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We predict the existence in hydrogen of stable nonspreading Rydberg wave packet states that
classical counterparts. We show their time-dependent creation from circular Rydberg states in nu
simulations. These states are both angularly and radially localized exactly in antiphase from th
responding nonspreading (so-called Trojan) packet position and are stabilized by quantum interf
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The description of fundamental quantum systems
regimes of strong perturbation is a matter of wide int
est in physics. One-electron bound systems are the
fundamental at the atomic level, and striking new p
nomena have been predicted and observed in the
decade or so in such systems. These have come
experiments in laser fields [1] or in static electric a
magnetic fields [2], in experiments on field-free wa
packets at the quantum-classical interface [3], and exp
ments with time-dependent microwave fields [4]. W
are interested here particularly in resonance phenom
at field strengths near to one scaled atomic unit,Eat ­
1yn4. Such values can be achieved with very high po
lasers or, after excitation to high values of the princi
quantum numbern, with modest laboratory fields.

In this paper we report the identification of a new ty
of state in strongly perturbed hydrogen. By apply
an approximate, analytic, and nonperturbative “quan
pendulum” description to hydrogen in a strong sca
radiation field, we have previously provided [5] t
quantum theory of a family of classically stable wa
packets in a circularly polarized (CP) radiation fie
[6]. These have been called “Trojan packets” beca
of their analogy to the Trojan asteroids observed
the solar system. Any quantum packet exhibiting
tendency to evolve without spreading is an anomaly
quantum theory, and features of Trojan packets have
the subject of interesting reports recently [7], includ
relatively high precision estimates of their very gre
ionization lifetime [8].

We now report for strong-field hydrogen the identific
tion of a new set of states, which are classically unsta
and therefore without any celestial analogs, but are q
tum stabilized. The new states can be called “anti-Troj
states because the theory indicates that an anti-Trojan
should be found exactly opposite each Trojan on its
bit. According to extensive numerical simulations th
we have made to confirm our analytic theory, these st
appear to be relatively robust and accessible to long-
experimental study. Both the method of dynamical f
mation of the classically unstable anti-Trojan state and
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character as a new type of quantum state of strong-fi
hydrogen are interesting.

In order to present the anti-Trojan states most sim
we first summarize our quantum pendulum theory. T
hydrogenic Hamiltonian in the time-dependent CP fie
becomes time independent in a frame rotating at the
frequencyv and is given by

HCP ­
p2

2
2

1
jrj

1 E x 2 vLz . (1)

The exact time-dependent and fully field-dressed state
hydrogen are obtainable from the eigenstates of this st
rotating-frame Hamiltonian, if we can solve the tim
independent eigenvalue problemHCPF ­ EsE dF.

Of course,HCP is characterized by a conflict betwee
cylindrical and spherical symmetries. However, we ha
already shown [5,9] the following. IfF is expanded in
the bare hydrogenic basis,F ­ Sn,l,mcnlmRnlYlm, then
the energy eigenvalue problem forHCP can be solved by
block diagonalization following a suitable rearrangeme
of the n, l, m summation. The approximations involve
are nonperturbative and have been tested forF’s that
represent localized and near-circular packet states.

The blocks into which the bare matrix elements
HCP must be grouped are most easily organized
inverting the order of “importance” of the hydrogen
quantum numbers. Within a given block labeled byl

and n the differencesl ­ l 2 m and n ­ n 2 l 2 1
are fixed. The next step is to concentrate attention
a high value ofm with the helicity of the CP field,
so m ; m0 1 m sm0 ¿ 1d. Pure circular states hav
therefore the quantum numbershmlnj ­ hm00j.

The bare matrix elements ofHCP are next labeled by
m, l, n in the circularity sequence just described. F
given l and n, the variation of m outlines a block,
which is necessarily infinite in size. Sincen, l, and m
are rigidly linked in any block, the block space is on
dimensional andm is the running parameter. To justif
the nuisance of this block reorganization, one must ve
that the blocks are independent. Of course this is
strictly true, and this is the principal approximation
© 1996 The American Physical Society
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the method. We are most interested in states relativ
well localized in all three dimensions, with small valu
of n and l. This permits the approximation in whic
dipole matrix elements within a block are set equal, w
the common valuer0y2 ; m2

0y2, and matrix elements
between blocks are set equal to zero. The expansio
the bare eigenvalueEn ­ 2s2n2d21 around m0 1 l 1

n 1 1 up to second order inm, and a choice ofm0
that conforms to Keplerian resonance with the CP fie
v ­ 1ysm0 1 1d3 leads to a simple three-term recursio
for the wave function expansion coefficients,

E

2
r0fAln

m11 1 Aln
m21g ­

∑
EsE d 1

1
2sm0 1 l 1 n 1 1d2

1 m0v 1
3m2

2r2
0

∏
Aln

m . (2)

Here theA’s are thec’s with indices shifted by the block
reorganization.

This recursion relation implies a differential equ
tion for the generating functioncln ; SmAln

m expfimfg,
and this equation is just an energy eigenvalue equa
H cln ­ kjsE dcln , whereH is the effective Hamil-
tonian

H ­
3
2

1

r2
0

≠2

≠f2
1 E r0 cosf , (3)

r0 ­ m2
0, andE has been chosen positive. The effecti

Hamiltonian (3) can be recognized as describing a qu
tum pendulum (withnegativescaled mass­ 21y3, and
effective gravitational constantg ­ 3E ). For simplic-
ity of comparison with reference works [10], the rede
nition of parameters according toaj ; 2s8r2

0 y3dkjsE d,
2j ; f 2 p , andp ; 4E y3v2 converts the pendulum
equation into Mathieu’s equation in standard form.

The field-dressed eigenvaluesEsE d of HCP depend on
the Mathieu indexj, as well as onl andn, and are given
by

E
j
lnsE d ­ 2

1
2sm0 1 l 1 n 1 1d2

2 m0v 1 kjsE d .

(4)

We now apply the results just obtained and plot the en
gieskj. Figure 1 shows the predicted energy spectrum
a function of the external field parameterp ­ 4E y3v2.
[In dimensional units this parameter is just 4y3, the ratio
of the radius of the orbit of a free electron in the presen
of a CP radiation field (pure Volkov problem) to the Bo
radius (pure Coulomb problem).]

For the quantum pendulum the localization of t
wave function occurs around the two pointsf ­ 0
and f ­ p. The first point of state localization is th
Trojan stable point atr ­ fm2

0, f ­ 0g, and localization
there corresponds to thehighestexcited state of them0
Hamiltonian H (recall the negative effective mass)
was defined first in harmonic approximation [6] and mo
generally in [5].
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FIG. 1. Levels of scaled energy2a ­ s8r2
0 y3dk (correspond-

ing to symmetric Mathieu functions) as functions of the p
rameterp. The value2a ­ 2p corresponds to Trojan packet
States with scaled energy in the vicinity of the line2a ­ 22p
are anti-Trojan packets. Note that anti-Trojan packets do
belong to a single energy line but to different lines close to
spectrum folding arounda ­ 2p.

The second localization point is of a different charac
because it corresponds to a packet state that is
3D localized and nonspreading, and has no classic
stable counterpart. It is predicted by our pendul
theory to be located opposite the first point, atr ­
fm2

0, f ­ pg. State localization around the second po
is purely quantum mechanical in character and is
example of the quantum scar effect, known from
properties of quantum systems that are classically cha
[11]. The present analysis of 3D anti-Trojan states a
provides a theory for recent 1D numerical observation
Buchleitner and Delande [12].

What are the criteria that can be used here to iden
state localization around the unstable point? We fi
look for a local maximum in the density of states. Th
is an imprint of localization of the eigenstate with t
corresponding energy, around the trajectory in ques
[11]. As Fig. 1 shows, there is a fold or kink aroun
the energy linek ­ 2r0E sa ­ 2pd. This corresponds
to the separatrix in pendulum phase space and sho
larger density of levels in the vicinity of this energ
This nonclassical localization can also be expected f
the properties of an asymmetric rotor, which can
mapped onto a similar quantum pendulum [13]. O
partly heuristic arguments can also be checked dire
from the properties of the symmetric Mathieu functi
e2jsjd [10,14].

The interval of field strengths for which the Troja
(stable-point-related) packet exists has been expre
in terms of the scaled fieldEsc ­ E v24y3 as Esc ,

2y94y3 ø 0.1068 [6]. A more interesting condition ca
be obtained for anti-Trojan packets. We have found,
sufficiently largem0,

Esc , Ecr ; 3y4m0 . (5)

In contrast to the condition for the existence of Troj
packets, the anti-Trojan critical fieldEcr is not indepen-
dent ofm0. In particular, the critical field vanishes whe
2421
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m0 ! `, which is consistent with the purely quantum
mechanical nature of anti-Trojan wave packets.

In order to test our theory we have also solved num
cally the time-dependent and field-dependent Schrödi
equation for the electron wave function. For this test
order to step as far away from our pendulum theory
possible, we used a time-dependent fast Fourier trans
method on a spatial grid [15], rather than an expans
in bare-state amplitudes. The coordinate along the
propagation direction is nonrelativistically absolutely s
ble so we ignored it, under both Trojan and anti-Tro
conditions. We started from a prepared circular state
turned on the CP field in a quasiadiabatic manner for 20
field cycles and then held the CP amplitude constant a
valueE0 for an additional 10 cycles. For computation
convenience, the frequency of the field was chosen e
to the Kepler frequency of them0 ­ 19 circular state.

In the Trojan case, shown here for comparison, we t
E0 ­ 0.016v24y3. Figure 2(a) shows contour plots
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FIG. 2. (a) Trojan wave packet formation. The initial sta
is a circular state withm0 ­ 19. (b) Anti-Trojan wave packe
formation. The initial state is a circular state withm0 ­ 18.
Note that localization occurs at the opposite side of the nuc
from the Trojan case. In both (a) and (b) the CP fi
was switched on quasiadiabatically, andv ­ 1y203; the small
horizontal bar sets the spatial scale. (Electron probab
density contours are plotted on a linear scale, and the
units are CP field cycles.)
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the probability density calculated from the resulting wa
function. Note that for the chosen phase of the field
point of electron localization at the end of each cycle l
approximately at the right side of the nucleus.

In contrast to Trojan wave functions, anti-Trojan wa
functions converge in the zero-field limits p ! 0d to
hydrogenic eigenstates for which the resonant condi
v ­ 1yn3 is not satisfied exactly. This is caused
the nonlinearity of the Coulomb spectrum, represen
within our pendulum model by the kinetic energy te
in the Hamiltonian (3). Therefore, in the anti-Troja
case, we applied a field with the same frequency
E0 ­ 0.0064v24y3, but the initial state was the circula
state with magnetic quantum number one atomic u
lower, i.e.,m0 ­ 18.

The field in this case also generates a packet s
shown in Fig. 2(b), which orbits around the nucleus,
the point of electron localization is shifted approximate
180± with respect to the previous case so we obse
the probability density concentrated at the left side
the nucleus at the end of each cycle. Because
its purely quantum-mechanical stability, the anti-Troj
packet requires some weak “wings” that reach to e
other around the nucleus, resulting in a characteri
“pull-tab” shape.

To evaluate these observations quantitatively we h
calculated a localization functionRstd, which is the
electron probability within a fixed rectangle throug
which the packets sweep in their orbits (Fig. 3). Perio
oscillations ofRstd show that well-localized packets a
s

y
e

FIG. 3. Localization functionsRstd as described in the text
and calculated from the states plotted in Figs. 2(a) and 2
after the fields have reached their steady values. (Time in
field cycles.)
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generated. Note that the maxima of the functionRstd for
the Trojan state are shifted almost exactly half a cy
with respect to the corresponding maxima for the a
Trojan state. In the anti-Trojan case this function sho
75% excess of probability on one side of the nucleus w
respect to the other, which can be considered a fairly h
standard of localization for the relatively low parame
n ­ 20 used in our simulations. Details of addition
quantitative checks will be given elsewhere.

In summary, we have described a new class of n
spreading packet states that are simultaneously
ally and angularly localized and which, in contrast
Trojan packet states, are classically nonstable and are
bilized by quantum interference around the orbit. W
have confirmed the validity of our pendulum theory
independent numerical calculations. As for physical
alizability, the anti-Trojans are predicted to arise wh
parameter values are consistent withE ø 1000 Vym for
m0 ­ 50, comfortably within the range of current m
crowave experiments on Rydberg systems.

There are a number of directions in which we exp
the theory we have presented here to be applied. We
that the rotating frame CP Hamiltonian is the same as
Hamiltonian for hydrogen in static electric and magne
fields together, if just the paramagnetic term is retain
The theory suggests simple methods for creating n
field-dependent wave packets that are nonetheless we
calized both radially and angularly. The approximation
near circularity that motivates our block diagonalization
a kind of rotating wave approximation and so has ob
ous relevance to linear polarization. Of course, our en
procedure is, in a loose sense, an extension of the me
for assembling a quasiclassical wave packet outlined
clearly by Brown [16]. As might be expected, expe
ence with our theory also allows insights into other atom
packet phenomena, but these will have to be prese
elsewhere.

Note added—An interesting related paper from
Brunello, Uzer, and Farrelly came to our attention a
submission [17].
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