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Hydrodynamic instabilities occur in the motion of non-Newtonian polymeric liquids at low
rates that are entirely absent in the corresponding motions of Newtonian fluids. We dev
dimensionless criterion that characterizes the critical conditions for onset of elastic instabilities i
dimensional, single-phase isothermal viscoelastic flows. The new dimensionless group is an
to classical Taylor and Görtler numbers characterizing inertial instabilities of Newtonian fluid
quantifies both the curvature of the streamlines and the dynamics of the non-Newtonian fluid m
[S0031-9007(96)01132-5]

PACS numbers: 47.20.–k, 47.50.+d, 83.50.–v
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The nonlinearities in the equations of motion describ
fluid flow can lead to the development of hydrodynam
instabilities stemming from the consideration of fluid
ertial effects, Coriolis effects, buoyancy, surface tens
etc. [1]. In many flows involving macromolecular liquid
hydrodynamic instabilities are observed at low flow ra
that are absent in the corresponding flow of Newton
fluids [2]. In polymeric materials, the presence of a w
defined microstructure results in a complex rheolog
response, which in turn affects the stability of the flu
motion. Polymeric liquids exhibit significant elastic a
shear-thinning phenomena [3,4] which are represente
nonlinear terms in constitutive relations that describe
state of stress in flowing polymeric materials. These
coelastic constitutive equations are nonlinear function
of the rate of deformation tensor,Ùg ­ s=yd 1 s=ydt ,
whereysx, td is the velocity vector [4]. The complex in
teraction of nonlinear terms in the momentum equa
and the constitutive equation give rise to a new clas
unstable flows with a rich dynamical structure [5].

One of the best-documented instabilities in Newton
flows is the Taylor-Couette instability [6]. In the Coue
device, fluid is placed between two concentric cylind
and flow is generated by differentially rotating the bou
aries. The Taylor instability is characterized by the gen
tion of streamwise vorticity and development of a stea
secondary cellular structure in the axial direction, kno
as Taylor cells [7]. The source of this instability is ine
tial motion of material elements along curved streamli
in which the centrifugal forces act to push the fluid outs
its circular orbit [1].

A similar Taylor-Couette instability occurs in the flo
of non-Newtonian fluids [5]; however, the destabilizi
forces arise from nonlinear interactions between ine
fluid shear thinning, and elasticity. Experiments with co
stant viscosity “ideal elastic fluids” [8] have demonstra
the presence of a purely elastic mode that occurs at
ligibly small Reynolds numbers [9], and linear stabil
analyses with simple constitutive relations are able to
dict this instability [10]. Elastic instabilities also occur
0031-9007y96y77(12)y2459(4)$10.00
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more complex geometries [11,12] that are not amena
to classical linear stability analyses due to the difficult
in obtaining analytical expressions or accurate numer
solutions for their base flows. In a two-dimensional flo
field we can characterize the relative magnitude of
physical length scales in each principal direction, sayL
andH, by the aspect ratio,L ­ HyL. A common char-
acteristic of the observed elastic instabilities in such
ometries is the sensitivity of the critical onset conditio
and resulting spatiotemporal dynamics to the relevant g
metric aspect ratioL.

From a micromechanical viewpoint, the motion of
polymer chain along a curvilinear streamline can be r
resented schematically as shown in Fig. 1. If, as a re
of a radial perturbation, the polymer molecule does not
along a streamline, the shearing motion stretches the c
nonuniformly, which in turn amplifies the non-Newtonia
“hoop stress,” i.e., theuu component of the polymer con
tribution to the stress tensortuu . The nonlinear convective
terms, e.g.,ly ? =t and l=y ? t , which appear in vis-
coelastic constitutive relations, provide the coupling w
the components of the fluid momentum equation. He
l is a characteristic relaxation time of the fluid [4]. Th
perturbation to theuu component of stress enters into th
radial momentum balance determining the pressure fi
and this pressure disturbance ultimately generates a ra
s

,
-

g-

-FIG. 1. Polymer chains in a curvilinear shear flow; unifo
vs nonuniform chain extension.
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velocity component. The presence of a radial velocity
duces an axial velocity to satisfy the continuity equati
and the perturbation can thus be amplified. This comp
coupling via normal stresses and curved streamlines
distinguishing feature of elastic instabilities [10].

To characterize the onset of any instability, cert
critical parameters or dimensionless groups naturally a
from dimensional analysis of the governing equation
For the Taylor instability, the relevant dimensionless gro
is the Taylor number,

T ­ 2sdyr1dRe2,

where r1 is the radius of the inner cylinder,d is the
gap separation, and Re­ Ur1yn is the Reynolds numbe
Here, U is the linear speed of the inner cylinder andn

is the kinematic viscosity. The Taylor number combin
measures of fluid inertia (Re) and of the streamline rad
of curvature sr1d. In elastic flows, two dimensionles
groups quantifying the non-Newtonian nature of the fl
may be defined; the Deborah and Weissenberg num
[4] which are given, respectively, by

De ­ lytflow , Wi ­ lytdef ,

where tflow , LyU is a characteristic residence time
the flow geometry, andtdef , 1y Ùg is a characteristic mea
sure of the local deformation time scale for a fluid e
ment. In complex flow geometries, these time scales
not necessarily the same measure and characterize
ferent physical processes [4]. By analogy to the cla
cal Taylor number, we seek to construct a dimension
scaling relationship for characterizing the onset of e
tic instabilities with a functional dependence of the fo
fsssRsL, tflow, tdef, l, hd, l, tflow, tdef ddd. Here,R is a mea-
sure of streamline radius of curvature in the flow geom
andh is the fluid viscosity.

Experiments have shown that the torsional motions
elastic fluids between a rotating cone and a plate or
tween parallel coaxial disks are unstable to spiral
turbances [13]. Linear stability analysis of the form
geometry shows that an oscillatory elastic instability
pears when the following stability criterion is met [14]:

De Wi ­ l2v2yu0 . 21.17 ,

wherev is the rate of rotation of the cone andu0 is the
angle between the cone and the plate. In the limit of sm
cone angles,u0 ø hyr whereh is the gap separation andr
is the radial distance from the apex of the cone. Theref
we can represent the product De Wi,

De Wi ­
lrv

r
lrv

h
­

lU
r

l Ùg ,

whereU ­ rv and Ùg ­ rvyh. We define the distanc
, ; lU as the characteristic distance over which pe
turbations relax along a streamline,and R ; r as the
characteristic measure of the radius of curvature of
streamlinesin this viscoelastic base flow. The dimensio
2460
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less stability criterion is then given by

sDe Widcrit ­ fs,yRd Wigcrit ­ 21.17 , (1)

which combines dimensionless measures of the stream
radius of curvature and of fluid elasticity. Similarly,
the linear stability analysis of the Taylor-Couette flow
ideal elastic liquids the stability boundaries vary with t
parametersdyr1d Wi2 [10], or in our notation with the sam
dimensionless criterion,µ

d
r1

Wi2
∂

crit
­

∑
d
r1

µ
lv

dyr1

∂2∏
crit

­

µ
,

R
Wi

∂
crit

­ 35.04 , (2)

whereU ­ r1v andR ­ r1 for this problem.
The flows in the above geometries are unidirection

and the radii of curvature of the streamlines in the sta
base flows are set by a single length scale. However,
complex two-dimensional flow the local radii of curvatu
vary throughout the geometry as the characteristic velo
U is increased. It can be inferred from dimensional c
sideration of the geometry that the streamline curva
should scale with a combination of the two principal leng
scales of the flow,L andH. The simplest such expressio
is

1yR ­ ayL 1 byH , (3)

where L and H are considered as length scales for
principal radii of curvature weighted by the dimensionle
constantsa and b. Equation (3) is applicable in bot
limiting cases whereL ­ HyL is either very small or
large. In such extreme cases, one length scale determ
the radius of curvature as in the Couette (L ­ r1, H ! `)
and cone-plate geometries (L ­ r , H ! `).

As a simple way of investigating the proposed scal
in a complex geometry, we consider the flow of two d
ferent ideal elastic fluids in a box of sizesL, H, 4Ld where
L ­ 2.5 cm, andH is adjustable in the range ofLy4 to
4L. The elastic fluids are composed of 0.2 and 0.35 w
polyisobutylene dissolved in polybutene oils, and the
laxation times determined via standard viscometric te
niques [4] arel ­ 1.6 and 2.5 s, respectively. The flui
is placed in the box and the top plate is translated wit
constant speed in thex direction as shown schematical
in Fig. 2. This “lid-driven cavity” constitutes a classic
problem in fluid mechanics that has a complex dynam
structure [15–17].

In this problem, the Deborah and Weissenberg numb
are defined, respectively, by De­ lUyL, Wi ­ lUyH.
The maximum Reynolds number attained is Reø
Os1023d, indicating that inertial effects are always neg
gible. At low Deborah and Weissenberg numbers,
flow is two dimensional in thex-y plane except very
near the end walls. At a critical value of De and Wi,
cellular structure develops in the cavity as can be see
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FIG. 2. The schematic diagram of the driven cavity flow; fl
instability can be observed from the end view and also f
below (plan view).

the photographs presented in Fig. 3. In Fig. 4, we pre
streak images of the flow in thex-y plane. Pronounce
streamline curvature is present in the regions near
upper corners of the cavity, and as the driving velo
is increased the radius of curvature becomes smalle
the downstream corner. The onset of elastic instabilit
initiated in this region in the form of Taylor-Görtler-lik
(TGL) disturbances in the neutral orz direction [1]. The
streamline curvature in the downstream corner resul
a local deformation rate ofÙg , UyR, which defines the
appropriate local dynamical measure of elastic effe
WiR ­ lUyR. With this definition, our dimensionles
criterion [cf. Eqs. (1) and (2)] for onset of elastic instab
ity reduces tos,yRd2

crit ­ const, or, equivalently,

slUyRdcrit ­ Mcrit , (4)

whereMcrit is a constant value for any particular fluid a
is modulated by variations in other material parame
(e.g., solvent viscosity). The constantsa andb in Eq. (3)
are unknown; however, combining Eqs. (3) and (4),
find

HylUcrit ­ 1yWicrit ­ aL 1 b ,

i.e., the stability loci measured for each cavity should
on a straight line when1yWicrit is plotted versusL. As we
show in Fig. 5, this scaling argument between1yWicrit and
L represents our experimental observations in both fl
extremely well with a good superposition of the data.
our characterization of the radius of curvature via Eq.
the constantsa andb do not merely provide geometric
fits to experimental data; as we show elsewhere in
analysis of more complex flow geometries, these cons
scale with the rheological parameters of the fluid and
geometrical structure of the fluid motion. Furthermo
the dimensionless grouping,yR is not equivalent to
conventional definitions of the Deborah number, and in
case of driven cavity flow it can be written in the followin
form:

lUyR ­ sa 1 byLd De.
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FIG. 3. Flow visualization of the elastic instability for cavitie
of different aspect ratios. (a) End view of the stable base fl
L ­ 1, De ­ 0.25, Wi ­ 0.25; (b) as the driving velocity
is increased the flow in (a) becomes unstable and T
vortices develop;L ­ 1, De ­ 0.35, Wi ­ 0.35. Plan views
of cavities with different aspect ratios show that the spa
frequency and critical conditions vary withL; (c) L ­ 0.5,
De ­ 0.29, Wi ­ 0.58; (d) L ­ 0.25, De ­ 0.25, Wi ­ 1.

The measure of curvatureR is infinite for geometries tha
do not exhibit any curved streamlines. For example,
the rectilinear shear flow of a viscoelastic fluid (R ­
r1 ! ` in the Couette device) the flow is predicted
2461
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FIG. 4. Streak images of the flow field in thex-y plane for a
cavity with L ­ 1: the stable versus unstable flow streamlin

be stable to any linear disturbance at all De in agreem
with theory [18].

In the case of Newtonian inertial instabilities that occ
in viscous boundary layer flows over concave surfa
the stability boundaries are characterized by the Gö
numberG2 ­ sU`dxynddxyR. HereU` is the ambient
undisturbed velocity anddx is the local thickness of th
boundary layer, typically expressed asdx ­ snxyU`d1y2,
where x is the streamwise distance originating from t
beginning of the boundary layer [19]. Upon substi
tion of the expression fordx into the definition ofG,
the Görtler number reduces to a ratio of length sca
which incorporate information about the local fluid d
namics on a viscous diffusive length scaledx, relative
th
he
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,
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FIG. 5. The inverse of critical Weissenberg number for
onset of instability in the cavity geometry as a function of t
aspect ratio: the linear relationship shows that,yR remains
constant at the onset of instability. With the representa
given in Eqs. (3) and (4),a ­ 0.14, b ­ 2.8, andMcrit ­ 1.0.
2462
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to the local radius of curvature of fluid streamlines,R.
Our proposed dimensionless criterion can be though
as the viscoelastic complement of the Görtler numb
Of course, in a viscoelastic fluid there is no charact
istic local boundary layer length scale, and this is
placed by the scale, ­ lU characterizing the relaxatio
of a kinematic perturbation along a viscoelastic mate
line. Furthermore, the destabilizing normal stress t
provides the driving force in elastic instabilities does n
have to increase towards the center of curvature and m
in fact, increase, decrease, or remain constant depen
on the particular geometry. For example, the viscoe
tic Taylor-Couette instability occurs when either the inn
or outer cylinder is rotated beyond critical values. Ho
ever, the inertial Taylor instability occurs only when th
inner cylinder rotates faster than the outer one beyon
critical rate.
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