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We have constructed high-orderT  0 expansions for the elementary excitation spectra, and hi
temperature expansions for the susceptibility, for theS  1y2 Heisenberg antiferromagnet believed
describe the spin-gap system CaV4O9. Existing susceptibility data are analyzed using these theoret
results. If nearest- and second-neighbor interactions are in the ratio 2:1, there should be clear ind
in both neutron and Raman scattering. [S0031-9007(96)01081-2]
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Since the discovery of high-temperature supercond
tivity in the cuprates, there has been much interest
two-dimensional antiferromagnetism. From a theore
cal point of view, there has been an extensive sea
for the so-called spin liquid ground state in mode
with realistic interactions. A possible link between su
a ground state and high-temperature superconducti
has often been suggested though not demonstrated.
square lattice Heisenberg models it is believed that s
ficient further-neighbor interactions will destabilize th
Néel state and lead to a spin-gap phase; however, su
phase typically has spin-Peierls order and is not a true s
liquid [1].

In light of these developments, it is interesting th
the quasi-two-dimensional Heisenberg system CaV4O9
has been found to exhibit a spin gap [2]. With
each layer, the spins form a one-fifth depleted squ
lattice, which we denote the CAVO lattice (see Fig. 1
Recently, this system has attracted much attention fr
theorists [3–8]. It is now generally held that the sp
degrees of freedom in CaV4O9 are in the “plaquette
phase,” that is, there would be no phase transition
the intact squares (plaquettes) of the CAVO lattice we
adiabatically decoupled. It has been argued [3] t
the superexchange between these spins is mediate
oxygen atoms, which are situated out of the plane
the center of the squares in the CAVO lattice, and t
second-neighbor interactions may be significant. It h
also been suggested that the CAVO lattice is suscept
to symmetry-preserving lattice distortions [8]. Hen
it is appropriate to study a Heisenberg model w
interactions

H  J1

X
si,jd

Si ? Sj 1 J 0
1

X
si,kd

Si ? Sk

1 J2

X
si,ld

Si ? Sl 1 J 0
2

X
si,md

Si ? Sm , (1)

where the sums run over nearest-neighbor bonds wi
plaquettessJ1d, nearest-neighbor bonds between plaqu
ttes sJ 0

1d, second-neighbor bonds within plaquettessJ2d,
and second-neighbor bonds between plaquettessJ 0

2d.
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We have carried out a variety of high-order converg
perturbation expansions [9–11] for this Hamiltonian th
are comparable in accuracy to the best available qu
tum Monte Carlo calculations (which have been limit
to J2  J 0

2  0) and provide the only reliable results fo
the parameter values most relevant to CaV4O9. These
calculations includeT  0 expansions (i.e., Rayleigh
Schrödinger perturbation theory) about Ising mode
dimer modelssJ1  J2  J 0

2  0d, and plaquette model
sJ 0

1  J 0
2  0d, as well as high-temperature expansio

In this Letter we can only describe some highlights
the results, which should be of value in guiding expe
mental investigations on CaV4O9. We compare existing
data [2] for the uniform susceptibility,xsTd, and spin
gap, D, with those calculated theoretically, and find th
the exchange parameters suggested by Uedaet al. [3] are
consistent with the experimental energy scales. Howe
the detailed predictions of that model forxsT d are not

FIG. 1. The CAVO lattice, with sites indicated by circle
The couplingsJ1, J 0

1, J2, and J 0
2 are indicated by thick solid,

thick dashed, thin solid, and thin dashed lines, respectiv
Note that the plaquette centers lie on a square lattice w
spacing b which is

p
5 times the distance between neare

neighbor sites. In characterizing the excitation spectrum
take b  1 and rotate the coordinate system so that the li
between nearest-neighbor plaquette centers define thex and
y axes.
© 1996 The American Physical Society
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entirely satisfactory, and, indeed, in the entire class
models we considered, none fits the data well over
whole temperature range 20–700 K covered by the
periment. Possible reasons for this are discussed.
then consider the excitation spectra of models descr
by Eq. (1). The key question at hand is whether
large spin gap is due primarily to imposed “plaque
zation” (i.e., J1 being significantly larger thanJ 0

1) or to
substantial second-neighbor interactions. We show
neutron and Raman scattering should clearly disting
those two cases, and that particular, unusual feat
should be associated with the latter mechanism for
spin gap.

We begin with the high-temperature expansion for
uniform susceptibility per spin defined by the relation

bxsT d 
1
N

X
i

X
j

kSz
i Sz

j l , (2)

where angular brackets represent thermal averaging
b  1yT . The expansion coefficients have been de
oped for the models withJ2  J 0

2  0 and arbitraryJ 0
1yJ1

to orderb14, and withJ1  J 0
1 andJ2  J 0

2 fi 0 to order
b10. Extrapolations of the former series agree well w
the Monte Carlo estimates of Troyer, Kontani, and Ue
[7]. However, the resultingxsTd does not fit the experi
mental data well for any choice ofJ 0

1yJ1. Thus we focus
here on the latter series, in the hope they may be rele
to CaV4O9 [3].

We first compare some important energy scales f
the data with the theoretical calculations to get an estim
of the exchange constants. The data are characte
by a Curie-Weiss constantTCW  220 K, a maximum
in x at a temperature nearTpeak  110 K and a spin
gap D  107 K [2]. For our models,TCW 

3
4 sJ1 1

J2d. We can estimateTpeak numerically by extrapolating
the series expansions using differential approxima
To improve convergence, we develop approximants
xeDyT rather thanx itself, with D taken from plaquette
expansion estimates of theT  0 triplet gap (described
below). The resulting ratios ofTCW to Tpeak are shown
in Fig. 2; also shown are the values ofD. Note that
the valuesJ1 ø 200 K and J2yJ1 ø 0.5, suggested by
Ueda et al. [3], appear consistent with the experimen
estimates ofTCW , Tpeak, andD. However, it is not clea
that the experimental estimate ofTCW can be taken a
face value. Fitting data at finiteT leads to an effective
Curie-Weiss constant higher than the true one. I
plausible that the trueTCW for CaV4O9 may be (10–20)%
lower than the effective value of 220 K, and this wou
bring the TCW yTpeak ratio closer to that expected fo
J2yJ1 ø 0.3.

We now consider a more detailed comparison of
theoreticalxsT d with the data. To convert the former in
emuyg, we multiply ourx (calculated withJ1  1) by a
factor 4NAg2m

2
ByJ1kBM, with mB the Bohr magneton,kB

the Boltzmann constant,NA Avogadro’s number,M the
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FIG. 2. Estimates ofTCW yTpeak (open squares) andDyJ1

(filled circles) for models withJ 0
1  J1, J 0

2  J2 plotted versus
J2yJ1. The horizontal line indicates the value ofTCW yTpeak
for CaV4O9 (but see text for further discussion).

gram molecular weight, and the factor of 4 coming fro
the number of spins per CaV4O9 formula unit. Theg
factor is used as a fitting parameter; values smaller t
expected (such as we find below) could, in part, refl
the presence of undetected phases which contribute
the weight but not the susceptibility.

Considering the entire temperature dependence ox,
a fair but not entirely satisfactory fit is obtained wi
g  1.78, J2yJ1  0.5, and J1  191 K; we have not
been able to do much better than this. Considering o
the data above 200 K, reasonably good fits, optimi
with respect tog and J1, can be found for a wide rang
of J2yJ1 values. See Fig. 3 for a comparison of the d
with selected fits. Even the high-temperature fits are
perfect, which is most clearly seen if one tries to fit t
effective TCW (which we have extracted from the da
by constructing best-fit lines over restricted temperat
intervals in a plot of1yx versusT) rather thanx itself.
Experimentally, the effectiveTCW is nearly constant, a
the value 220 K, for700 . T . 475 K. On decreasing
T further the effectiveTCW rapidly increases, reachin
330 K for T ø 360 K. In contrast, the high-temperatu
series imply that the effectiveTCW is analytic in1yT .

The difficulties we have found in fitting thexsT d data
could have several origins. We have not explored
full space of models described by Eq. (1), and th
are conceivably many more symmetry-allowed terms
the spin Hamiltonian. Another possibility is that th
exchange “constants” areT dependent due to spin
phonon interactions, as suggested in the present co
by Starykhet al. [8]. We therefore turn to the calculatio
of excitation spectra, which can be measured by neu
2795
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FIG. 3. Comparison of the calculated susceptibility for sev
Heisenberg models with parameters indicated in each p
(the solid lines representing various approximants), with
experimental data of Taniguchiet al. [2].

and Raman scattering and used to determine the
Hamiltonian at low temperatures.

It is convenient to parametrize the interactions
J2  gJ1, J 0

1  l1J1, and J 0
2  l2J2. We have taken

l1  l2 ; l in the calculations to be described belo
but that restriction could be relaxed if desired. Note t
g specifies the intraplaquette interactions, and that
can do perturbation theory about the models withl  0
for any g since they consist of disconnected plaquet
At this point, we further restrict our attention tog , 1,
since there are ground state and lowest excited s
level crossings for an isolated plaquette wheng  1, and
g , 1 is likely more relevant to CaV4O9. For an isolated
plaquette, then, the ground state is a singlet, and the
lowest-lying excited states are a triplet and a singlet ly
at energiesJ1 and2s1 2 gdJ1 above the ground state.

For the infinite CAVO lattice, whenl  0, the triplet
elementary excitations are characterized by a flat b
at energy J1, but as l is increased the excitation
become mobile and the band develops dispersion. U
a recently developed method for computing excitat
spectra [11], the complete dispersion relationDtsqx , qyd
for triplet elementary excitations has been constructe
order l5 [and in some casesOsl6d] for various values
of g. (See the caption to Fig. 1 for the definition of t
wave vectors.) Furthermore, we have been able calc
the singlet excitation spectrum,Dssqx , qyd, to order l7.
It is not always true that these singlet excitations [wh
evolve from the flat band at energy2s1 2 gdJ1 when
l  0] have the character ofelementaryexcitations, since
states with the same symmetry can be formed from
triplet elementary excitations. However, forg sufficiently
2796
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large and/orl sufficiently small, the singlet spectrum lie
below the two-triplet continuum and hence represen
set of elementary excitations. More precisely, the stab
criterion for the singlet elementary excitations is2ly3 ,

gys1 2 2gd at smalll, and the corrections to this formu
appear to be modest even forl of order unity.

Similar plaquette expansions for the excitation spe
of the CAVO lattice Heisenberg model have been p
sented earlier, but only forDt and only to second order i
the interplaquette couplings. Katoh and Imada [4] f
ther restricted their calculations tog  0, while Ueda
et al. [3] allowed for second-neighbor interactions. T
second-order results are useful as rough guides, bu
high-order expansions can provide reliable, accurate
sults. For example, forg  0,

Dtsp , pdyJ1 1 2 0.666667l 2 0.322916l2

20.008186l3 1 0.033842l4

20.044030l5 2 0.034539l6 1 · · · . (3)

[Note that the second-order term in Eq. (6) of Ref.
is in error.] Truncating the series atOsl2d, one esti-
mates that the gap vanishes atl  1.008. However, an
exponent-biased Dlog-Padé analysis of all the terms le
to an estimate for the critical value of 0.920(5), which
in excellent agreement with the quantum Monte Carlo
sults of Troyeret al. [7]. Speaking more generally, it i
difficult to judge the reliability of second-order perturb
tion theory whenl is of order unity: With higher-orde
terms in hand, one can be much more confident.

An interesting point which was alluded to in earli
perturbation-theoretic work [3] as well as the mean-fi
calculations of Starykhet al. [8] is that the minimum
of Dt is not necessarily found atq  sp, pd. For
small l, the minimum shifts fromsp , pd when g ,

1y2 to s0, 0d when g . 1y2. Precisely atg  1y2, the
minimum for smalll is achieved atsq̃, q̃d with q̃yp 
0.7044 . . . . Second-order perturbation theory indica
that such incommensuration persists in a wedge in
g-l plane defined byR2l #

1
2 2 g # R1l with R1 ø

0.08 and R2 ø 20.32. As l is increased from zero
the gaps tend to decrease (at least initially), and th
are interesting questions about the phase diagram
g sufficiently large that a transition to a Néel order
state is not favored. However, we defer considera
of such matters on the grounds that they are proba
not relevant to CaV4O9. Instead, we will focus on the
part of parameter space where the gap is large, and s
that Dtsqx , qyd and Dssqx , qyd exhibit features which are
related to the strength of second-neighbor interactions

Let us first discuss the triplet excitations. Wh
intraplaquette and interplaquette couplings are compar
sl  1d, the structure ofDtsqx , qyd is strongly dependen
on g: See Fig. 4 for some illustrative plots. Since o
anticipates substantial spectral weight for the excitati
near sp , pd, if the magnetic properties of CaV4O9 are
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FIG. 4. The triplet excitation spectraDtsqx , qyd along high-
symmetry cuts through the Brillouin zone for coupling rat
l  1 andg  0.1, 0.3, and 0.5 [from greatest to least valu
of Dts0, 0d]. The ends of the bars indicate the values of
direct sums to fourth and fifth order inl.

described byg ø 0.5 and l ø 1, then that nearly fla
portion of its spectrum should yield a strong signat
even in momentum-unresolved neutron-scattering stu
The low-T behavior of the susceptibility itself is a prob
of the triplet density of states, and with sufficiently prec
data it might be possible to distinguish models with
strong peak just above the gap (such asg ø 0.5, l ø 1)
from models lacking that feature.

One spectral feature that is not evident in Fig. 4 is t
wheng fi 0 the spectra lack full square-lattice symmet
in that Dtsqx , qyd fi Dtsqy , qxd. This asymmetry arise
at third order inl and could not be seen in previo
perturbative calculations. Atg  0.5 and l  1, we
estimate the asymmetry parameter

2
Dtsq, p 2 qd 2 Dtsp 2 q, qd
Dtsq, p 2 qd 1 Dtsp 2 q, qd

(4)

to have a broad maximum forqyp ø 0.3, at the 10%
level. This is a property that distinguishes between
effects of second-neighbor interactions and nonunif
nearest-neighbor couplings. Considerg ø 0.5 (but l ø
1) andl ø 0.5 (but g small): In both cases the excitatio
bandwidth is about halfJ1, but only for the former is the
asymmetry significant.

Regarding the singlet excitations, the most import
point is that, if Dss0, 0d (which turns out to always b
the minimum value ofDs) lies below that of any two
triplet excitations, then they should appear as sharp l
in Raman spectra [12]. Atl  1, Dss0, 0d becomes les
than twice the minimumDt for g ø 0.35, and this value
is, in fact, only weakly dependent onl provided the
latter is not less than 0.5. Therefore the existence of
singlet elementary excitation would be strong evide
for second-neighbor couplings playing a major role
producing the spin gap. Using the parameter estim
s
s
e

re
ies.

e
a

at
,

s

he
m

nt

es

he
ce
in
tes

of Ueda et al. [3] for CaV4O9, the peak would lie near
100 cm21 and the two-triplet continuum would have it
lower edge at roughly200 cm21.

In summary, we have carried out a wide range of hig
order perturbation expansions forS  1y2 Heisenberg
antiferromagnets on the CAVO lattice. The existin
susceptibility data for CaV4O9 yields energy scales which
are generally consistent with the coupling ratiosJ1 
J 0

1  2J2  2J 0
2 suggested by Uedaet al. [3], but it

seems difficult to obtain a good global fit to thexsTd data
in terms of a temperature-independent spin Hamiltoni
Neutron-scattering studies ofDtsqx , qyd can be compared
with estimates of the spectrum based on the pres
plaquette expansions for definitive tests of models
the form (1). Raman scattering could provide eviden
for an unusual magnetic elementary excitation of sing
character.
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