ~ (J/D)~'/2. The time of  pe larger at the lateral bands than in the center of the
formation of the precipitate is predicted follow a relation precipitate. This prediction agrees very well with the
of the typer, = (;)'/2 finding of Le Van and Ross [9] that the size of the par-
The profile of the reaction front was fitted betterticles inside a band increases towards the outermost
with the prediction of the mean-field model, than with border in the direction of the diffusion front. Inside the
the Gaussian form predicted by the fluctuation modi-two bands that confined the precipitate the larger particles
fied model for the high concentration case (80). The would grow through an Ostwald ripening mechanism
constituting somewhat like the bricks of the walls that
enclose the precipitate front.
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FIG. 2. Dependence of the precipitation profile with the FIG. 3. Log-log plot of the time of formation and profile
electrolyte concentration. width versus the concentration.
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In the case of unequal concentrations we obtained pemplies that under the conditions described above, only a
riodic precipitation. The position of the bands, measuregmall difference in electrolyte concentration is required to
from the center of the precipitate, follows a similar spac-obtain periodic patterns.
ing law to the bands formed when the Ca@ embed- Although the scaling behavior of the real system is not
ded in the gel. Only the value of the spacing parametefully mimicked, we have been able to reproduce easily the
p = 1.4 seems somewhat larger than the= 1.2 found patterns experimentally observed.
when the electrolyte is embedded in the gel. Furthermore, We have observed a crossover between a regime of
the time law is also fulfilled and there are not sufficientspatially confined precipitate to a regime of periodic
number of bands to check the predictions for the widthprecipitation. We have demonstrated that the electrolyte
law. One of the most striking features we have observedlux is the main parameter defining the type of precipitate
is the asymmetry at the early stages of the precipitatioformed. Furthermore, for equal electrolyte fluxes we
profile before the Liesegang bands were formed in conhave found a scaling law for the width of the precipitate
trast to the very symmetric profiles corresponding to theprofile and its time of formation similar to that found in
formation of the confined precipitate. Although the sym-A + B — C reaction-diffusion fronts.
metry in the profile is a consequence of the symmetry in E. Lopez Cabarcos acknowledges DGICYT and the
the flux, it looks as if only small differences in electrolyte Complutense University for granting support for a
concentration are required to achieve Liesegang bands. Sabbatical year and Professor H.E. Stanley for hosting
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