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New States of Hydrogen in a Circularly Polarized Electromagnetic Field
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We predict the existence in hydrogen of stable nonspreading Rydberg wave packet states that have no
classical counterparts. We show their time-dependent creation from circular Rydberg states in numerical
simulations. These states are both angularly and radially localized exactly in antiphase from the cor-
responding nonspreading (so-called Trojan) packet position and are stabilized by quantum interference.
[S0031-9007(96)01189-1]

PACS numbers: 32.80.Rm, 31.15.-p, 42.50.Hz, 95.10.Ce

The description of fundamental quantum systems ircharacter as a new type of quantum state of strong-field
regimes of strong perturbation is a matter of wide inter-hydrogen are interesting.
est in physics. One-electron bound systems are the mostIn order to present the anti-Trojan states most simply
fundamental at the atomic level, and striking new phewe first summarize our quantum pendulum theory. The
nomena have been predicted and observed in the pasydrogenic Hamiltonian in the time-dependent CP field
decade or so in such systems. These have come frobecomes time independent in a frame rotating at the CP
experiments in laser fields [1] or in static electric andfrequencyw and is given by
magnetic fields [2], in experiments on field-free wave p2
packets at the quantum-classical interface [3], and experi- Hcp = 2 + Ex — wL,. ()
ments with time-dependent microwave fields [4]. We
are interested here particularly in resonance phenomerikhe exact time-dependent and fully field-dressed states of
at field strengths near to one scaled atomic ubj, =  hydrogen are obtainable from the eigenstates of this static
1/n*. Such values can be achieved with very high powerotating-frame Hamiltonian, if we can solve the time-
lasers or, after excitation to high values of the principalindependent eigenvalue probldifap® = E(E)d.
quantum numben, with modest laboratory fields. Of course,Hcp is characterized by a conflict between
In this paper we report the identification of a new typecylindrical and spherical symmetries. However, we have
of state in strongly perturbed hydrogen. By applyingalready shown [5,9] the following. b is expanded in
an approximate, analytic, and nonperturbative “quantunthe bare hydrogenic basi® = 3, ,.cumRuYim, then
pendulum” description to hydrogen in a strong scaledhe energy eigenvalue problem fHi-p can be solved by
radiation field, we have previously provided [5] the block diagonalization following a suitable rearrangement
quantum theory of a family of classically stable waveof the n,/,m summation. The approximations involved
packets in a circularly polarized (CP) radiation field are nonperturbative and have been tested &ds that
[6]. These have been called “Trojan packets” becauseepresent localized and near-circular packet states.
of their analogy to the Trojan asteroids observed in The blocks into which the bare matrix elements of
the solar system. Any quantum packet exhibiting theHcp must be grouped are most easily organized by
tendency to evolve without spreading is an anomaly ininverting the order of “importance” of the hydrogenic
quantum theory, and features of Trojan packets have beejuantum numbers. Within a given block labeled by
the subject of interesting reports recently [7], includingand » the differencesh =1 —m andv =n — [ — 1
relatively high precision estimates of their very greatare fixed. The next step is to concentrate attention on
ionization lifetime [8]. a high value ofm with the helicity of the CP field,
We now report for strong-field hydrogen the identifica-so m = my + u (mg > 1). Pure circular states have
tion of a new set of states, which are classically unstabl¢herefore the quantum numbdysiv} = {u00}.
and therefore without any celestial analogs, but are quan- The bare matrix elements dfcp are next labeled by
tum stabilized. The new states can be called “anti-Trojan’u, A, v in the circularity sequence just described. For
states because the theory indicates that an anti-Trojan twigiven A and », the variation of u outlines a block,
should be found exactly opposite each Trojan on its orwhich is necessarily infinite in size. Sineg!l, and m
bit. According to extensive numerical simulations thatare rigidly linked in any block, the block space is one
we have made to confirm our analytic theory, these statedimensional andw is the running parameter. To justify
appear to be relatively robust and accessible to long-terrthe nuisance of this block reorganization, one must verify
experimental study. Both the method of dynamical for-that the blocks are independent. Of course this is not
mation of the classically unstable anti-Trojan state and itstrictly true, and this is the principal approximation of
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the method. We are most interested in states relatively 2000
well localized in all three dimensions, with small values

of » and A. This permits the approximation in which 1000
dipole matrix elements within a block are set equal, with

the common valuerg/2 = mj/2, and matrix elements -« 0
between blocks are set equal to zero. The expansion of

the bare eigenvalu&€, = —(2n?)~! aroundmy + A + -IOOO\
v + 1 up to second order inu, and a choice ofmg %
that conforms to Keplerian resonance with the CP field: ~ -2000; 200 700 500 200 1000

w = 1/(my + 1) leads to a simple three-term recursion

for the wave function expansion coefficients,
1 FIG. 1. Levels of scaled energya = (8r3/3)« (correspond-
ing to symmetric Mathieu functions) as functions of the pa-

20mg + A + v + 1)2 rameterp. The value—a = 2p corresponds to Trojan packets.

) States with scaled energy in the vicinity of the linex = —2p
+ mow + &} ANV ) are anti-Trojan packets. Note that anti-Trojan packets do not

0 2 (et belong to a single energy line but to different lines close to the

spectrum folding around = 2p.

P

3
?ro[Aﬁ’;l + AV ] =[E(ZE) +

Here theA’s are thec’s with indices shifted by the block
reorganization.

This recursion relation implies a differential equa- The second localization point is of a different character
tion for the generating functiotr,, = 3,A%” exdiud],  because it corresponds to a packet state that is both
and this equation is just an energy eigenvalue equatiogD localized and nonspreading, and has no classically
Hipry = €/ (E)r,, where H is the effective Hamil-  stable counterpart. It is predicted by our pendulum

tonian theory to be located opposite the first point, at=
31 92 [md,» = m]. State localization around the second point
PRy + Erycose, (3) is purely quantum mechanical in character and is an
0

example of the quantum scar effect, known from the

ro = m}, andE has been chosen positive. The effectiveproperties of quantum systems that are classically chaotic
Hamiltonian (3) can be recognized as describing a quar[11]. The present analysis of 3D anti-Trojan states also
tum pendulum (withnegativescaled mass= —1/3, and  provides a theory for recent 1D numerical observations of
effective gravitational constarg = 3F). For simplic- Buchleitner and Delande [12].

ity of comparison with reference works [10], the redefi- What are the criteria that can be used here to identify

nition of parameters according 0/ = —(8r02/3);<f(f), state localization around the unstable point? We first
26 = ¢ — m, andp = 4F /3w? converts the pendulum look for a local maximum in the density of states. This
equation into Mathieu’s equation in standard form. is an imprint of localization of the eigenstate with the

The field-dressed eigenvalug$Z) of Hcp depend on  corresponding energy, around the trajectory in question
the Mathieu indexj, as well as om andv, and are given [11]. As Fig. 1 shows, there is a fold or kink around

by the energy linex = —ryE (o = 2p). This corresponds
, 1 A to the separatrix in pendulum phase space and shows a
E\(E) = — — mow + &/ (E). larger density of levels in the vicinity of this energy.

2 : . N
20mo + A+ v+ 1) This nonclassical localization can also be expected from

) the properties of an asymmetric rotor, which can be

We now apply the results just obtained and plot the enemmapped onto a similar quantum pendulum [13]. Our
giesk/. Figure 1 shows the predicted energy spectrum apartly heuristic arguments can also be checked directly
a function of the external field parameter= 4F /3w>.  from the properties of the symmetric Mathieu function
[In dimensional units this parameter is just34 the ratio  e,;(¢) [10,14].
of the radius of the orbit of a free electron in the presence The interval of field strengths for which the Trojan
of a CP radiation field (pure Volkov problem) to the Bohr (stable-point-related) packet exists has been expressed
radius (pure Coulomb problem).] in terms of the scaled fieldf, = Fw *? as F, <

For the quantum pendulum the localization of the2/9*3 = 0.1068 [6]. A more interesting condition can
wave function occurs around the two poings = 0  be obtained for anti-Trojan packets. We have found, for
and ¢ = 7. The first pointzof state localization is the sufficiently largemy,
Trojan stable point at = [mg, ¢ = 0], and localization _
there corresponds to tHeighestexcited state of then, Ee < Fer = 3/4mo. ()
Hamiltonian 7{ (recall the negative effective mass) asIn contrast to the condition for the existence of Trojan
was defined first in harmonic approximation [6] and morepackets, the anti-Trojan critical fiel&.. is not indepen-
generally in [5]. dent ofmy. In particular, the critical field vanishes when
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moy — %, which is consistent with the purely quantum- the probability density calculated from the resulting wave
mechanical nature of anti-Trojan wave packets. function. Note that for the chosen phase of the field the
In order to test our theory we have also solved numeripoint of electron localization at the end of each cycle lies
cally the time-dependent and field-dependent Schrodingepproximately at the right side of the nucleus.
equation for the electron wave function. For this test, in In contrast to Trojan wave functions, anti-Trojan wave
order to step as far away from our pendulum theory asunctions converge in the zero-field limitp — 0) to
possible, we used a time-dependent fast Fourier transforimydrogenic eigenstates for which the resonant condition
method on a spatial grid [15], rather than an expansiomn = 1/#° is not satisfied exactly. This is caused by
in bare-state amplitudes. The coordinate along the Ckhe nonlinearity of the Coulomb spectrum, represented
propagation direction is nonrelativistically absolutely sta-within our pendulum model by the kinetic energy term
ble so we ignored it, under both Trojan and anti-Trojanin the Hamiltonian (3). Therefore, in the anti-Trojan
conditions. We started from a prepared circular state andase, we applied a field with the same frequency and
turned on the CP field in a quasiadiabatic manner for 20 CEE, = 0.0064w ~*/3, but the initial state was the circular
field cycles and then held the CP amplitude constant at thetate with magnetic quantum number one atomic unit
value E, for an additional 10 cycles. For computational lower, i.e.,my = 18.
convenience, the frequency of the field was chosen equal The field in this case also generates a packet state,
to the Kepler frequency of they = 19 circular state. shown in Fig. 2(b), which orbits around the nucleus, but
In the Trojan case, shown here for comparison, we tookhe point of electron localization is shifted approximately
Fo = 0.016w*3. Figure 2(a) shows contour plots of 180° with respect to the previous case so we observe
the probability density concentrated at the left side of
the nucleus at the end of each cycle. Because of
(a) 100 a.u. its purely quantum-mechanical stability, the anti-Trojan

H packet requires some weak “wings” that reach to each
other around the nucleus, resulting in a characteristic
@ Q “pull-tab” shape.

To evaluate these observations quantitatively we have
t= -6 t=14 calculated a localization functioR(r), which is the
electron probability within a fixed rectangle through
which the packets sweep in their orbits (Fig. 3). Periodic

oscillations ofR(r) show that well-localized packets are
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FIG. 2. (a) Trojan wave packet formation. The initial state
is a circular state withny, = 19. (b) Anti-Trojan wave packet 0
formation. The initial state is a circular state with, = 18. 20 21 22 23 24 25 26 27 28 29 30
Note that localization occurs at the opposite side of the nucleus t

from the Trojan case. In both (a) and (b) the CP field

was switched on quasiadiabatically, amd= 1/20%; the small  FIG. 3. Localization functionsR(r) as described in the text,
horizontal bar sets the spatial scale. (Electron probabilityand calculated from the states plotted in Figs. 2(a) and 2(b)
density contours are plotted on a linear scale, and the timafter the fields have reached their steady values. (Time in CP
units are CP field cycles.) field cycles.)
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