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Edge plasmas, such as the tokamak scrape-off layer, exist as a consequence of a balance be
cross-field diffusion and parallel losses. The former is usually anomalous, and is widely thought to
driven by strong electrostatic turbulence. It is shown that the anomalous diffusion affects the par
ion transport by giving rise to a new type of thermal force between different ion species. This fo
is parallel to the magnetic field, but arises entirely because of perpendicular gradients, and coul
important for impurity retention in the tokamak divertor. [S0031-9007(96)01236-7]
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Cross-field transport in tokamak edge plasmas is
served to be anomalous, and is generally thought to
driven by electrostatic turbulence. Indeed, direct pro
measurements indicate strong fluctuations in the den
and the electrostatic potential [1]. The theoretical u
derstanding of the mechanisms driving the turbule
is, however, incomplete. In the modeling of the tok
mak edge, especially in numerical computations,ad hoc
anomalous diffusion coefficients across the magnetic fi
are therefore invoked, usually in such a way as to ma
experimentally observed density and temperature profi
On the other hand, the transport is generally taken
be classical along the field. It is the purpose of
present Letter to reconsider the kinetic theory underly
ion transport in the edge, and to point out the strong c
pling that exists between the transport along and ac
the field. It is found that if the radial transport is anom
lous, parallel ion transport cannot in general be entir
classical. This basic conclusion is independent of
details of the anomalous transport; it is a simple con
quence of the fundamental property of edge plasmas
parallel fluxes can be driven by radial gradients.

We consider an impure edge plasma with electrost
turbulence present. For simplicity, we assume that
perpendicular wavelength of the turbulence2pyk' is
large compared with the ion Larmor radius,k'ri ø
1. Writing the E 3 B drift velocity VE  VE 1 ṼE

and the distribution functionfi  fi 1 f̃i for each ion
speciesi as sums of average and fluctuating parts,
taking the averagek· · ·l of the drift kinetic equation ove
fluctuations gives

svk 1 Vd 1 VEd ? =fi 1 kṼE ? =f̃il 1 eEkyk

≠fi

≠e
 Ci ,

(1)

whereyk is the parallel velocity,e ; miy
2y2 the kinetic

energy, andEk the parallel electric field. Ci is the
collision operator with all other species averaged o
fluctuations. The magnetic drift velocityVd may be
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neglected since it is usually smaller than the para
streaming term, as follows from the estimate

Vd ? =fi

yk=kfi
,

riyTiyWR
yTiyLk

,
ri

W
ø 1 ,

where R is the major radius,Lk the connection length
yTi ; s2Tiymid1y2 a thermal ion velocity, andW the
scape-off layer (SOL) width.

The anomalous diffusion generally invoked to accou
for radial transport comes from the termkṼE ? =f̃il in
(1). A number of assumptions must be made to jus
the diffusive nature of the transport. In a Fokker-Plan
expansion of the change infi due to the randomE 3 B
drift in the radial (r) directionø

≠fi

≠t

¿
Ẽ3B

 kṼE ? =f̃il

 2
≠

≠r

µ
kDrl
Dt

fi

∂
1

1
2

≠2

≠r2

µ
ksDrd2l

Dt
fi

∂
, (2)

it is first of all assumed that higher-order terms a
negligible. This is true if the random displacement
a particle on times longer than the correlation timetc

is distributed as a Gaussian, which is indeed gener
observed in numerical simulations of test particles
strong turbulence [2]. Furthermore, the random step s
Dr taken in the timeDt must be small in comparison wit
the SOL widthW. This assumption can be justified in
standard manner for weak turbulence since the correla
time is then short enough. In strong turbulence, partic
convected by theE 3 B drift tend to move many times
around convective cells in a correlation time. The s
size therefore becomes of the order of the cell wid
i.e., Dr , k21

' , and we must requirek'W ¿ 1. Under
these assumptions, the influence of the turbulence on
distribution becomes diffusive, and we can write (2) as

kṼE ? =f̃il  2
≠

≠r

µ
D

≠fi

≠r

∂
, (3)
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whereD is the usual diffusion coefficient

D ;
1
2

Z Dt

0
kṼEr stdṼEr s0dl dt . (4)

This integral is taken along particle orbits, withDt .

tc. An additional pinch term is easily included b
incorporating it inVE in (2).

Although ṼE is independent of the particle velocityv,
the diffusion coefficientD does in general depend on t
perpendicular and parallel velocities of the particle si
the decorrelation mechanism may be affected byv. How-
ever, as seen by the ions, typical edge plasma turbul
is effectively two dimensional sincekkyTi ø v, where
v is the frequency andkk , L21

k the parallel wave num
ber. This ordering follows either from simple estima
such asv , vp  k'yTiriyW or from complete stabil
ity calculations of the dominant modes in the plasma e
[3]. The correlation time may be estimated bytc , 1yg

since the growth rateg for edge instabilities is of the orde
of v. Thus, we expect thatkkyTitc ø 1, implying that
decorrelation does not occur as a result of parallel
tion. The diffusion coefficient is then independent ofyk.
Collisions are capable of achieving decorrelation if p
ticles are able to diffuse by classical diffusion from o
convective cell to the next in less than a correlation tim
i.e., if ntc . sk'rid22. Since this would require a ver
high collision frequencyn, we conclude that the diffusio
coefficient is largely independent of the particle veloc
in the small-Larmor-radius limit we are considering.
other words, the decorrelation in (4) is likely to occur
a consequence of the randomness of the velocity fieldṼE

rather than by other small details in the particle motion
Thus, although it is not crucial for the general arg

ment, we shall takeD to be constant. More importantly
we expect the diffusive term to be of the same orde
parallel streaming, i.e.,

yTiyLk , DyW2, (5)

since the Bohm sheath boundary condition forces
plasma to flow at the sound speed to the limiter or dive
plates and this loss must bebalancedby radial diffusion.
Experimentally, this relation is actually used to estim
D from measurements ofW [4]. The ordering (5) is
different from that usually assumed for the core plas
where parallel transport is faster than radial diffusion,
results in qualitative changes in the parallel transp
as recently pointed out in the context of diffusion
classical Coulomb collisions [5] and weak turbulence
The drift kinetic equation (1) with (3) for the anomalo
diffusion has been solved in simplified geometries at
collisionality in Refs. [7]. Here, we consider the oppos
limit of short mean-free path. The collision operator th
dominates, and to lowest order the distribution funct
for each ion species becomes Maxwellian,

fi0  ni

µ
mi

2pTi

∂3y2

exp

µ
2

miy
2
'

2Ti
2

misyk 2 Vkd2

2Ti

∂
,
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with a common parallel velocityVk, expected to be o
the order of the ion thermal speedyTi at the edge. The
temperaturesTi may be different for different species wit
very disparate massesmi .

In the next order, we may takefi0 to be Maxwellian on
the left-hand side of (1), and decompose the correctionfi1
into an odd and an even piece inuk ; yk  Vk, fi1 
Fi1 1 Gi1. To obtain the particle and heat fluxes, w
need only the odd pieceFi1, which obeys

CsFi1d 
X

j

fCijsFi1, fj0d 1 Cijs fi0, Fj1dg

 uk

∑
Ai1 1

µ
miu2

2T
2

5
2

∂
Ai2

∏
fi0 , (6)

where u ; v 2 Vk, the sum is taken over all specie
(including electrons), and

Ai1 ; =k ln sniTid 2
eiE

i
k

T
2

mi

Ti

≠

≠r

µ
D

≠Vk

≠r

∂
2

2miD
Ti

≠Vk

≠r
≠ ln ni

≠r
, (7)

Ai2 ; =k ln Ti 2
2miD

Ti

≠Vk

≠r
≠ ln Ti

≠r
(8)

are thermodynamic forces. Here we have introdu
Ei

k ; Ek 2 smiyeid sVk 1 VEd ? =Vk. Equation (6) has
the form of a Spitzer problem for classical transport alo
the magnetic field. In fact, if the diffusion coefficie
D is independent of velocity, (6) is mathematically e
tirely equivalent to the multi-ion Spitzer problem gover
ing classical parallel ion transport, which has been sol
previously [8]. The only difference is that the usual th
modynamic forces are modified by anomalous diffus
through the terms proportional toD. These new terms
are of the same order as the classical ones because o
edge ordering (5), and may therefore be expected to
important. We may use the mathematical equivalenc
the classical problem to write down the inverse transp
laws

Ri 
X

j

µ
l

ij
11ukj 1

2
5

l
ij
12qkjypj

∂
, (9)

Hi 
X

j

µ
l

ij
21ukj 1

2
5

l
ij
22qkjypj

∂
, (10)

relating the total parallel friction forceRi acting on the
speciesi

Ri ;
Z

fimuk d3u  niTiAi1 ,

and the heat friction

Hi ;
Z

fimuk

µ
miu2

2T
2

5
2

∂
d3u  s5y2dniTiAi2



VOLUME 77, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 16 SEPTEMBER1996

n
ne
ly

ten
hu
lle

pu
th

n
t

ie

-
ci

re
1]
er

[6
is
n

of

t

h
vi

d

in

ical
he

a,
oth
rds
In

rds
tely
in

an-
ular
), at
is
lly
the
[9].
and
an
mal

bu-
to

he
en
not
y a
It

port
ra-
an
-
om
ain

the
cle
be
s
a
ce

ism

te

In
of
to the particle and heat fluxesuki and qki respectively.
The transport coefficientsl

ij
kl  l

ji
lk are identical to the

classical ones [8]. By inverting the system of Eqs. (9) a
(10), one obtains the particle and heat fluxes as a li
combinations of the thermodynamic forces. Alternative
by solving forRi andqki in terms ofHi anduki , transport
equations of the type derived by Braginskii [9] and of
used in numerical edge computations are obtained. T
when written in this latter form, the usual classical para
transport laws are modified by the replacement

nj=kTj °! nj=kTj 2
2mjnjD

Tj

≠Vk

≠r

≠Tj

≠r
,

for all j in the expressions forRi andqki.
For instance, in a hydrogen plasma with heavy im

rities, the classical expression for the force acting on
hydrogen ions is [10]

Ri  2C1
minisuki 2 ukZd

tiZ
2 C2ni=kTi ,

wheretiZ  3m
1y2
i T

3y2
i y4s2pd1y2nZZ2e4 ln L is the ion-

impurity collision time, andC1 and C2 are coefficients
depending on the impurity strengtha  nZZ2yni , tabu-
lated in Ref. [10]. The subscripti refers here to the mai
hydrogenic species, andZ to the impurities. In a turbulen
edge plasma, the force thus becomes [6]

Ri  2 C1
minisuki 2 ukZd

tiZ

2 C2

µ
ni=kTi 2

2miniD
Ti

≠Vk

≠r
≠Ti

≠r

∂
. (11)

More generally, when there are many ion spec
present, inverting (10) to obtainuki and substituting in
(9) gives the force acting on each species as

Ri  2
X

j

∑
aij

minisuki 2 ukjd
tij

1 bij

µ
nj=kTj 2

2mjnjD

Tj

≠Vk

≠r

≠Tj

≠r

∂∏
,

(12)

where the coefficientsaij and bij are complicated func
tions of the masses, densities, and charges of all spe
Explicit formulas exist in the literature, as well as p
scriptions for how to evaluate them numerically [1
They do not change as a consequence of the edge ord
(5), although the force itself is modified.

A new and unconventional type of thermal force
has appeared as the third term in (11) and (12). It ar
in a way similar to the usual thermal force (the seco
term, proportional to=kT), i.e., as a consequence
an asymmetry inuk in the distribution function of the
lighter species [in (11) the hydrogenic ions (i)]. For
the usual thermal force, the asymmetry arises since
particles traveling in the direction of=kTi are colder
than the ones moving in the opposite direction. T
former are therefore more collisional and push the hea
d
ar
,

s,
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particles in the direction of=kTi . In an edge plasma
with ≠Vky≠r , 0 and ≠Tiy≠r , 0, anomalous diffusion
transports hot ions with largeVk outwards in the SOL,
where ions withuk , 0 therefore tend to be colder, an
hence more collisional, than the ones withuk . 0. Thus,
again a thermal force arises.

It may be of practical interest for impurity retention
tokamak divertors that if≠Vky≠r and ≠Tiy≠r have the
same sign, the new thermal force opposes the class
one, which otherwise tends to drive impurity ions from t
divertor towards the core plasma. In the divertor plasm
the parallel velocity and the temperature usually b
have a maximum near the separatrix, falling off towa
the outer SOL and towards the private flux region.
this case the products≠Vky≠rd s≠Tiy≠rd is positive, and
the anomalous thermal force pushes impurities towa
the divertor plates. To assess its effect more accura
requires numerical simulation of the fluid equations
realistic geometry.

The usual derivation of these equations by the Chapm
Enskog or Grad expansions does not permit perpendic
gradients large enough to satisfy the edge ordering (5
least not if the cross-field diffusion is classical [5]. This
why the anomalous thermal force was derived kinetica
here. We have not been able to recover it by taking
appropriate turbulent average of Braginskii’s equations
Because of the apparently different closure scheme
subtleties in the orderings, it is not clear whether it c
be obtained in this manner at all. The anomalous ther
force appears to be a kinetic effect.

In conclusion, we have demonstrated that in a tur
lent edge plasma, where the ordering (5) is expected
hold for ions, the anomalous radial diffusion affects t
parallel transport by modifying the thermal force betwe
different ion species. The parallel transport is thus
entirely classical as usually assumed, but is affected b
new type of thermal force driven by radial gradients.
is actually a basic property of edge plasmas that trans
does not occur within each flux tube separately since
dial diffusion feeds in plasma from the core. There c
be parallel flow driven entirely by radial diffusion, with
out parallel gradients. This circumstance is apparent fr
the fact that the thermodynamic forces (7) and (8) cont
terms with only radial gradients.

To make these phenomena explicit, we have adopted
simplest possible turbulence model, with an ion parti
diffusion coefficient independent of velocity (as may
expected in the idealized limit of small Larmor radiu
and long parallel wavelength). While this is clearly
simplification, it is important to realize that the appearan
of the new thermal force is independent of the mechan
of radial transport. What matters is that the termkṼE ?

=f̃il describing anomalous diffusion is allowed to compe
with parallel streamingvk ? =fi in Eq. (1), which is to
be expected in an edge plasma by the ordering (5).
the simple turbulence model adopted, the coefficients
2481
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the new thermal force are identical to the classical o
making its inclusion in existing numerical modeling
the plasma edge relatively straightforward. In a m
elaborate description of the anomalous transport, the f
between different ion species becomes more complica
Its precise form depends on the much debated detai
the anomalous transport.

Finally, we point out that the appearance of the n
type of thermal force is not limited to tokamaks, b
could be of importance in any edge plasma existing
a consequence of the balance (5) between diffusion
parallel flow.
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