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Quarkonium Decay Matrix Elements from Quenched Lattice QCD
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We calculate the long-distance matrix elements for the decays of the lowestSyiagd P-wave
states of charmonium and bottomonium in quenched lattice QCD, using a nonrelativistic formulation for
the heavy quarks. (The short-distance coefficients are known from perturbation theory.) In particular,
we present the first calculation from QCD first principles of the color-octet contributioR-wave
decay—a contribution that is absent in potential models. We also give the relations between the
lattice matrix elements and their continuum counterparts through one-loop order in perturbation theory.
[S0031-9007(96)01086-1]
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Heavy quarkonium systems (charmonium, bottomo- H, = <1P|¢T<i>ﬁX.XT<i>ﬁ¢,|1P>’ (3c)
nium) are nonrelativistic: In the CM frame, the average 2 2
quark velocityv satisfiesv? < 1 (v2 = 0.3 for charmo- Hy = (Pl T 1 T P). (3d)

nium andv? = 0.1 for bottomonium). Bodwin, Braaten, ] ]
and Lepage (BBL) [1] have shown, within the frame- The terms proportlongl G, and H, m_the decay rates
work of nonrelativistic QCD (NRQCD), that the small- &€ those that appear in the conventlonal, 'colo_r-smglet
ness ofv? allows one to express a quarkonium decaymodel [2]. In the vacuum-saturation appro3><|mat|on [1],
rate as a sum of terms, each of which consists of a long¥hich is correct up to terms of ordef', G; = 5-|Rs(0)I*
distance (distance- 1/Myv) matrix element of a four- and H, = %IR})(O)IZ, where R(0) is the radial wave
fermion operator in the quarkonium state multiplied by afunction at the origin and?’(0) is the derivative of the
short-distance (distance 1/M,) parton-level decay rate, radial wave function at the origin. The matrix-element
which may be calculated perturbatively. In particular,forms of (3) serve to define a regularizé&tl0) and a
the decay rates foBwave quarkonium through next-to- regularizedr’(0) in QCD.
leading order iny? are given by In contrast, the term in th®-wave decay rate that is
TS, — X) = Gi(>*'s)2 Im fl(zsﬂsj)/Mé proportional toHy is absent in the color-singlet model.
JHg measures the probability to find @Qg component
+ Fi($)2Im g (**'S,)/My. (1) in P-wave quarkonium, with the2Q pair in a relative
To the lowest nontrivial order in2, the P-wave decay SWwave, color-octet state. As such, it corresponds to a
rate is given by true field-theoretic effect of QCD that is absent in any

ot ot potential model of quarkonium.
PPy — X) = 3(P)21m f1(1Py) /My On the lattice, the long-distance matrix elements are
+ Hy(P)2Im f3(**'S;)/M}. (2) obtained from the graphs of Fig. 1. The upper and lower
nce 9raphs yield quantities that fall as expE(|T| + |T'))].
d The matrix element is given by the limit BT —
of the ratio of the upper graph to the lower graph, with
the same choice of sources and sinks in both graphs,

The f's and g's are proportional to the short-dista
rates for the annihilation of @ Q pair from the indicate
s+, state, whileG,, Fi, H;, and Hy are the long-
distance matrix elements. The subscrip@and8 indicate
whether theQ Q pair is in a relative color-singlet or color-
octet state. In this paper, we report a lattice calculation of Y

the long-distance matrix elements in QCD for the lowest- < T T? >
lying S andP-wave charmonium and bottomonium states. A

The calculation ofH yields the first result for a heavy-

quark color-octet matrix element that is based on QCD
first principles.
The long-distance matrix elements are defined by
G = (SlytyxTul's), (3a) FIG. 1. Lattice calculation of matrix element of four-fermion

) ) operator. The large disks represent the sources and sinks;
— Ostutvet( = 1 the smaller disks represent the four-fermion and point-source
Fi =Sl xy < > ﬁ) xI'S), (3b) operators. The lines are the nonrelativistic quark propagators.

2376 0031-9007796/77(12)/2376(4)$10.00 © 1996 The American Physical Society



VOLUME 77, NUMBER 12 PHYSICAL REVIEW LETTERS 16 BPTEMBER1996

times the coefficient of the exponential falloff for the one would expect. We will therefore use the vacuum-
point-point quarkonium propagator. We used noisy-poinsaturation values fo§,, ;, and F; in the discussions
and noisy-Gaussian sources and generated retarded atodfollow. The lattice quantitiesg;; and {;, are then
advanced quark propagators from each time slice. Wgiven by the coefficients of the exponentials in heand
chose the Coulomb gauge for the field configurationsP-wave quarkonium propagators, respectively.

This choice made implementation of extended sources A summary of our results for the lattice matrix elements
simpler and allowed us to replace covariant derivativeslefined in (3) is presented in Table I. When a second
with normal derivatives, with errors of relative ordet.  error has been included, it is an estimate of the systematic
We calculated heavy-quark propagataF¢x,:) on the errors associated with the parametrization of the fitting
lattice, using the nonrelativistic formulation of Lepage functions and with the contamination from higher states
et al. [3], with an evolution equation that is valid to the for propagators in which the separation between source

lowest nontrivial order in2: and sink is too small.
G(x,t + 1) = (1 — Ho/2n)"UL (1 — Ho/2n)" To the order inv? in which we are working, our lattice
’ matrix elements are related to their continuum counterparts
X G(X7 t) + 6X,061+1,09 (4) by

with G(x,¢) = 0 for r < 0, andHy = —A® /2My — hy. _

A® s the gauge-covariant discrete Laplaci&f, the bare G =1+ G, (73)

heavy-quark mass, ankh = 3(1 — ug)/My, with uy = Fio=0+yF + oG, (7b)

<§Tr Uplagerie)'/*. We chosen = 2. Since Fi/M} is and

suppressed b@ (v?) relative toG;, it is of the same order

as terms that we have neglected in the computation of Hip =0+ oH, + kHs, (8a)

G,. The main justification for its calculation is that there _

are decays, sjuch ass; — light hadrons ,3$; — y + Hye = (1 + m)Hy + (3, (8b)

light hadrons , and'S; — 3, for which the coefficient where the subscript indicates the lattice quantity. The

of F1/M} is approximately-5 times that ofG, [4,1]. In  coefficientse, y, ¢, ¢, n, and{ are of ordel;; « is of or-

these cases, the contributions of terms proportiongFito dera?. We have calculated these coefficients through or-

could be important. dera; (one loop) in tadpole-improved perturbation theory
In our lattice calculations we used 149 quenched gaugd6]. Our values for these coefficients, for minimal subtrac-

field configurations on &6 X 32 lattice with6/g? = 6.0  tion (MS) regularization of the continuum matrix elements,

for bottomonium and 158 configurations on &6t X 32  are given in Table Il. The accuracy of the coefficients

lattice with 6/g%> = 5.7 for bottomonium and charmo- of «ay in this table is estimated to be better than 1%. In

nium. For bottomonium we tooks, = 1.5 at 6/g> = computingZ, we have taken the factorization scale to be

6.0 and My = 2.7 at 6/g> = 5.7. For charmonium at 1.3 GeV for charmonium and 4.3 GeV for bottomonium.

6/g> = 5.7 we tookM, = 0.69. These values correspond These values correspond, approximately, to\i&heavy-

to those used by the NRQCD Collaboration [5]. (Notequark masses. Note thatandx, in physical units, have

that their mass definitions ane, times ours.) The val- dimensions ofmas$?, and¢ has dimensions of/mass,

ues ofug that we used are 0.877 787 016dig> = 6.0 and  whereas the other coefficients are dimensionless. If we

0.860826176 0 a6/g2 = 5.7. Except where we explic- render¢, x, and{ dimensionless by dividingFi, ¢, 3,

itly state otherwise, all quantities in this paper are in latticeand « by Mé and by multiplyingZ by Mé, then none

units. To convert to physical units, we use inverse lat-of the coefficients ofa; is exceptionally large. Hence,

tice spacings: ! = 2.4 GeV for bottomonium aé/g> =  the use of low-order perturbation theory appears to be

6.0,a”! = 1.37 GeV for bottomonium a6/g> = 5.7,and  reasonable.

a~! = 1.23 GeV for charmonium aé/g> = 5.7. These

are the values obtained by the NRQCD Collaboration. Our

error estimates do not include the errors in these quantities.

; TABLE I. Lattice decay matrix elements expressed in lattice
NRQCD predllcts tP]rat [1]2 . units @ = 1). Note thatP-wave bottomonium matrix elements
Gi/ICSoly ™ xI0)" =1 + O "), (5)  have yet to be calculated &fg> = 5.7.
. 2 X -
- Charmonium Bottomonium
Hy/ | CPlpt = Dyloy| =1+ 00", ®
/[Pyt — Dxlo) Wh, © — - — —

where the vacuum-saturation approximation amounts, | 0.1317(2)(12)  0.9156(9)(65)  0.1489(5)(12)

this case, to ignoring th@ (v*) term. For bottomonium 2" 00/ 1.2543(7) 2.7456(8) 1.3135(8)
at 6/g> = 6.0 we measured the* term for G, to be 7, (coy/G,  0.5950(5) 2.1547(7) 0.8522(5)
1.3(1) X 1073. For charmonium a6/g> = 5.7 this term  F.(non)/G,,  0.7534(4) 1.2205(2) 0.7775(5)
is approximatelyl%. For F;, these® (v*) terms, while ~ Fi.(cov,)/Gi.  0.5201(3) 1.1111(2) 0.6659(3)

My 0.0208(2) (20) 0.0145(6) (20)

larger than those forG,, are still quite small. Thus C L, 0.034(2) (8) 0.0152(3) (20)

1
the vacuum saturation approximation is even better thaz’?.-‘(8
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TABLE II. Coefficients relating lattice and continuum matrix  In the above analysis, we have not taken into account
elements. The arguments g¢fand ¢ correspond to different the errors due to the omission of terms of higher order
lattice representations of;. cov is a tadpole-improved [3] i, 2 These could be as large as 10% for bottomonium

naive discretization of the gauge-covariant continuum operatori;jlnd 30% for charmonium. Fog,;, the NRQCD Col-

non is the simple, gauge-noncovariant, finite-difference operato g g
in Coulomb gauge; the subscri® indicates a difference laboration has published results that are accurate to the
operator with spacings of two lattice units. next-to-leading order in?2. Since these higher-order re-

sults distinguish the singlet and triplet states, we compare

Charmonium Bottomonium our results with a weighted average of their results. For

6/¢> 5.7 5.7 6.0 charmonium at/g? = 5.7, they obtainG,; = 0.133(4),
€ —0.7326a, 0.2983c, —0.487 7, and for bottomonium aé/g> = 6.0, they obtainG,; =
v(non) —0.02578a, —1.248a, —09117a, 0.144(4), in good agreement with the results of Table I.
v(cov) —2.860a; —2.192a; —2.560a; For these matrix elements, as with masses, most of the ef-
y(nomn) —0.2774a —1.096a —0.9236a,  fect of contributions of higher order in? is to split the
¢ (non) 1.486 10.9Qx, 4.4180, results for the singlet and triplet states without shifting the
$(cov) 0.3928, 9.808, 3.325, weighted average.
¢ (nory) 1.004, 6'0926”‘S 2.863, There are some additional sources of error that we have
;7 _8%%013;& :ég;%m _éézlcg‘&y not included in Table lll. One of these is the uncertainty

’ ~0.1785a, ~0.006011 ~0.01862a, in the physical valge oﬁz‘l._ Using the results .of.the_
NRQCD Collaboration, we find that the uncertainties in
the values of the matrix elements from this source are
For those coefficients that arise from a positive inte-7% for G; and 13% forZ{; in charmonium and 13%
grand, the method of Lepage and Mackenzie [6] yields arfior G; and 23% forZ; in bottomonium. As we have
optimal scale forx, that is close td /a. Thus we choose already mentioned, extraction of the phenomenological
a; = ay(1/a) = 0.3552 at 6/g> = 5.7 and 0.2467 at  matrix elements requires knowledge of the heavy-quark
6/g> = 6.0. mass. The NRQCD Collaboration quotes an error of 4%
Substituting the numerical values from Tables | and llfor the b-quark mass, which introduces an 8% erroGn
into (7) and (8), we obtain the results shown in Table Ill.and a 16% error inH,. For thec-quark mass we have
In Table Ill, the first and second errors in the lattice resultsno good error estimate. Further sources of uncertainty are
are from the statistical and systematic errors in Table Ithe QCD radiative corrections to parton-level decay rates.
The third error is an estimate of the systematic error thaEstimates of these uncertainties have been included in the
arises from the neglect of terms of higher orderinin phenomenological values &, and H; for charmonium
the coefficients of Table Il. It is obtained by taking the that are reported in Ref. [9]. Finally, there are the errors
uncertainty in the coefficients to be eithef times the that arise from using quenched (rather than full) QCD, for
zeroth order term (if any) ot times the magnitude of which we have no estimates.
the first order term, whichever is larger. In the case of Let us now discuss our results. For charmoniGn
F1/G,, the uncertainty is large, so we have presented oufH;, and Hg/H, are in agreement with experiment, al-
results as ranges of values. though both the lattice and experimental results have siz-
For purposes of comparison, we have also shown imble errors. We note that we would not have found this
Table Ill the experimental (phenomenological) results,agreement had we failed to include the perturbative cor-
where available, for the matrix elements that we haveections that relate the lattice matrix elements to the con-
computed. The phenomenological results@rwere ex-  tinuum ones. The quantity; /G, is poorly determined,
tracted from the measured decay ratesJigy — e*e~,  for both charmonium and bottomonium, owing to the mix-
ne — yvy, andY — ete” [7], using the expressions in ing of F; with G, in (7). Becausef;/(M?G,) is of order
Ref. [1]. Values for F,/G, for J/¢ are those of Ko, v? < 1, a coefficient¢p/M? of order a, yields a large
Lee, and Song [8]. The results féH; and Hg/FH, for  mixing, and any uncertainties ih/M? are amplified in
X are from [9]; the first error is experimental, the sec- F,/(M?G;). We do learn, though, thaf; /(M>G,) is no
ond theoretical. FoP-wave bottomonium, there is as yet larger than® (v?), in agreement with the NRQCD scaling
no published data on decays into light hadrons, photonsules [1,3]. For charmoniunif, /G, is probably positive,
and/or leptons. The extraction of phenomenological ma-while for bottomonium, a negative value is preferred. In
trix elements from the experimental data requires valuethe case of bottomonium, the lattice result tgr is 35—
for the heavy-quark masses. Our choices correspond #0% below the experimental value, although there is good
pole masses of 5.0 GeV for tHe quark, the result ob- agreement between titgg> = 5.7 and6/g> = 6.0 pre-
tained by the NRQCD Collaboration [5], and 1.5 GeV dictions. At least part of this discrepancy, which was first
for the ¢ quark [10]. We also require values far;  noted by the NRQCD Collaboration, is due to the quenched
and « in order to evaluate the partonic decay ratesapproximation [5,11]. Our results for tHewave matrix
For these we usedr,(M.) = 0.243, a,(M,) = 0.179, elements for bottomonium can be translated into predic-
a(M.) = 1/133.3, anda(M},) = 1/132. tions for bottomonium decay rates [9]. In tRewave case,

2378




VOLUME 77, NUMBER 12 PHYSICAL REVIEW LETTERS 16 BPTEMBER1996

TABLE IIl. Continuum MS decay matrix elements from our lattice calculations, compared
with those extracted from experimental decay rates, where available.
Lattice
Lattice units Physical units Experiment
Charmoniumé/g? = 5.7
G 0.1780(3) (16) 3% 0.3312(6) (30)7 53} GeV? 0.36(3) GeV?
F/G 0.05-0.54 0.07-0.82 GeV 0.057 GeV?
) 0.0285(2) (27)"% 0.0802(6) (77)1% GeV?® 0.077(19) (28) GeV®
Hy/H, 0.086(1) (6)7%3 0.057(1) (4)73] Gev2 0.095(31) (34) GeV?
Bottomonium6/g? = 5.7
G 0.8279(8) (59) 435 2.129(2) (15)23{3 GeV? 3.55(8) Ge\?
F/G —3.7-0.2 —6.9-0.4 GeV
Bottomonium6/g? = 6.0
G 0.1692(6) (14) 135 2.340(8) (19) 712} GeV? 3.55(8) Ge\?
F/G —0.34-0.28 —2.0-1.6 GeV?
H, 0.0205(9) (28)"%3 1.63(7) (23)*12 GeV®
Hy ) H, 0.0151(2) (14)73 0.00262(3) (24)*3] GeV 2

these should lead to significant new tests of the theory a&. Peter Lepage for carrying out simulations to check
the relevant experimental data become available. our Swave results. Our calculations were performed on

As is clear from Table lll, the largest uncertaintiesthe CRAY C-90 at NERSC, whose resources were made
in the lattice matrix elements (aside from those due taavailable to us through the Energy Research Division of
quenching) come from neglecting higher-order correctionshe U. S. Department of Energy. This work was supported
to the coefficients of Table Il. This suggests that aby the U.S. Department of Energy, Division of High En-
useful strategy might be to use lattice methods [12]ergy Physics, Contract W-31-109-ENG-38. S.K. is sup-
to compute the coefficients beyond leading order. Imported by KOSEF through CTP. A preliminary version of
addition, one might consider the use of alternatives tdhese results was presented in Ref. [15].
the MS regularization of the continuum matrix elements
so as to avoid renormalon ambiguities in the matrix
elements and short-distance coefficients [12]. Notg that,[l] G.T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D
to the extent that we can repladd;; and {; by their 51, 1125 (1995).
vacuum saturation approximation${; and Hz are free  [2] For a review of the color-singlet model, see G. A. Schuler,
of renormalon ambiguities. Of course, these ambiguities ~ CERN Report No. CERN-TH.71704 (unpublished).
cancel in physical quantities if one works consistently [3] G.P. Lepageet al., Phys. Rev. D46, 4052 (1992).
to a given order inag in both the lattice-to-continuum [4] G.T. Bodwin, E. Braaten, and G. P. Lepage (unpublished).
coefficients and the short-distance coefficients. [5] C.T.H. Davieset al., Phys. Rev. D50, 6963 (1994);

It is an interesting fact that, for decays®iwave states Phys. Rev. Lett73, 2654 (1994); Phys. Rev. B2, 6519
in both charmonium and bottomonium, the ratio of the (1995); in Proceedings of Lattice '95 (Report No. hep-
octet matrix element to the singlet matrix element is in !at/9510052' to be published); in Pmceed.'ngs of Lattice

. . 95 (Report No. hep-l1at9510006, to be published).

reasonable agreement with a crude phenomenology. Thi

. . .~ 16] G.P. Lepage and P.B. Mackenzie, Phys. Revd8>2250
phenomenology is based on solving the one-loop evolutlon? ] (1993). pag z y ®

equation forH; (Ref. [1]) and assuming thakly vanishes [7] Review of Particle Properties, Phys. Rev. &, 1173

below a scalé/yv. Since the one-loop evolution contri- (1994).

bution to the decay matrix elemefify is the same as that [8] P. Ko, J. Lee, and H.S. Song, Phys. Rev.5B, 1409
for the corresponding production matrix elemeékt, this (1996).

simple phenomenology suggests th4d{ is approximately ~ [9] G.T. Bodwin, E. Braaten, and G. P. Lepage, Phys. Rev. D
equal toHz. For charmonium productiorf{y has been 46, R1914 (1992).

extracted from CDF data [13] and can also be deducefl0] E.J. Eichten and C. Quigg, Phys. Rev5R 1726 (1995).
from recent CLEO data [14]. Dividing the CDF and CLEO [11] G.P- Lepage (private communication).
values of #; by the phenomenological value 61, given [12] C.T. Sachrajda, ifProceedings of Lattice '95Southamp-

| . 5 ton Report No. SHEP-932 (hep-lat95090850)], and
in Table Ill, we obtain0.042(19) and 0.046(28) GeV *, references therein.

respectively, which agree, within errors, with our Iattice[13] P. Cho and A.K. Leibovich, Caltech Report No. CALT-

result for Hs/ H;. 68-2026 (hep-ptO511315).
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