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We study self-action of light in parametric wave interactions in nonlinear quadratic media. We sho
the existence of stationary solitons in the presence of Poynting vector beam walk-off or different gro
velocities between the waves. We discover that the new solitons constitute a two-parameter fam
and they exist for different wave intensities and transverse velocities. We discuss the properties of
walking solitons and their experimental implications. [S0031-9007(96)01172-6]
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Parametric, nonlinear, three-wave interactions play
important role in many branches of physics. They acco
for resonant wave mixing in media with a weak nonline
ity, quadratic in the fields, and arise in different areas
plasma physics, fluid dynamics, water and acoustic wa
electronic parametric amplifiers, and nonlinear optics
In many situations of interest, the dispersive effects t
place at a much longer time or space scale length than
nonlinear effects. In such cases much progress in sol
the governing equations can be made by using analy
tools, including the inverse scattering transform meth
[2], and they have been extensively investigated for m
than three decades.

However, in physical settings where the dispersive
nonlinear scale lengths are comparable, the param
interactions of intense waves exhibit a much rich
variety of phenomena than is commonly believed. T
propagation of tightly focused beams or short pulses
appropriate optical media sets such a scenario, and
fascinating example of the existing new phenomena is
formation of solitons (or, more properly, solitary wave
by the mutual trapping of the interacting waves. In t
paper we concentrate on parametric interactions of op
waves in quadratic nonlinear media, and we specific
study the so-called degenerate case in which a wave
fundamental frequency interacts with its second harmo
This case offers the additional motivation of the poten
important applications of the phenomena uncovered to
optical devices for the control of light by light.

Both (1 1 1) solitons (i.e., one transverse dimensi
and one propagation dimension) and higher-dimensio
solitons exist in bulk crystals and in optical waveguid
made of quadratic media [3–8]. Temporal solitons app
to be more difficult to form with currently availabl
experimental conditions, but (1 1 1) and (2 1 1) bright
spatial solitons have been recently observed in sec
harmonic generation experiments [9]. Families of ze
velocity soliton solutions of the governing equations
known to exist under ideal conditions, namely, wh
there is no walk-off between the interacting waves [
8]. Temporal walk-off is due to different group velocitie
of the waves forming the soliton, while spatial walk-o
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is due to different propagation directions of energy a
phase fronts in anisotropic media. Provided that nonlin
quadratic optical materials are anisotropic, beam walk-
is always present in the experiments when birefringen
tuning phase-matching techniques are used. Numer
experiments indicate that solitonlike propagation occ
in the presence of walk-off [6], but soliton solution
are not known, and a general question arises of whe
stationary, non-zero-velocity solitons exist.

In this Letter we show the existence of stationa
soliton solutions in the presence of walk-off between t
waves. We discover that the new “walking” soliton
constitute a two-parameter family, and they exist f
different wave intensities and soliton velocities. Th
solitons do not have simple traveling-wave forms. W
show the stability of physically relevant solutions an
discuss their implications to the experimental excitati
of solitons with different input beams.

We consider continuous wave light beams traveling
a medium with a large quadratic nonlinearity, and here
concentrate on (1 1 1) geometries. In the slowly varying
envelope approximation, the beam evolution is describ
by the reduced normalized equations [5]

i
≠a1

≠j
2

r
2

≠2a1

≠s2 1 ap
1 a2 exps2ibjd ­ 0 ,

i
≠a2

≠j
2

a

2
≠2a2

≠s2 2 id
≠a2

≠s
1 a2

1 expsibjd ­ 0 , (1)

wherea1 anda2 are the amplitudes of the fundamental a
second harmonic waves, andr ­ 21 for spatial solitons.
The parametersa, b, andd are given by the ratios of the
coherence length (lc ­ pyjDkj), the diffraction lengths
(ld ­ kh2y2), and the walk-off length (lw ­ hyr). Here
k is the wave vector at both frequencies,Dk ­ 2k1 2 k2

is the wave-vector mismatch,r is the walk-off angle,
and h is the beam width. One hasa ­ 2ld1yld2, d ­
62ld1ylw, and b ­ signsDkd 2pld1ylc. The transverse
coordinates are given in units ofh, and we set for the prop
agation coordinatezyld1 ­ 2j. For relevant experimen
tal conditions, say,lc , 2.5 mm, r , 1±, h , 15 mm,
one obtainsa . 20.5, d , 61, andb , 63. For the
numerics we seta ­ 20.5. Equations (1) also hold for
© 1996 The American Physical Society 2455
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pulsed light. Then diffraction is replaced by dispersi
beam walk-off is replaced by group velocity mismatch, a
r anda are given by the group velocity dispersion at t
fundamental and second-harmonic frequencies.

A great insight into the properties of the new solito
we have found can be obtained from the integrals of
wave evolution. Here we shall make use of three kno
integrals which can be readily obtained from Noethe
theorem, or directly from the governing equations, nam
the total beam power or energy flow given by the Manl
Rowe relation

I ­ I1 1 I2 ­
Z

hjA1j
2 1 jA2j

2j ds , (2)

the Hamiltonian or field energy

H ­ 2
1
2

Z Ω
r

Ç
≠A1

≠s

Ç2
1

a

2

Ç
≠A2

≠s

Ç2
2bjA2j

2

1 i
d

2

√
A2

≠Ap
2

≠s
2 Ap

2
≠A2

≠s

!
1 sAp2

1 A2 1 A2
1Ap

2d
æ

ds , (3)

and the total transverse beam momentum

J ­ J1 1 J2 ­
1
4i

Z Ω
2

√
Ap

1
≠A1

≠s
2 A1

≠Ap
1

≠s

!
1

√
Ap

2
≠A2

≠s
2 A2

≠Ap
2

≠s

!æ
ds , (4)

where we have definedA1 ­ a1 andA2 ­ a2 exps2ibjd.
We shall also need the rate of power exchange betw
the fundamental and second harmonic waves. Writing
fields in the forma1,2 ­ U1,2 expsif1,2d, whereU1,2 and
f1,2 are real quantities, one arrives at

dI2

dj
­ 2

Z
U2

1 U2 sinsf2 2 2f1 2 bjd ds . (5)

We are looking for stationary solutions of Eqs. (
describing mutually trapped beams walking off thej ­ 0
axis, hence we set

ansj, sd ­ Unshd expfifnsj, hdg, n ­ 1, 2 , (6)

with U and f being real functions,h ­ s 2 yj is the
transverse coordinate moving with the soliton peak,
fnsj, sd ­ knj 1 fnshd. Herey is the soliton velocity,
kn the nonlinear wave-number shifts induced by the w
interaction, and the functionsfnshd stand for the transvers
phase fronts of the solitons. According to (5), to av
all power exchange between the waves, one first n
k2 ­ 2k1 1 b. Also the phase fronts should verify eith
f2shd ­ 2f1shd everywhere, or alternativelyUnshd and
fnshd have to be symmetric and antisymmetric functio
of the transverse coordinateh, respectively. We sha
find out that only the solutions that occur in the abse
of walk-off fulfill the former condition, whereas with thi
exception all the walking solitons fulfill the latter.

Substitution of (6) into (1) yields the coupled nonline
ordinary differential equations that should be fulfilled
2456
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the functionsUnshd andfnshd. Namely,

1
2

Ü1 2

∑
k1 2 y Ùf1 1

1
2

Ùf2
1

∏
U11

U1U2 cossf2 2 2f1d ­ 0 , (7)

1
2

f̈1U1 1 f Ùf1 2 yg ÙU1 1 U1U2 sinsf2 2 2f1d ­ 0 ,

(8)

1
2

aÜ2 1

∑
2k1 1 b 2 sy 1 dd Ùf2 2

1
2

a Ùf2
2

∏
U22

U2
1 cossf2 2 2f1d ­ 0 , (9)

1
2

af̈2U2 1

h
a Ùf2 1 y 1 d

i
ÙU21

U2
1 sinsf2 2 2f1d ­ 0 , (10)

where the overdots indicate the derivative with respec
h. Recall thata, b, and d are given by linear wave
parameters, while the nonlinear wave-number shiftk1 and
the velocityy parametrize the sought after solutions.
the absence of walk-off one hasd ­ 0, and zero-velocity
soliton solutions of the above equations are known to e
[3–8].

Next we discuss the existence conditions of non-ze
velocity soliton solutions of the system of Eqs. (7)–(10
Walking solitons might exist for nonlinear wave-numb
shifts k1 and velocitiesy such that the soliton is not in
resonance with linear dispersive waves. Otherwise
coupling between the waves would lead to energy leak
that would appear as Cherenkov radiation emitted fr
the soliton [10]. To calculate the resonance conditi
we define the longitudinal components of the nonline
wave numbers of the two waves forming the soliton
qn,nl ­ dfnydj, so thatqn,nlshd ­ kn 2 y Ùfnshd. The
values of the phase-front tiltsÙfnshd far from h ­ 0 are
given by Eqs. (8) and (10), and one has

Ùf1sh ! `d ­ y, Ùf2sh ! `d ­ 2
1
a

sd 1 yd . (11)

The longitudinal wave numbers of the linear wav
are given by the dispersion relationsq1,lin ­ 2

1
2

Ùf2
1,lin,

q2,lin ­ 1
2 a Ùf2

2,lin 1 d Ùf2,lin, whereÙfn,lin are given by (11).
Cutoff occurs at the resonance conditionsqn,nlsh !

`d ­ qn,lin, and we find

k1,cut ­ max

(
1
2

y2,
sd 1 yd2

4s2ad
2

b

2

)
. (12)

For given values of the various involved paramete
walking solitons can exist for nonlinear wave-numb
shifts above these values.

The system (7)–(10) allows a trivial traveling-wav
solution having the form given by (6), with the phas
front fnshd ­ vnh. Substitution into (8) and (10) give
v1 ­ y and v2 ­ 2sd 1 ydya. However, this yields
f2shd ­ 2f1shd, and the velocityy ­ 2dys2a 1 1d.
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Because in all physically relevant situations one
a . 20.5, this expression gives a soliton velocity orde
of magnitude larger than the actual velocity. Th
such solutions do not have physical relevance un
a ­ 20.5 and there is no walk-off (d ­ 0). In such
a case, the traveling-wave solution constitutes a z
velocity transformation that is simply a consequence
the Galilean invariance of the governing equations.

To investigate the existence of stationary walking s
tons, we have solved Eqs. (7)–(10) numerically usin
band-matrix method to deal with the two-point boun
ary value problem for the four unknown functionsUnshd,
fnshd. We have concentrated on bright solitons. W
have found that families of walking solitons exist at d
ferent values of the material parametersa, b, and d,
with different wave intensities and soliton velocities.
convenient way to represent the solutions is an ene
flow-nonlinear wave number, i.e.,k1sId diagram. Fig-
ure 1 shows such a diagram for different values of
wave-vector mismatch, at a representative value of
walk-off parameter. We have included the curves co
sponding to the nonwalking solitons known in the abse
of walk-off [8]. The properties of the families of walkin
soliton solutions are different in each case and a com
hensive study shall be published elsewhere. Three m
points follow.

First, the shape of the walking solitons depen
strongly on their velocity, similarly to solitons of othe
non-Galilean invariant equations (e.g., [11]). In Fig
we have plotted the amplitude and the local phase-f
of
or
as
th
al
ed

at

m,

he
ton
oth
FIG. 1. Nonlinear wave number versus energy flow
the walking soliton solutions for different linear wave-vect
mismatches and soliton velocities. (a) The solitons at ph
matching; (b) the solitons at positive phase mismatch; (c)
solitons at negative phase mismatch. In all cases the w
off parameterd ­ 1. Dashed lines: unstable solutions. Dott
lines: nonwalking solitons ford ­ 0.
s

s
ss

o-
f

i-
a
-

e

gy

e
e
-
e

e-
in

s

nt

tilt, defined as Ùfnshd, for two representative solitons
In some cases, the walking solitons exhibit oscillati
tails with fast variations of the transverse phase front,
shown in Fig. 2(d). Second, we have verified nume
cally in selected cases by solving Eqs. (1) that soluti
with increasing wave number for increasing ener
flow are stable under propagation. This is consist
with Kolokolov’s criterion applied to this case [12
We have also found that solutions of the negativ
sloped branches in thek1sId diagrams are unstable o
propagation, so that they either eventually spread or t
reshape, acquire a slightly different velocity, and dec
into a stable walking soliton. To further confirm th
robustness of the solitons, we have verified that walk
solitons with different velocities are excited, e.g., wi
appropriately tilted inputs. The rigorous stability analy
of all the solutions remains to be done. Third, even
the presence of walk-off there are zero-velocity solit
solutions. The situation is somehow similar to an unf
tunate driver who owns a car that has gotten front whe
with a default tilt towards either side of the road. In su
a case, it is still possible to keep the car running strai
ahead by applying an opposite turn to the steering wh
Walking soliton solutions proceed the same way,
having the appropriate phase-front curvature. Howev
the excitation of such zero-velocity solitons would requ
an input beam that exactly matches the stationary sol
solution.

Important information about the nature and propert
of the walking solitons we have found can be obtain
using analytical tools, as follows. We first notice th
Eqs. (1) can be written in the canonical formi≠A1y≠j ­
dFH ydFAp

1, i≠Ã2y≠j ­ dFH ydFÃp
2, wheredF stands

for Fréchet or functional derivatives and̃A2 ­ A2y
p

2.
This defines an infinite-dimensional Hamiltonian syste
e
e
k-

FIG. 2. Amplitude and local phase-front tilt, defined as t
transverse derivative of the phase front of two walking soli
solutions as a function of the transverse coordinate. In b
casesb ­ 23, d ­ 1, andk1 ­ 3. In (a) and (c)y ­ 20.5.
In (b) and (d)y ­ 22.
2457
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thus it can be analyzed accordingly [13]. We first fi
that the stationary solutions with the form given by
occur at the extrema of the Hamiltonian for a giv
energy flow and a given transverse momentum,
they occur atdFhH 1 k1I 2 yJ j ­ 0. Now using
Derrick’s theorem we find that the stationary solutions
realized at

H ­ 2
3
5

k1I 1
1
5

bI2 1
4
5

yJ 2
1
5

dJ2 . (13)

In the absence of walk-offd ­ 0, and the last two term
in the right-hand side of this expression vanish for ze
velocity solutions. However, in the presence of walk-o
only the third term vanishes for zero-velocity soliton
whereas the last term contributes to the Hamiltonian. T
is an important consequence of the fact that the transv
momentum of the walking solitons is not only related
their velocities, but also to their phase-front curvatur
The traveling-wave solutions that occur whend ­ 0
with a ­ 20.5 have a flat phase front and a pha
front tilt given by the soliton velocity, hence the bea
momentum is proportional to the soliton velocity.
such conditions, one finds the particlelike resultsJ ­ Iy

and H ­ H sy ­ 0d 1 s1y2dIy2. However, Eq. (13)
shows that such is not the case of the walking solitons
have discovered.

To elucidate the relation between the velocity a
the momentum for the stationary walking solitons
examine the evolution of the energy centroidssjd ­R

shja1j
2 1 ja2j

2jds. One findsdsydj ­ J 2 dI2 2

s2a 1 1dJ2. For stationary solutions of the form (6
one hasssjd ­ yIj, so that the velocity of the walkin
solitons turns out to be

y ­ 2d
I2

I
1

J

I
2 s2a 1 1d

J2

I
. (14)

The first term in the right-hand side of this expression
a clear physical interpretation: Walking solitons acco
for the mutual dragging of the waves, hence the larges
second harmonic, the highest the strength of the dragg

Equation (14) is central to the actual excitation of wa
ing solitons. It has to be used with caution because
dynamics of the excitation produces radiation, and s
dispersive waves take energy and momentum away.
tice that in Eq. (14) the ratiosI2yI , J yI correspond to
the stationary walking solitons and not to the input lig
However, Eq. (14) provides a direct estimation of the
locity of the walking solitons that are excited with diffe
ent inputs, as we have confirmed by performing a serie
numerical experiments. In particular, Eq. (14) shows
zero-momentum inputs, i.e., having a symmetric tra
verse phase front, shall excite walking solitons with a
locity y , 2d I2yI . The ratioI2yI depends strongly o
the linear wave-vector mismatch between the waves
also on the total energy flow. In particular, at positiveb

the solitons have smallI2yI, and they walk slowly. At
phase matching and at negativeb the solitons have large
I2yI , thus they walk faster.
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In conclusion, we have found stationary, walking s
tons formed by parametric wave interactions of focu
beams or short pulses propagating in quadratic no
ear optical media in the presence of spatial or temp
group velocity mismatch between the waves. The
solitons constitute a two-parameter family, and they
ist for different wave intensities and transverse velo
ties. Our results could be also relevant to other phys
settings where parametric three-wave interactions pl
role in scenarios where the dispersive and nonlinear s
lengths are comparable. The approach reported can
be applied to similar problems in cubic nonlinear me
Such is the case, e.g., of highly birefringent optical fib
where the existence of walking vector solitons has b
shown by Soto-Crespoet al. [14], by means of numerica
experiments.
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