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Multiple Light Scattering in Nematic Liquid Crystals

Holger Stark and Tom C. Lubensky
Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania 1

(Received 11 December 1995)

We present a rigorous treatment of the diffusion approximation for multiple light scatterin
anisotropic random media, and apply it to director fluctuations in a nematic liquid crystal. F
typical nematic material, 5CB, we give numerical values of the diffusion constantsDk and D'.
We also calculate the temporal autocorrelation function measured in diffusing wave spectro
[S0031-9007(96)01115-5]
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Light transport in random or turbid media has long be
treated by radiative transfer theories, the first of wh
was formulated as early as 1905 by Schuster [1]. For
tances large compared to the transport mean free palp,
beyond which the direction of light propagation is ra
domized, these theories can be reduced [2] to a d
sion equation for the light energy density with diffusi
constantD ­ clpy3 wherec is the speed of light in the
medium. In 1984 Kuga and Ishimaru [3] discovered
herent backscattering of light in colloidal suspension, p
dicted in earlier papers [4], and physicists realized
connection of wave propagation in disordered media
weak localization [5], a precursor of Anderson localiz
tion [6]. Since then, our theoretical understanding of li
transport in random media has advanced considera
Detailed studies of multiple scattering of scalar waves
was followed by the generalization to include the polari
tion of light [8], broken time reversal symmetry and o
tical activity [4,9], and long-range correlations in rando
scatterers [10,11]. Multiple scattering emerged as a p
erful probe of dynamical properties of turbid media w
the development of diffusing wave spectroscopy (DW
[12,13] as an experimental technique capable of mea
ing dynamic correlations at time scales much shorter
than can be probed with single scattering.

Nematic liquid crystals are strong light scatterers, exh
iting turbidity and coherent backscatter [15]. They diff
however, in significant ways from colloidal suspensio
the most widely studied multiple-scattering media. Fi
nematic liquid crystals are anisotropic with barli
molecules aligned on average along a unit vectornsr, td
called the director. They are birefringent with differe
velocities of light for ordinary and extraordinary ray
As a result the photon energy density, like parti
density in an electron system [16], obeys an anisotro
diffusion equation with diffusion coefficientsDk and
D' for directions parallel and perpendicular to t
equilibrium directorn0. Second, the dominant scatteri
of visible light is from long-range thermal fluctuations
of the director rather than from particles with diamet
comparable to the wavelength of light. This leads t
divergent scattering mean free path when the exte
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magnetic fieldH is zero [17,18]. The diffusion constan
Dk and D', which in isotropic systems are proportion
to the transport mean free path, are, however, finite w
H ! 0 as shown in Fig. 1. In this Letter, we develo
a systematic treatment of the diffusion approximati
for multiple light scattering in anisotropic random med
(for recent approaches see [19]), which allows us
calculateDk and D' from known properties of nematic
and to obtain the time-dependent response measure
DWS experiments [20]. Figure 1 shows our calculat
values ofDk and D' as a function of external magnet
field H for the compound 5CB. The anisotropy rat
DkyD' ­ 1.45 is in good agreement with measuremen
reported in a companion Letter [21].

We start with the wave equation for the electric lig
field Esr, td:∑

= 3 = 3 1
1
c2

≠2

≠t2 f´0 1 d´sr, tdg
∏

Esr, td ­ 0 . (1)

The homogeneous part of the dielectric tensor is´0,
and the randomly fluctuating partd´sr, td is a Gaussian
random variable described by the correlation function

FIG. 1. The field dependence of the normalized diffusi
constantsD̃k and D̃' and the anisotropysDk 2 D'dyD' for
parameters of a typical nematic liquid crystal 5CB:K1yK3 ­
0.79, K2yK3 ­ 0.43, andD´y´ ­ 0.228.
© 1996 The American Physical Society 2229
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BvsR, td :=
v4

c4 kd´sR, td ≠ d´s0, 0dlsNd, (2)

wherev is the frequency of light. The superscriptsNd
means that we interchange the second and third in
in the tensor productd´ ≠ d´ to defineBv: fBvgijkl ~

kd´ikd´jll. We call BvsR, td the structure factor o
the system. It is measured in single light scatter
experiments [22] and contains information about
elastic and dynamic properties of a system. The lo
uniaxial dielectric tensor can be expressed as

´sr, td ­ ´'1 1 D´fnsr, td ≠ nsr, tdg . (3)

Here ´' and ´k are the dielectric constants for ele
tric fields, respectively, perpendicular and parallel to
director, andD´ ­ ´k 2 ´'. We assume that the inho
mogeneity of the director field comes only from therm
fluctuations of the director around its equilibrium val
n0: nsr, td ­ n0 1 dnsr, td, where dn has to be per-
pendicular ton0 for small fluctuations. The dominan
contribution to BvsR, td is proportional to the directo
correlation functionkdnsR, td ≠ dns0, 0dl which we ex-
press in momentum space [23]:

kdnsq, td ≠ dnpsq, 0dl

­
2X

a­1

kBT
Kasqd

exp

∑
2

Kasqd
hasqd

t

∏
ûasqd ≠ ûasqd . (4)

Here Kasqd ­ Kaq2
' 1 K3q2

k 1 DxH2, whereK1, K2,
and K3 are the Frank elastic constants,H is the exter-
nal field parallel ton0, and Dx is the anisotropy of the
magnetic susceptibility. The quantityhasqd is a combi-
nation of viscosities which appear in the hydrodynam
equations of the director field, the Leslie-Erickson eq
tions [23]. The unit vectorŝuasqd specify the direction of
dnsq, td in modea ­ 1 and 2.

In an anisotropic medium with a homogeneous diel
tric tensor ´0 the electromagnetic field traveling alon
the unit vectork̂ has two modes with indices of refra
tion nask̂d and electric polarizationseask̂d. The polariza-
tion dask̂d of the displacement field,dask̂d ­ ´0eask̂d,
obeys dask̂d ? k̂ ­ 0. After an appropriate normaliza
tion, the vectors fulfill the biorthogonality relationdask̂d ?

ebsk̂d ­ d
a
b [24]. We can now write down the momen

tum space representation of the averaged retarded an
vanced Green’s function of Eq. (1) in the weak scatter
approximation:

kGRyAl sk, vd ø
2X

a­1

hfvyc 6 iy2nask̂dlask̂, vdg2

2 k2yn2
ask̂dj21eask̂d ≠ eask̂d , (5)

with

lask̂, vd ­

∑
p

2
nask̂d

2X
b­1

Z
q̂b

fBv
kaqb st ­ 0dgab

∏
21

(6)
2230
ex

g
e
al

e

l

ic
-

c-

ad-
g

being the scattering mean free path of a light mo
hka j eask̂dj with wave vectorka ­ v

c na k̂ and polariza-
tion eask̂d. The structure factorfBv

kaqb st ­ 0dgab de-
scribes the scattering ofhka j eask̂dj into hqb j ebsk̂dj.
The symbol

R
q̂b always stands for an angular integratioZ

q̂b

· · · ­
Z dVq

s2pd3
n3

bsq̂d · · · . (7)

To the order of our calculationskGRyAl sk, vd is diagonal
in the polarizationeask̂d. In what follows, a Greek in-
dex will refer to the “basis vectors”ea ≠ ea or da ≠ da.
The scattering mean free pathlask̂, vd in the nematic
phase has been calculated [17,18]. For smallH for the ex-
traordinary ray it has the forml21

a ~ s v

c d2 kBT
K lns DxH2

Ksvycd2 d,
whereK is an appropriately averaged elastic constant.

Let us look at the spatial and temporal autocor
lation function for the electric light field:kEsR 1

r
2 ,

T 1
t
2 d ≠ EpsR 2

r
2 , T 2

t
2 dl, where we have alread

introduced the center of “mass”sR, Td and relativesr, td
coordinates. From this quantity, others follow as sp
cial cases: the energy density of light at timeT is
W1sR, T d ­ kEsR, T d ? ´0EpsR, T dl, where theT depen-
dence is, e.g., due to time-dependent sources; the
poral correlation function of a steady-state light field
W2sR, td ­ kEsR, t

2 d ? ´0EpsR, 2
t
2 dl, which reflects the

dynamics of the scattering media measured in DWS
periments. The Fourier transform with respect tor gives
the energy density with wave vectork [2]. To calcu-
late the autocorrelation function for special light sourc
and/or given boundary conditions, we need the “two p
ticle” Green’s functionF ­ kGR ≠ GAlsNd. Our goal is
to derive the diffusion pole ofF in momentum and fre-
quency space. With all arguments, Green’s function
Fv

kk0sK, V, td. K, V correspond to the center of mass c
ordinatesR, T and k, k0 to the relative coordinatesr, r0.
The superscriptv is the light frequency, and thet depen-
dence explicitly comes from the structure factorBv

kk0 std.
In the weak-scattering approximation,Fv

kk0sK, V, td can
be represented as a sum of ladder diagrams, whic
equivalent to the Bethe-Salpeter equation:Z d3k1

s2pd3 f1s4d
kk1

2 f v
k sK, VdBv

kk1
stdgFv

k1k0 sK, V, td

­ f v
k sK, Vd1s4d

kk0 , (8)

where

f v
k sK, Vd ­ fkGRl sk1, v1d ≠ kGAl sk2, v2dgsNd,

(9)

with k6 ­ k 6 Ky2, v6 ­ v 6 Vy2, and f1s4d
kk0gijkl :=

s2pd3dsk 2 k0d sdikdjl 1 dildjkdy2. The multiple inte-
grals and the sum can be done analytically ford-function
correlations but not for the anisotropic, long-range cor
lations of our problem. Volhardt and Wölfle [25] derive
the diffusion pole for isotropic electron transport direc
from Eq. (8), and MacKintosh and John [11] applied th
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method to light. In the anisotropic case one has to
more careful [16]. IfC

snd
k sK, V, td andlsndsK, V, td are,

respectively, thenth eigenvector and eigenvalue of the i
tegral operator of Eq. (8),Z d3k1

s2pd3 f1s4d
kk1

2 f v
k sK, VdBv

kk1
stdgCsnd

k1
­ lsndC

snd
k ,

(10)

with C
snd
k sK, V, td the eigenvectors of the Hermitia

adjoint operator, it is straightforward to show that

Fv
kk0 sK, V, td ­

X
n

C
snd
k ≠ C

snd
k0

lsnd f v
k0 sK, Vd (11)

solves the Bethe-Salpeter equation [11]. In the cas
K ­ 0 andV ­ t ­ 0, it can be shown that the quanti
DGv

k s0, 0d, where

DGv
k sK, Vd ­ kGRl sk1, v1d 2 kGAl sk2, v2d , (12)

is an eigenvector with eigenvaluels0ds0, 0, 0d ­ 0. This
is a very general result, based on the Ward identi
valid beyond the weak-scattering approximation [25]. W
have identified the diffusion pole, as we shall explici
see soon. All other eigenvalues are positive, and
real space, they give exponentially decaying contributi
to Fv

kk0sK, V, td of Eq. (11), which are not importan
at long length scales [11]. To establish the diffusi
approximation we have to apply perturbation theory
calculatels0dsK, v, td for small K, V, andt. Therefore,
we expand the eigenvectors into a set of basis funct
and turn the eigenvalue equation (10) into a ma
equation. For the componenta of Ck we use the ansatz

Ca
k ~ fDGv

k s0, 0dga

∑
C̃0p 1

X
i

C̃a
i wa

i sk̂d
∏

, (13)

where

fDGv
k s0, 0dga ø 2ip

c
v

nask̂dd
µ

v

c
nask̂d 2 k

∂
.

(14)

The first factor on the right-hand side of Eq. (13)
due to the momentum shell approximation, Eq. (14)
is strongly peaked around the wave numbers of the l
modes. The amplitudeC̃0 then represents the zero
eigenvector. The second term corresponds to the spa
all other eigenvectors where thew

a
i sk̂d are basis functions

on the unit sphere, e.g., spherical harmonics, which
in general depend on polarizationa. We also use the
relation

fDGv
k sK, Vdga ø f f v

k s0, 0dgaa

3

∑
DSv

k s0, 0d 2
≠G21

0

≠k
K 2

≠G21
0

≠v
V

∏
a

, (15)

which gives fDGv
k sK, Vdga correctly to first order in

K, V, and S (see [26]). (S is the mass operator an
DSv

k is defined the same way asDGv
k . G0 stands for
be
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Green’s function of the homogeneous medium.)
coupling between the zeroth and the other eigenvec
then produces the diffusion tensor, and, finally, Gree
function takes the form

Fv
kk0sK, V, td ø

1
N

DGv
k s0, 0d ≠ DGv

k0 s0, 0d
2iV 1 msv, td 1 K ? DsvdK

,

(16)

with N ­ 22n3v2yspc3d and n3 being the angular an
arithmetic average of the two refractive indices. The
nominator represents a diffusion pole, which also cont
an “absorption” coefficientmsv, td. The diffusion tenso
follows from

K ? DsvdK ­
c

2n3
fGsKdgp ? B21G sKd , (17)

with

fG sKdgai ­ p
Z

k̂a

nask̂d
∑

≠G21
0

≠k

∏
a

sk̂d fwa
i sk̂dgp

and

fB gai
bj ­

X
g

Ω
p

Z
k̂a

Z
q̂g

hfwa
i sk̂dgpwa

j sk̂dda
b

2 fwa
i sk̂dgpw

b
j sq̂ddg

bj fBv
kaqg s0dgagj .

In principle all w
a
i sk̂d of odd parity contribute toDsvd.

For isotropic systems we choose spherical harmon
w

a
i sk̂d ! Ylmsq , wd. Only the componentsfG sKdgal­1m

are nonzero andfB galm
bl0m0 ~ dll0. Therefore, only spherica

harmonics of l ­ 1 contribute to Dsvd and we ge
the familiar formulaD ­

1
3 clp ~ fk1 2 cosq lg21. The

absorption coefficient reads

msv, td ­
cp3

2n3

X
a,b

Z
k̂a

Z
q̂b

fBv
kaqb s0d 2 Bv

kaqb stdgab .

It represents an angular average over all the dynam
modes of the system. (Fort ­ 0, it is zero and then
increases due to the decaying temporal correlation
kd´ ≠ d´l.) The numerator in Eq. (16) indicates whi
initial and final polarization states have a nonzero ove
with the diffusion pole. The second factorDGv

k0 s0, 0d de-
pends only on the input wave. The first factorDGv

k s0, 0d
involves only the output wave and determines the
tio of densities of photons in the two output polariz
tion states 1 and 2independentof the state of the inpu
wave. An integration overk s

R
k2 dkd shows that this ra

tio if fn1sk̂dyn2sk̂dg3 for the wave direction̂k. This effect
should be measurable. Finally, Green’s function co
sponding toW2sR, td follows from Fv

kk0sK, V ­ 0, td by
integrating overk, k0 and applying the appropriate tra
operation.

The diffusion tensorDsvd has the same uniaxi
form as the dielectric tensor in Eq. (3). We express
diffusion coefficientsDk and D' in terms of a typica
2231
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length lp
0 ­ 9p

c2
'

v2
K3

kBT
´

2
'

D´2 sc' ­ cy
p

´' d times unitless
numerical factors̃Dk andD̃' via

Dk ­ c'lp
0D̃ky3, D' ­ c'lp

0D̃'y3 , (18)

whereD̃k andD̃' depend onK1yK3, K2yK3, andD´y´'.
For the material 5CB,K3 ­ 5.3 3 1027 dyne, ´' ­
2.381, andD´y´' ­ 0.228. With T ­ 300 K and green
light svyc ­ 1.15 3 105 cm21d we get lp

0 ­ 2.3 mm,
which is in agreement with experiments [15,21]. As b
sis functions we choose spherical harmonics depend
on a new “polar angle”q 0

a (see [26]). For the ordi-
nary light ray q

0
2 ­ q , for the extraordinary oneq 0

a is
given by cosq 0

1 ­ n1sk̂d cosqyp
´'. The basis func-

tions w
a
lmsk̂d ­ Ylmsssq 0

asq d, wddd are orthogonal with re-
spect to the weightn3

ask̂ddVk ~ d cosq 0
a dw. Then,

only fGsKdgal­1m is nonzero [26]. We studied the contr
butions of differentl to Dk andD' and found thatl ­ 3
in addition tol ­ 1 gives changes of less than 2%.
Fig. 1, we plot our results for̃Dk and D̃' for 5CB with
K1yK3 ­ 0.79, K2yK3 ­ 0.43, andDx ­ 0.95 3 1027.
At H ­ 0, D̃k ­ 0.95 and D̃' ­ 0.65 are finite even
though, as noted earlier, the scattering mean free p
for the extraordinary light ray is infinite. The anisotrop
in the diffusion constants decreases with bothD´ and
anisotropy in the Frank elastic constants. In the lim
D´ ­ 0 andK1 ­ K2 ­ K3, DkyD' ­ 1.06 is not unity
because of the inherent anisotropy in the structure f
tor. The diffusion approximation is valid only for timest
much smaller than characteristic relaxation times of
director modes. In this case we get

msv, td ø tm0, m0 ­
2kBT
9p

v4

c3
'

D´2

´
2
'

m̃

g
, (19)

where g is the rotational viscosity and̃m a numerical
factor depending on all other viscosities andD´y´'.
Note that unlike scattering in colloids,m0 depends only on
viscosities and is independent of the static structure fac
s~ kBTyKq2d. This is because the same fluctuatio
determine scattering and dynamics. Finally, we point o
that the appropriate Laplace-Fourier transform of Eq. (1
leads to a temporal autocorrelation functionW2 that can
be expressed in a form reminiscent of the average o
light paths used in isotropic systems [12,13]:

W2 ~
Z `

0
dtPstd exps2m0ttd , (20)

wherePstd is the probability that an anisotropic rando
walker enters the medium at a prescribed point and lea
it at another point after a timet. (Note that this integral
is over timet rather than path length because the lig
velocity is not a constant along an arbitrary path.)
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Note added— While this paper was being processed f
publication, a very similar paper [Bart A. van Tiggele
Roger Maynard, and Anne Heiderich, Phys. Rev. Le
77, 639 (1996)] was published. Its results are in go
agreement with ours.
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