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Single-Mode Operations of a Circular Free-Electron Laser
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A circular free-electron laser (FEL) consists of a rotating electron beam and a circular wiggle
compactness. This paper presents the demonstration of a high power (3.6 MW), single-mode
purity of 99%) oscillation of a circular FEL with relatively high efficiency (4.6%). Although a circul
FEL has an axial streaming electron velocity and a wide instability bandwidth due to its negative
effect, one can control a single-mode oscillation at cutoff frequency. [S0031-9007(96)01092-7]

PACS numbers: 41.60.Cr, 52.75.Ms
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In recent years, intensive researches have been
ducted on a free-electron laser (FEL). It is pointed
that compact FELs are required for applications of FE
For this purpose not only the accelerator but also the w
gler and the optical system have to be reduced in s
One of the basic concepts to realize compact beam dev
is circulation of an electron beam with a magnetic field
well as circulation of an electromagnetic wave beam w
a ring resonator. The examples include a “photon stor
ring” [1] in the infrared and optical regions and a “larg
orbit gyrotron” [2] in the microwave region.

A novel type of FEL, a “circular FEL,” which ha
a rotating electron beam and a circular wiggler
compactness, was proposed by Bekefi [3]. It should
noted that the size of our circular wiggler is about 14
in diameter and 20 cm in length. The circular FEL h
been studied experimentally by MIT and the Univers
of Maryland [4–6]. Theoretical studies [7,8] found th
the negative mass instability mechanism of the rota
electron beam enhances the growth rate and incre
the instability bandwidth of a circular FEL. In thi
paper, we report the first experimental results of sing
mode operations of a circular FEL with a relatively hi
efficiency and a wide instability bandwidth.

A circular FEL consists of a rotating electron bea
and a compact circular wiggler as shown in Fig. 1(
The circular wiggler is composed of an azimuthallysud
periodic radial (r) wiggler magnetic field in a coaxia
waveguide. The electrons rotate in theu direction under
an axial (z) magnetic fieldBz0 with the perturbed wiggling
velocity in thez direction. The rotating electrons coup
with a TMpq traveling mode along theu direction through
the axial (z) electric field of the radiation. Herep and
q denote the azimuthal and the radial mode numb
respectively.

The frequencyv0 of the beam mode can be written a

v0  sp 1 NdVcyg 1 skzyz0d , (1)

whereN , Vc, g, kz , andyz0 are the wiggler periodicity, the
nonrelativistic electron cyclotron frequency, the Loren
factor, the axial wave number of the radiation, and the a
streaming velocity of the electron, respectively.
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When there is an axial streaming velocityyz0, the
wiggler field yields the wiggling velocity not only in the
z direction syzd but also in theu direction syud. From
Eq. (1), the electron bunching in a circular FEL is cause

FIG. 1. Schematic diagram of circular free-electron laser. (
Front view of circular wiggler,N  12 wiggler periodicity,
a  7.0 cm, andb  5.5 cm; (b) experimental apparatus.
© 1996 The American Physical Society
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by the energy change due to theyuEu interaction and
the yzEz interaction, as well as the change of Dopp
frequencykzyz0 due to the Lorentz forceyuBr in the
z direction. Here E and B denote the electric an
magnetic fields of the TM radiation. It is easily proven
Maxwell’s equation for a TM mode that the first and thi
effect of the electron bunching have the opposite sign
are canceled out. Therefore electron bunching is cau
only by the yzEz FEL interaction, even though there
an axial streaming velocity. The cutoff TM radiation c
have the most effective interaction in a circular FEL, sin
the cutoff TM radiation has only thez componentEz

of the electric field. In addition, a cutoff TM radiatio
may have the highest cavityQ value in our open apertur
cavity. Based upon these two facts, a circular FEL w
an axial streaming velocity oscillates in a single mode
the cutoffskz  0d. This point is clearly demonstrated b
our experiment.

The dispersion relation of the beam modev0 in Eq. (1)
and theTMpq waveguide modevssp, qd is shown in
Fig. 2 for the case of cutoff. The frequency detuni
between the beam mode and the waveguide mod
defined asDv ; v0 2 vs.

A linear theory on a circular FEL was presented
Ref. [7]. The growth ratevi of the circular FEL radiation
is given by the imaginary part of the propagation const
G from the following dispersion relation:

G3 1 2DvG2 1

∑
Dv2 2

µ
v0

Dg

g

∂2

1
f1v2

p

g

∏
3

G 
f2v2

pv0a2
w

4g3
, (2)

whereaw , vp, andDg are the normalized vector potenti
of the wiggler field, the plasma frequency, and the ene
spread of the electron beam, respectively. The o
variables are described in Ref. [7]. The dispersion rela
of a linear FEL which consists of a linearly movin
electron beam and a linear wiggler is as follows:

G3 1 2DvG21

∑
Dv2 2

µ
v0

Dg

g3

∂2

2
f1v2

p

g
s11a2

wd
∏

3

G  2
f2v2

pv0a2
w

4g5 s1 1 a2
wd . (3)

A circular FEL [Eq. (2)] has a larger coupling term (th
right-hand side) by a factor ofg2 and a higher sensitivity
to the energy spread than a conventional linear F
[Eq. (3)]. Above all, the space charge term of a circu
FEL [the fifth term of the left-hand side of Eq. (2
has the opposite sign of the space charge term o
linear FEL in Eq. (3), resulting in the wide-band spa
charge instability. This wide-band instability is called
“negative mass instability” [9]. All these characteristi
are caused by the negative mass effect of a rota
electron in a magnetic field. As a result, a circular F
owns the unique properties caused by a coupling betw
the conventional FEL instability and the negative m
instability. Figure 3 shows the normalized growth ra
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FIG. 2. Dispersion relation for cutoff TM waveguide mod
skz  0d and beam mode as a function of azimuthal harmo
number p, where g  1.84 (430 keV), Bz0  380 G, and
Vcy2pg  0.577 GHz.

viyv0 of a circular FEL as a function of the normalize
detuning Dvyv0. The parameters for the calculatio
are based on the experiment to be discussed in Fig
where g  1.84, aw  0.019, Bz0  380 G, vpyv0 
0.033, f1  1, and f2  2. This figure indicates that a
circular FEL has a wide permissible frequency detun
(an instability bandwidth) with a sensitive dependence
the energy spread.

A schematic configuration of our circular FEL oscillat
experiment is shown in Fig. 1(b). The field emissi
cathode consisting of a hollow velvet cloth is direct
energized by a Marx generators,500 keV, 5 msd. This
hollow axially moving beam is converted to a large or
rotating beam with a radius ofr0  6.25 cm and a width
of 0.5 cm by passing through the cusped magnetic fi
The compact circular wiggler is generated by perman
magnets embedded in the coaxial conductors (the in
radiusb  5.5 cm and the outer radiusa  7.0 cm) with
N  12 periodicity. The amplitude of the wiggler fieldBw

at the center of the gap is 900 G. The coaxial conduc

FIG. 3. Theoretical growth rateviyv0 of circular FEL as a
function of frequency detuningDvyv0, whereg  1.84 aw 
0.019, Bz0  380 G, vpyv0  0.033, f1  1, andf2  2.
2687
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FIG. 4. Temporal profile of the oscillation. (a) Acceleratin
voltageV and beam currentIz. (b) rf diode signals of TM61,
TM 71, TM 81, and TM91 (12.18 GHz). The rf attenuation fo
the main TM81 mode and the spurious TM91 are 16 and 10 dB
larger than the attenuations for TM61 and TM71 modes. (c)
Theoretical growth rates whereDgyg  2.8%.

also act as a coaxial cavity with open apertures for
cutoff TM radiation of kz  0. The length (l) of the
coaxial cavity is 35 cm, which includes the lengthlw 
20 cm of the compact wiggler.

The far field radiation from the open aperture of t
circular FEL is measured with standard gain (15 dB) h
antennas. The detector and the attenuator are care
calibrated by HP power meters. It is theoretically p
dicted [10] that only TM modes (neither TE nor TEM)
coaxial waveguides irradiate their main lobe off axis. I
experimentally confirmed [11] that the measured far fi
has the main lobe off axis. In the circular wiggler, t
TM traveling wave mode along theu direction interacts
with the rotating electron beam. Therefore the far fi
pattern is expected to be axially symmetric, which is a
experimentally checked by scanning measurements in
(vertical and horizontal) planes.

The total output power is obtained by spatial integ
tion using the experimentally measured intensity of the
field, based on the reasonable assumption of axial sym
try. The shot-by-shot reproducibility is as good as 3
for the power measurements. The rf field inside the ca
is measured with a tiny loop antenna (1 mm inner diam
the inner surface of the cavity conductor. We obtain
2688
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accurate frequency spectrum in Ku and Ka band by me
of a fast Fourier transform (FFT) function (frequency re
lution of 3.9 MHz) of the digital oscilloscope for IF signa
after heterodyne detection. Temporal evolution of e
radiation mode is obtained with the YIG tunable bandp
filter (10–40 GHz, 3 dB bandwidth of 30–40 MHz).

In Fig. 4(a), we display wave forms of the accelerat
voltageV and the beam currentIz entering to the cavity
measured by a Faraday cup under the axial guide mag
field of Bz0  380 G. The voltage gradually decreas
from a flat top voltage ofV0  430 kV due to discharge
of the Marx generator. While the main radiation mo
is oscillating, the electron velocity ratioa s yu0yyz0d
is about 2–3. Hereyu0 is a rotating velocity without
wiggling motion.

Figure 4(b) shows the rf diode signals of the ma
TM 81 mode at 11.77 GHz, the weak spurious modes
TM 61 at 11.04 GHz, TM71 at 11.38 GHz, and TM91 at
12.18 GHz. Note that the spectrum spacing of each m
is about Dfyf  4%. The theoretical cutoff frequen
cies (i.e.,kz  0) of the TM modes are 11.73 GHz fo
TM 81, 11.00 GHz for TM61, 11.35 GHz for TM71, and
12.14 GHz for TM91, respectively. The measured fr
quencies are in good agreement with the theoretical cu
frequencies within an accuracy of 0.4%, which may
caused by mechanical accuracy of the coaxial wavegu
The FFT measurements indicate that the rf signal of e
mode has a very narrow frequency spectrum width
Dfyf  0.1%. These experimental results make it cle
that a circular FEL oscillates at cut off, even though th
is an axial streaming electron velocity.

The peak power of the spurious modes of TM61,
TM 71, and TM91 are 31, 25, and 20 dB lower than th
main TM81 mode, respectively. From these experimen
results, the main TM81 mode is considered a single mo
oscillation with a mode purity of 99%.

In this single mode operation of the TM81 mode, the
output power radiating from one of two open end ap
tures of the coaxial cavity is 600 kW. Since the frequen
measurement indicates that the radiation mode is cu
(i.e., kz  0), equal amounts of power radiate symme
cally from both of the open end apertures of the cavity d
to diffraction [12]. Based on the rf measurement ins
the cavity by means of the loop antenna, we calculated
storage rf energyU of 6.2 mJ. Therefore, the quality fac
tor Q of the cavity for the TM81 mode can be estimated
be 400.

We compare these experimental results with the lin
theory of the circular FEL [7]. Figure 4(c) illustrate
theoretical curves for the growth rateviyv0 versus time.
These growth rates are calculated with Eq. (2), combi
with the time-dependent experimental data of the elec
beam shown in Fig. 4(a). The electron density is obtai
with the measured axial currentIz and the velocity
ratio a  yu0yyz0 given by the theoretical expression
[13]. The energy spread of the beam from the vel
field emission cathode similar to ours was measured
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be Dgyg  s2 3d% by Japan Atomic Energy Resear
Institute [14]. In our analysis, the energy spread of
beam is assumed to beDgyg  2.8%. The cavity decay
time td s Qyvs  5.4 nsd and the radiation rise tim
tr f s2vilwyl 2 vsyQd21  1 nsg are negligibly short
compared with the observed rf pulse width of 500 ns.

The first indication that the TM81 mode has the high
est growth rate from the beginning of the voltage flat
(t  300 ns) and then decreases with decreasing the v
age is shown in Fig. 4(c). This theoretical result sugg
that the TM81 mode radiation dominates over the TM91

and TM71 modes from the beginning of the voltage fl
top st  300 nsd for the initial voltage ofV0  430 kV.
This theoretical prediction is in agreement with the exp
imental result shown in Fig. 4(b). A second observat
of Fig. 4(c) is that aftert  600 ns the growth rate of th
TM 71 mode becomes highest instead of the TM81 mode.
However, the experimental result of Fig. 4(b) shows t
the TM71 mode starts to oscillate att  780 ns when the
main TM81 mode stops oscillation. The TM71 mode is
completely suppressed during the preceding oscillatio
the TM81 mode.

The oscillating modeTMpq is determined by the dis
persion diagram shown in Fig. 2. We clearly observ
the mode jump as the electron energy was changed.
discussed in Fig. 4, the TM81 mode is a main oscillation
mode forV0  430 kV. When we decreased the initi
flat top voltage toV0  400 kV, the TM71 mode replaced
the TM81 mode as a single oscillation mode.

We discuss here the permissible frequency detunin
well as the spurious modes. As seen in the result
Figs. 4(a) and 4(b), the electron energy decreases by
(from 430 to 388 keV) during the main TM81 radiation
pulse. As a result, we estimate the permissible freque
detuningDvyv0 of about 5% for the TM81 mode oscilla-
tion, using Eq. (1). This observed value of the perm
sible frequency detuning is in good agreement with
theoretical value of 5% in Fig. 3 for an energy spread
Dgyg  2.8%, [14]. This agreement indicates that t
wide permissible frequency detuning is caused by the n
ative mass effect of a circular FEL [7].

As seen in the frequency measurement, the freque
spacing of theTMp1 modes is about 4%. The frequen
spacing of the beam modes, Eq. (1), is about 5%. Th
frequency spacings are comparable with the permiss
frequency detuning (5% for the TM81 mode). Therefore
the beam mode could couple with a single mode
simultaneously with a few modes of the waveguideTMp1

radiation, depending on the experimental condition (
Fig. 2). This feature is the cause of our spurious mod

In order to suppress these competing modes, we for
a narrow shape of the rotating electron beam by mean
a narrow cusped magnetic field [13] and optimized
accelerating voltage as well as the axial magnetic fi
We experimentally demonstrated the single-mode T81

oscillation with a mode purity of 99%.
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The maximum output power of the TM81 main mode
that we observed from the one open end aperture of
circular FEL cavity is 1.8 MW forV0  412 kV and
Bz0  370 G. We evaluate the energy efficiency from th
electron kinetic power (Iz V) to the total radiation power
Pout diffracted from both the two open end apertures (i.
1.8 MW 3 2  3.6 MW). It should be noted that the
radiation is cut off (i.e.,kz  0) and equal amounts of the
power radiate symmetrically from both sides [12]. Th
total energy efficiency is found to be 4.6%.

In conclusion operations of a high power single-mo
oscillation of a compact circular FEL with relatively
high efficiency are demonstrated. It is experimenta
shown that a circular FEL oscillates as a monochroma
sDfyf  0.1%d, single mode TM81 (the mode purity
of 99%) at cut off, even though there is an axi
streaming velocity of the electron beam. The line
theory predicted that a circular FEL has a wide instabil
bandwidth due to its negative mass effect. This feature
experimentally confirmed for the single mode oscillatio
by the observed large permissible detuning. These res
give encouragement to further develop a circular FEL
a compact FEL.

We wish to thank Jonathan S. Wurtele and Geor
Bekefi for useful discussions.
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