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We construct a generally applicable short-time perturbative expansion for coherence loss. Suc
terms of this expansion yield characteristic times for decorrelation processes involving successiv
ers of the Hamiltonian. The second order results are sufficient to precisely reproduce express
“decoherence times” obtained in the literature by much more involved and indirect methods. Exa
illustrating the influence of initial conditions and the need to evaluate higher order terms are gi
the context of the Jaynes-Cummings model. It is shown that, in this case, the short-time decoh
behavior can probe the importance of antiresonant contributions. [S0031-9007(96)00590-X]
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The study of open quantum systems and/or subsys
has recently attracted the attention of physicists fr
very different areas: cosmology [1], condensed ma
[2], quantum optics [3], particle physics [4], as well
of theorists working on the fundamentals of the quant
measurement process [5]. The problem can be stated
generally by considering several interacting subsyst
and asking for the looks of the effective dynamics
one such subsystem. Generic, exact answers within
standard framework of quantum mechanics have b
given before [6]. Recent experimental developments
as well as the analysis of models related to them
now indicate, however, that the specific knowledge of
(often very short) time scale for the onset of decohere
processes may be of considerable value. In order to m
such demand we develop here a short-time perturba
scheme to extract decorrelation time scales from
in general highly nonlinear effective dynamics of op
quantum subsystems. Our results are generally applic
0031-9007y96y77(2)y207(4)$10.00
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to situations in which the subsystem of interest appe
as part of a larger, closed Hamiltonian system. Th
are based on a hierarchical analysis of the short-t
dynamics ofintersubsystemcorrelation processes whic
bears a strong resemblance in spirit to ordinary tim
dependent perturbation expansions.

We consider the general case of a dynamically clo
(i.e., autonomous) quantum system which is describe
being composed of two interacting subsystems, so tha
full Hamiltonian is written as a sum of three terms

H  H01 1 H02 1 Hint ; H0 1 Hint, (1)

the last of which represents the interaction between
subsystems, whileH0 describes their bare dynamics. No
that no a priori limitation is being imposed on the
nature or complexity of the subsystems. In particul
all current models involving quantum systems coupled
dynamically implemented reservoirs (e.g., [9]) fit into th
above characterization, the same being true all the wa
© 1996 The American Physical Society 207
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very simple systems (e.g., models involving coupled sp
[10] or the Jaynes-Cummings model for the interaction
atoms with radiation [8,11,12]). The state of the system
described in full generality in terms of a density opera
rstd evolving in the Schrödinger picture as

rstd  e2iHtrs0deiHt , (2)
where rs0d stands for the initial density operator (
t  0). We consider then the reduced density for o
of the subsystems (say, subsystem 2)

r2std  Tr1hrstdj , (3)
where Tr1 denotes the trace over the degrees of freed
of subsystem 1.

A simple and direct measure of the degree of de
herence in subsystem 2 is provided by the “idempote
defect”dstd of the reduced densityr2std [13]. This is the
quantity written in the equation below, where it is furthe
more subjected to a short-time power series expansion
dstd ; Tr2hr2std 2 r2

2stdj
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 1 2 Tr2

µ
r2

2 s0d 1 t
dr

2
2

dt
s0d 1

t2

2!
d2r

2
2

dt2 s0d 1 · · ·

∂
; d0 2

t
t1

2
t2

t
2
2

2 · · · . (4)

Here we use the normalization condition Tr2r2s0d  1
and the fact that it is preserved in time. The coefficie
of this expansion are readily obtained from Eq. (2). U
to ordert2 they read explicitly

d0  1 2 Tr2hr2
2s0dj , (5)

1
t1

 2Tr2hr2s0d Ùr2s0dj

 2iTr2hr2s0d Tr1frs0d, Hgj

; 2ikTr1frs0d, Hglr2s0d , (6)

and
1

t
2
2

 Tr2h Ùr2
2 s0d 1 r2s0dr̈2s0dj  2Tr2hsssTr1frs0d, Hgddd2 1 r2s0d Tr1ffffrs0d, Hg, Hgggj

; 2Tr2hsssTr1frs0d, Hgddd2j 2 kTr1ffffrs0d, Hg, Hggglr2s0d , (7)
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where the symbolk· · ·lr2s0d stands for an average valu
over the stater2s0d. The above expressions constitute t
first few terms in the short-time expansion of the time
velopment of those quantum processes which are spe
cally related with coherence loss (decoherence) within
subsystems. These processes involve the dynamics o
tersubsystem correlations, which cause the time ev
tion of the reduced densities to be nonunitary. In fa
a change ofdstd is associated to a change of the eige
values of the reduced density [6]. The coefficients of
expansion furnish characteristic timestn associated with
correlation processes involvingHint to ordern. Note that
they can be evaluated once the Hamiltonian is spec
and the initial state of the composite system is given.
may be noted that the double commutators such as t
appearing in Eq. (7) have been discussed in the con
of irreversible processes where they appear in con
tion with dynamical semigroups related to master eq
tion time evolution [9]. Equations (6) and (7) involve a
the physical ingredients which may contribute to the ti
development of quantum correlations to first and sec
order inHint. The same expressions can be obtained fr
the exact dynamics of the eigenvalues of the reduced
sity matrix, as given in Ref. [6].

In the frequently considered special case in which
two subsystems are initially uncorrelated, i.e., when
initial density rs0d factors asrs0d  r1s0d ≠ r2s0d, the
above expressions simplify considerably. We get

d0  1 2 Tr2hr2
2 s0dj,

1
t1

 0 , (8)
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 Tr2hr2s0d sssffffr2s0d, kHlr1s0dg, kHlr1s0dggg

2 Tr1ffffr1s0dr2s0d, Hg, Hgggdddj , (9)

where k· · ·lr1s0d again denotes an average taken w
respect to the densityr1s0d. If furthermore r1s0d 
jc1l kc1j and r2s0d  jc2l kc2j are idempotent densitie
(pure quantum states),d0  0 and Eq. (9) simplifies
further to

1

2t
2
2

 2 kc1c2jHjc1c2l2 1 kc1jkHl2
2jc1l

1 kc2jkHl2
1jc2l 2 kc1c2jH

2jc1c2l , (10)

where nowkHln stands forkcnjHjcnl.
Equation (8) shows in general that for two initiall

uncorrelated subsystems decoherence processes evo
least quadratically in time for short times. In order
gain further insight into the content of these expressio
we now show that Eq. (9) corresponds precisely to
well-known expression for the decoherence time obtain
for the popular model of Refs. [2,14] through the use
a Fokker-Planck equation or directly from the Feynma
Vernon [15] influence functional. This model consists
a harmonic oscillator (to be considered as subsystem
linearly coupled to a heat bath (subsystem 1) made als
harmonic oscillators, the Hamiltonian being written as

H 
p2

2m
1

1
2

mv2
0x2 1

X
k

µ
p2

k

2mk
1

1
2

mkv2
kx2

k

∂
1 x

X
k

ckxk , (11)
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whereck are the coupling constants. If one considers
initial state

rs0d 

µY
k

e2bHk

Zk

∂
≠ jcl kcj , (12)

where b is the usual Boltzmann factor,HksZkd is the
Hamiltonian (partition function) of thekth oscillator in
the heat bath, andjcl kcj the initial state of the oscillato
with frequencyw0, from Eq. (10) one gets

2
1

t
2
2

 2D2x

"X
k

c2
k

2mkvk
coth

µ
bh̄vk

2

∂#
, (13)

where D2x is the variance of the position coordinate
thev0 oscillator in the statejcl.

Now, with the usual Ohmic dissipation assumptions [
i.e.,

X
k

!
Z `

0
dvDsvd with

Dsvdc2
v

v2mv
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0, v .

1
t2

h

p , v ,
1
t2

,

(14)
whereDsvd is the density of modes of the heat bath a
h related to a friction coefficient. It is easy to show th
for bh̄v ø 1, this leads to the standard result [2]

jt2j 
h̄2b

2h Dx2
. (15)

We turn now to a different example, of relevan
in quantum optics: the Jaynes-Cummings model wh
Hamiltonian including both resonant and antireson
contributions is given by

H  h̄vFsaya 1
1
2 d 1

1
2 esz 1 gsays2 1 as1d

1 g0says1 1 as2d , (16)

wherea and ay are the field boson creation and annih
lation operators, respectively,vFsed is the field (atomic)
frequency, and thes matrices the usual Pauli matrice
with s6  sx 6 isy . We consider the case of an in
tially factorized density

rs0d  jml kmj ≠ jal kaj , (17)

where jal stands for a coherent state of the fie
considered to be subsystem 1,ajal  ajal [16], and
jml is the most general state for the spin-1y2 subsystem
written as

jml 
1

s1 1 jmj2d1y2 sj2l 1 mj1ld , (18)

the statesj6l being normalized eigenvectors ofsz . In
this case the second order decoherence time scale is g
by

2
1

t
2
2


g2

2
s1 1 jd2 1

g02

2
s1 2 jd2

2 gg0s1 2 j2d cos2u , (19)
,

e
t
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where the parametersj and u reparametrize the initial
state of the two level subsystem according to the definit

m 

s
1 1 j

1 2 j
eiu , 21 # j # 1 . (20)

We remark first thatt2 is independent of the displace
menta characterizing the coherent state of the field. Al
the well-known result fort2 in the so-called rotating wave
approximation (RWA,g0  0) and assuming the spin-1y2
initial state to bej1l sj  1d is obtained from Eq. (19):Ç

1

t
RWA
2

Ç


p
2g . (21)

This reflects the well-known result that for the atom-initi
condition j1l the RWA of the Jaynes-Cummings mode
predicts Rabi oscillations with decreasing amplitude. T
amplitude has in fact an envelope which can be rep
sented for short times by the Gaussiane2g2t2

[12]. Had
we started with the atomic statej2l, we would get that
the envelope is also a Gaussian, but with second order
cay time proportional to the antiresonant couplingg0:Ç

1
t2

Ç


p
2g0 for rs0d  j2l k2j ≠ jal kaj . (22)

An interesting situation occurs when, perhaps mo
realistically, g  g0: If we take the initial condition
j  0, u  0,

jml kmj 
1
2

sj1l 1 j2ld sk1j 1 k2jd (23)

we get 1yt2  0. In such a situation (as in the cas
of any perturbative expansion) we have to examine
higher order contributions. For the specific initial sp
state Eq. (23) and with the field in a coherent state we
that the lowest contributing order is

1

t
4
4

 2
1
4

kh2
1lr1s0dkffH02, h2g, ffffH2, h2g, r2s0dgggglr2s0d

2
1
4

kh1l2
r1s0dkffffH02, h2g, r2s0dggg2lr2s0d , (24)

where we have rewritten the HamiltonianH as

H  H01 1 H02 1 gh1h2 (25)

with H01  h̄vFsaya 1
1
2 d, H02 

1
2 esz , h1  sa 1

ayd, andh2  sx. When the initial densityr1s0d is given
by Eq. (23) andr2s0d  jalkaj we find

2

µ
1
t4

∂4

 2e2g2. (26)

These results immediately imply that the antiresona
terms tend to change the shape of the envelope of R
oscillations of the atomic inversion for short times. Als
in the hypothetical situation where we could control th
parameterse and g our results indicate that by carefully
choosing the initial condition, special states, namely, t
209
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eigenstates of thesx operator, could be obtained whic
would lose coherence at a much slower rate than othe

We mention finally that energy dissipation rates in
open subsystem can be estimated in the same spir
Eq. (4) by similarly expanding the average subsyst
energies

Eistd
Eis0d


TrhH0irstdj

kH0ilrs0d
, i  1, 2 , (27)

where the notation of Eqs. (1) and (2) has been used
should be kept in mind that the sumE1std 1 E2std differs
from the total (conserved) mean energy TrhHrstdj by the
interaction energy TrhHintrstdj.

In conclusion, we implemented a very straightforwa
expansion procedure which allows one to estimate de
relation times for an open subsystem of a larger, clo
Hamiltonian quantum system, forany given initial condi-
tion of this larger system. In particular, it allows for
quantitative evaluation both of the decorrelation prope
ties of different initial states for a given dynamics and
the decorrelation effects of different intersubsystem c
plings. A crucial point for the given implementation co
sists of selecting quantities, associated to the subsy
of interest, whose time evolution shows a highly select
sensitivity to the coherence properties of its state. We
the old-fashioned “idempotency defect” [13] for the pu
pose of studying decoherence. Analogous procedures
be devised also for other kinetic properties, and we bri
indicate in Eq. (27) quantities which are relevant in co
nection with energy dissipation.
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