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Origin of Spin Gap in CaV409: Effects of Frustration and Lattice Distortions
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Spin gap behavior of Ca\Dy is studied by including the effects of frustrating magnetic interactions
and lattice distortions. The spectrum of triplet excitations is calculated for a Heisenberg model on the
1/5-depleted square lattice. In the spin gap phase, the location of the minima of the spectrum in the
Brillouin zone is found to depend nontrivially on the exchange parameters. Experimental consequences
of the temperature-dependent lattice distortion including its effect on the uniform susceptibility and the
spin gap are explored. [S0031-9007(96)01173-8]

PACS numbers: 75.10.Jm, 75.30.Kz, 75.40.Cx, 75.50.Ee

Recent discovery [1] of a quantum disordered phasen Fig. 1, energetically favorable. Magnetic energy gain
and spin gap in the layered magnet G&Y has attracted is linear in lattice displacement.. As usual, elastic
considerable interest [2—6]. The magnetic system can benergy loss due to the distortion is quadraticuinand,
described by a Heisenberg model for spins of vanadiunas a result of this competition, some nonzero equilibrium
ions (§ = 1/2) on a 1/5-depleted square lattice. At each displacement: will always be present. Importantly, this
site of this bipartite lattice three bonds meet: two ofdistortion does not break lattice symmetry, and is not
them belong to the 4-spin plagquettes covering the latticassociated with a phase transition.

(plaquette bonds), whereas the third one (dimer bond) In this Letter we present a unified approach that incorpo-
connects a plaquette with its neighbor (Fig. 1). Sinceates both effects of frustration and spin-lattice coupling.
the coupling between spins is mediated by superexchandg@ur main results are as follows: (i) Spin-lattice coupling
via intermediate oxygens, a strong next nearest neighbaooperates with the magnetic mechanism in driving the

interaction is also expected [2,4]. system into a spin gap phase. Within an adiabatic approxi-
We are thus led to the following Hamiltonian [2]: mation, the lattice distortion is determined by the short-
range spin correlations, and evolves gradually feors 0
H=S17.S S +7J S, - S, 1 at high temperatures to a nonzero valyeatT = 0. This
% ! 2; ! @ leads to the effectiv@ dependence of the exchange inte-

. ) grals and of the spin gap itself, and causes a modification
where the nn interactiosh,, equalsJy (/1) for plaquette ot the highT tail of the uniform susceptibility. (ii) The

(dimer) bond. It is evident that this model has disorderedspectrum of triplet excitations in the disordered magnetic
singlet ground states in two limits: fafy > Ji,J> the  phasesiis calculated using a bosonization technique that ac-

ground state is a product of singlets on each plaquettgounts correctly for the short-range spin correlations inside
and forJ; > Jy, J, it consists of singlets on the dimers.

However, a physically relevant choice of exchange pa-
rameters ig/y = J;.

The model (1) has been studied by a number of analyti-
cal and numerical works [2—6]. Uedd al. [2] combined A ‘
linear spin wave, strong coupling perturbation, and cluster L I
approaches to find the phase diagram of the model. The RN N
guantum Monte Carlo (QMC) study of Troyet al. [6] de- ) RN it
termined the phase boundaries between ordered and disor- . R E
dered phases d = 0. We note that most of these studies R A
are restricted to the unfrustrated calse= 0, which does RS Y
not account for the experiments. N RN

Here we wish to argue that even including frustration EANH v
the Hamiltonian (1) does not fully describe the spin gap e o Y
phenomena in this material. What is missing is a coupling A
between the spins and the lattice. The very fact that 1
each spin is connected to others by three nonequivale@lG_ 1. Lattice structure of CaMDy. Three types of exchange
lattice bonds makes lattice distortions, which uniformlyponds are indicated by thick lines. The pattern of lattice
shorten plaguette bonds and enlarge dimer ones, as showlistortion is shown schematically by thin dashed lines.
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the plaquette and dimer blocks. Position of the minima oDiagonalization of the resulting quadratic form is done

the spectrum (i.e., the spin gap) in the Brillouin zone de-by a standard Bogoliubov transformation, and one finds

pends on parameteys. (iii) The available lowT experi- a threefold degenerate spectrum of triplet excitations.

mental data can be explained both by moderate frustratiofor small coupling between the blocks the spectrum is

J> ~ 0.2Jy, as well as by strong frustratiahh, ~ 0.7Jy.  positive with a gap. Increasing the interaction between

The two cases can be distinguished by the location of thtéhe blocks decreases the gap, which finally vanishes at the

gap minimum in the Brillouin zone, which can be obtainedtransition between disordered and ordered phases.

in neutron scattering. First, consider the plaquette singlet phase which exists
The paper is organized as follows: we start by analyzindgor large Jy. The spectrum of spin-1 excitations is three-

the magnetic Hamiltonian (1), and then include effectsfold degenerate and has the dispersion

of the spin-lattice coupling. At various stages we make

comparisons with the experimental situation. w,z,(k) = Jo[Jo + %(Jl — 2J,) (cosk, + cosky)]. (3)
Following Uedaet al. we consider two different types

of disordered short-range resonating valence bond (RVBJhe minimum of the spectrum is (at, 77) for (J; —

states, with spin singlets formed on plaquettes and dimei®/>) > 0 and at(0,0) for (/; — 2J;) < 0. From Eq. (3)

[2,3]. For different values of model parameters we con-one finds the region of stability of the plaquette phase,

sider representations for spin operators in terms of botshown in Fig. 2. At/, = 0, singlets on 4-spin plaquettes

dimer and plaguette states. We generalize previous derividecome unstable at the critical ratig/J;|.. = ‘3—‘ which

tions of such representations [7—9] for the two cases. s not far from the QMC estimat&/Ji|.; = 1.1 [6]. The
The starting point of these representations is noninteractetal energy of this phase, per spin, is

ing spin blocks. Let states of a single block be given by

la). In case of dimers, they are a singlet(E, = —3J;) Eb, = —aJo + 3 + %Z[w,,(k) = Jol. (4)

and a triplet|z,), « = x, y, andz (E; = %Jl). All 16 k

states of a four spin plaquette can be found in Refs. [2,8]. In the dimer state each crystal unit cell has two dimers.

The lowest levels, once again, are a singlet with energfherefore, there are two different branches $f= 1

E, = —-2Jy + %Jz, and a triplet WithE, = —Jy + 5J>. magnons in the Brillouin zone. However, calculations
Assuming that frustration is weak we omit all the higherare greatly simplified if instead we consider only one
energy states of the plaquette. type of dimers, which are defined in the new Brillouin

The site spinsS; are expressed in terms of the basiszone corresponding to the lattice formed by the centers of
block states aS; = («|S;|8) Z*#, whereZ*# is the pro- dimer bonds. As a result, we obtain one triply degenerate
jection operatofa) (8| and summation over repeated in- excitation mode in the new Brillouin zone, which is twice
dices is assumed. We define the vacul@h and four the original one,
boson operators that yield the four physical stdtes=
s110), [ty = t1]0). The projection operators are naturally w3(k) = Ji[J1 — (Jo — J2) (cosk, — cosk,)
expressed ag*'« = s't,, Z'«% = tl15, and so on. Cal- — Jycosk, + k)] 5)
culating necessary matrix elements one finds that block
spins represented via these boson operators as

T
s¢ = (s, + tls) — Le*Brike, for dimer four-sublatice /
i 2 a a 2 Bty S !
(=1 i t (2) e { DIMER
it = (sTte + tls) — 7e*PV1p1, for plaquettes l‘
\
Commutation relations between the spins are satisfied °° \\\
as long as the bosonic representation preserves the algebra AN
of the projection operators. This requirement restricts th&2/ o AN
number of bosons allowed on each block to omex + \\\
tlta = 1. With the help of this constraint the Hamil- PLAQUETTE
tonian of a single block becomét; = E.sts + Etl1,.
We choose to implement this constraint via a Holstein- NEEL
Primakoff representation [9,10] = s = /1 — tl1,.
As in the case of spin wave theory for ordered magnetic . ‘ ‘
phases, one expects the linear approximation, which 00 05 R VR PR 2o
neglects interaction between excitations, to work well. It . o L
- . h . - FIG. 2. Phase diagram of the model in linear approximation.
consists of replacing ands" by 1 when calculatings; Thick (thin) solid line denotes second (first) order phase

S;) for pairs of spins from different blocks. Also, only transitions.” Regions of stability of dimer (plaguette) phase are
terms of second order in triplet operators should be kepshown by long (short) dashed lines.
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The minimum of the spectrum (5) is a = (0,7) eracy of the spectrum (3) a = 2J, is a consequence
for J, < %JO, and moves into the interior of the zone of the linear approximation. However, we expect the dis-
for largerJ,. At J, = 0, the dimer phase is unstable for persion to be weak in this parameter region, which is also
Jo/Jy > 1 the corresponding critical ratio from QMC is confirmed in Ref. [13].

Jo/Jiler = 0.6 = 0.05 [6]. The total energy per spin is ‘Let us now _consid_er the s_,pin—lat_tice coupling_. As
discussed earlier, this coupling arises from distance
i _ 3 3 B dependence of exchange integrals. Assuming the phe-
N g[wd(k) il (6) nomenological relation/(R) ~ R~1°, valid for most
. transition metal oxides [14], the distortion pattern shown
Phase diagram of the model (1) follows from Egs. (3)—in Fig. 1 produces the following variations of exchange
(6). ForJ3" > 0.25Jy, the Néel phase ceases to exist.constants: 8Jy/Jo = 8J5/J» = —8J,/J; = 2%”, and
Within oura_pproach, comparing the groun_d s,t¢';1te_energ|e§Jé/J2 _ _%. Here J; = J:(R) are (unknown) bare
of the two disordered phases leads to a line of first Ordeéxchanges on the undistorted lattice with length of the

phase transitions between them [2,11]. plaquette bondk equal to that of the dimer bond. Note
As J» grows, the energies of the omitted plaquette statejis, that on the distorted lattice one should distinguish

decrease, making the linear approximation less satisfagsanyeen nnn interaction inside the plaquette € 8J5),
tory, and at/, = J, the second singlet which consists of and between different plaquettesﬁ EJ, + 6J§). It
two crossing dimers becomes the ground state of the 45 ;1 ¢ appears in Eq. (3) in the presence of distor-
spin plaquette [2,8]. We have checked that this phase is;,",, Repeating the analysis that led to Eq. (7) we

not stable in the linear approx_imation for any value ofgnq that spin gap isnhancedby the lattice distortion,
the parameters. Another possible short-range RVB state

is the plaquette RVB (PRVB) on larger squares, which® () = \/A% + (20ulo/R) (2Jo = 32). _We see that
are centered around the missing sites of the lattice anfliS €nhancement may be quite large if the bare 4ap
formed byJ» bonds, but it was also found to be unstable.iS refatively small. - Note ltrz‘at this expreszs|3on predicts
Therefore, for large values of, magnetic order should Mean-field scaling\ (u) ~ u /> (compared ta:** scaling
be stabilized again. It is easy to see that for lafgeghe 1N @ = 1 spin-Peierls chain [15]) as one approaches the
spins are arranged into two interpenetrating Néel ordered?@re” critical point. To find the equilibrium value of the
sublattices which are decoupled at the classical level. Th@istortion one has to minimize the free energy per spin on
degeneracy with respect to a relative orientation of antiferthe distorted lattice [16], which is given by
romagnetic vectors should be removed by quantum fluc- AT |
tuations, providing an example of “order-from-disorder” Fp = — Z|n(1 — e ®/Ty 4 EP + — Ku®.  (8)
phenomenon [12]. We have presented in Fig. 2 a tran- 4N N 2
sition line between this ordered state and the disordere
plaguette phase.

A first estimate for the experimental parameters at lo
T can be gained by looking at the plaquette RVB phas
with Jo = J;. From Eq. (2), the uniform susceptibility
is y = ﬁZk n(wk)[1 + n(wy)], wheren(w) is the
Bose factor. We can compare the Curie-Weiss relatio

Here w,(k) and E%s. are given by Egs. (3) and (4) with
Wrenormalized exchange parametéi&), andKk = BR is
he bulk modulus of the material normalized to one layer.
se of the “spin wave” approximation for the free energy
makes sense as long as spin correlation length is bigger
rt]hen a lattice spacing [17]. Minimization gives

6o = 3(Jo + J») and the gapA, in Eq. (3) appropriate w(l) = uo — aT,
for the PRVB phase, with the experimental Curie-Weiss dw . (K
; 4 3 w, (k) 1
constant and the gap determined from the exponential a = Z o (K)/T , 9)
— . 4KTN u e“r -1
decay of the susceptibility at low. We find that the k

experimental numbers = 107 Kand# = 220 K[1] can Wher,ge up = u(T = 0) is determined by the derivative
arise from two sets of exchange constants/gay 245 K,  of Egs.. An important point to observe is that is

J, = 48 K [gap atk = (w, ), “weak frustration”] and exponentially suppressed by the spin gapTor= A, but
(b) Jo = 170 K, J, = 123 K [gap atk = (0,0), “strong ~ Saturates at some nonzero value at higher temperatures.

frustration”]. The spin gap is given by At still _h_igh_er temperatures the d!stortion must approach
its equilibrium (lattice value) which we have taken to
Ay = \/JO[JO ¥ ‘3-‘(]1 —2J)], (7) be zero [18]. T dependence of the distortion translates

into that of the exchange integrals. We find that at high
where — (+) sign corresponds to weak (strong) frustra-temperatures the uniform susceptibility has the forme=
tion. Thus, measurement of the triplet excitation spectrum /4[T(1 — a) + 8], wherea is directly proportional ta,
by neutron scattering should provide important additionabnd@ is renormalized from its bare val@g. This should
information that will enable one to decide between thebe contrasted with the standardd(T + 6,) behavior in
two cases as relevant for Ca¥,. Note that the degen- the absence of lattice distortions. We believe that indirect
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