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Comment on “Thermodynamics of Anomalous
Diffusion”

In a recent Letter, Zanette and Alemany [1] have d
cussed the interesting point of the anomalous diffus
in the context of a generalized thermodynamics [2].
Ref. [1] the authors claim a strong formal parallelism b
tween the thermodynamical properties of ordinary diff
sion as treated by means of the usual Boltzmann-Gi
statistics, and those of anomalous diffusion with resp
to the Tsallis statistical formulation. Even more, the a
thors of Ref. [1] claim to have found an explicit formul
for the anomalous exponentsnd of the mean square dis
placement, i.e.,kXstd2l ~ tn, in terms of theq parame-
ter which label the Tsallis thermodynamics (the particu
caseq  1 corresponds to the standard Boltzmann-Gib
statistics). Following Ref. [1], for the 1D case, the a
thors have found

n 

(
s3 2 qdy2 if q # 5y3 ,

q 2 1 if q $ 5y3 .

However, their results are incorrect as can be infer
from the correct analysis of the Lévy-Gnedenko gene
lized central limit theorem [3]. For discrete times, th
mean square displacement is written askXsNd2l ~ Nn ,
where the correctn exponent is given by

n 

(
1 if 2` # q # 5y3 ,

sq 2 1dys3 2 qd if 5y3 , q , 3 ,

where the upper bound valueq , 3 comes from normali-
zation in 1D [3,4].

The aim of this Comment is to show what are th
misleading statements of Ref. [1] which could have l
to the wrong anomalous exponentn.

First, in order to find the velocity probability distribu
tion of a single particlePsV d, the authors of Ref. [1] have
introduced, in a naive way, the derivative of the traje
tory of a Lévy process [the mapping betweenq and the
Lévy exponent, ind-dimension, isq  1 1 2ysd 1 gd].
We should mention that Lévy flights are defined by
jump probability psXd whose Fourier transform read
pskd  exps2ajkjgd (for g  2 an ordinary diffusive
random walk is obtained [5]). Therefore, nowhere a
Lévy processes differentiable (even worse, for examp
the particular Cauchy process,g  1, has discontinuous
trajectories) so one of the statements used in Ref. [1
incorrect.

Second,in order to find the connection between th
jump length (of the Lévy flights) and the energye 
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mV 2y2 of a single particle, the authors of Ref. [1] hav
made use of the standard theorem of transformation
random variables to find their Eq. (2), while it is we
known that this procedure of working is wrong in th
context of theq-generalized statistics. For example, th
fluctuation-dissipation theorem [6] and the Onsager re
procity [4] can only be proved ifq-generalized thermody-
namics variables are used (this fact is analogous to hav
used aq-generalized theorem of transformation of ra
dom variables [4]). We want to remind readers that t
whole Legendre structure of the thermodynamics will
preserved—for all values ofq—only if the q-generalized
intensive and extensive variables are used [7].

In order for the present comment on Ref. [1] to b
complete we mention that we disagree on the conclus
about the anomalous diffusion that Zanette and Alema
have found. In order to find the time-dependent dis
bution, theN-jump probability distribution is given by a
N-fold convolution product. Thus, using a generaliz
Lévy-Gnedenko central limit theorem, anomalous diff
sion in 1D is only expected ifq . 5y3. This has actually
been proved in a very elegant way in Ref. [3].

Nonextensive entropy is a source of bewilderment a
controversy, and it is unfortunate that misleading resu
like the ones given in Ref. [1] could lead to further usele
controversies. This Comment is nothing but a pertin
remark on where a wrong statement can lead.

One of the authors (M. O. C.) acknowledges support
ANTORCHAS under Grant No. A-13218y1-00006 and
13359y1-000050.

Manuel O. Cáceres* and Carlos E. Budde
FaMAF, Universidad Nacional de Córdoba
5000, Ciudad Universitaria, Córdoba, Argentina

Received 29 February 1996 [S0031-9007(96)01162
PACS numbers: 05.20.–y, 05.40.+j, 05.60.+w

*On leave from CAB, CNEA, 8400, Bariloche, Argentina
[1] D. H. Zanette and P. A. Alemany, Phys. Rev. Lett.75, 366

(1995).
[2] C. Tsallis, J. Stat. Phys.52, 479 (1988).
[3] C. Tsallis, S. V. F. Levy, A. M. C. Souza, and R. Maynar

Phys. Rev. Lett.75, 3589 (1995).
[4] M. O. Cáceres, Physica (Amsterdam)218A, 471 (1995).
[5] E. W. Montroll and M. F. Shlesinger, inNonequilibrium

Phenomena II, From Stochastic to Hydrodynamics, edited
by J. L. Lebowitz and E. M. Montroll (North-Holland
Amsterdam, 1984).

[6] A. Chame and E. V. L. de Mello, J. Phys. A27, 3663
(1994).

[7] C. Tsallis, Phys. Lett. A206, 389 (1995).
© 1996 The American Physical Society 2589


