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Textured Edges in Quantum Hall Systems
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We have investigated the formation of spin textures at the edges of quantum Hall system
several ferromagnetic filling factors. The textures are driven by the same physics that lea
“Skyrmions” in the bulk. For hard confinement and large Zeeman energies, the edges are n
and spin polarized. Away from this limit and forn  1y3, 1y5, and1, we find that they widen by
developing spin textures. In contrast, forn  3, the edge remains spin polarized, even as it reconstru
We comment on the mode structure of the reconstructed edges and on possible experimental sig
[S0031-9007(96)01041-1]
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Progress in device fabrication and theoretical inte
in moving beyond the basic physics of the quant
Hall effect (QHE) have recently converged in a flur
of activity on multicomponent systems [1]. One of t
new themes in this work is the existence of excitatio
that involve topologically nontrivial configurations of th
components. The first examples to be uncovered w
“Skyrmions” of the spin degrees of freedom [2] and the
is now a considerable amount of experimental evide
for their existence [3–5]. Meanwhile, the Indiana gro
has studied pseudospin textures in double layer sys
[6] and used them to account for a novel phase transi
observed as a function of a parallel magnetic field [7].

The physics here is a combination of magnetism, Be
phases, and the density-flux commensuration that is a
heart of the QHE. As a consequence, at ferromagn
QH fillings, long wavelength variations in the density a
most cheaply accomplished by texturing the spins [2
In this Letter we discuss another instance where
tradeoff might be expected to exist, i.e., the edges of
systems. For a confining potential that rises steeply at
edge, the density falls steeply from its bulk value and
width of the edge region is of order the magnetic len
, 

p
h̄cyeB; most work on edge states [8] assumes t

simple structure. As the confinement is softened, the e
will reconstruct by the outward motion of the charge a
will become wider in the process [9–11]. The prec
question we address is the following: For the edges
ferromagnetic QH states [12], under what circumstan
does edge reconstruction take place by texture format

A subtlety here [13] is that the physics of textures
most evident for long wavelength density fluctuatio
Whether it survives at wavelengths of the order of,
is an issue of detail and must be settled by expl
calculations. Consequently, we have searched for e
texture formation using both Hartree-Fock and effect
action based calculations atn  1, 3, 1y3, and1y5. In
addition to the width of the edge region, the oth
important parameter in the problem is the ratio,g̃ ;
0031-9007y96y77(10)y2061(4)$10.00
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gmBByse2ye,d, of the Zeeman energy,gmBB, to the
typical Coulomb energy,e2ye,; clearly, for large enough
g̃ all states are spin polarized.

Our chief results are the following: (i) Atn  1 and
for g̃ less than a critical valuẽgc, the formation of an
edge texture preempts the polarized instability [9,10].
In contrast, atn  3, the edge remains polarized eve
as it reconstructs. This distinction betweenn  1 and
n  3 parallels that for Skyrmions in the bulk [13] an
strongly suggests that spin textures govern the low ene
physics at small Zeeman energies only for states in
lowest Landau level, i.e., forn  1, n  1y3, and1y5.
(iii) The polarized edge is invariant under spin rotatio
about the magnetic field as well as under translatio
along the edge. The textured edge is invariant only un
a specific linear combination of these symmetries wher
the orthogonal combination is spontaneously broken.
a consequence, we expect that the reconstructed edge
an additional gapless mode. We now turn to the det
of our results.

Edge Hamiltonian and polarized instability.—We con-
sider a two-dimensional electron gas in a magne
field B and restrict the orbital Hilbert space to th
highest occupied Landau level,n. The Hamiltonian is
constructed by taking matrix elements of the Coulom
interaction V srd  e2ysejrjd between states in thenth
Landau level, in the presence of a specified backgro
chargerbsrd which confines the electron gas. (Forn .

0, rb is taken to include the charge in all lower, fully oc
cupied Landau levels.) We focus, in the present Let
on a semi-infinite system with a straight edge; similar
fects in quantum dots will be discussed elsewhere [1
For this geometry, it is convenient to work in Landa
gaugesA  Bxŷd with periodic boundary conditions in
the ŷ direction; the field operators can thus be expand
as cs 

P
p wpcps, where cps annihilates an electron

with wave vectorp and spins. For thesn 1 1dst Landau
level and a system of finite lengthL along the edge,wp 

s2nn!
p

pL,d21y2eipyHns x
, 2 p,de2s x

,
2p,d2y2, where Hn
© 1996 The American Physical Society 2061
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is the nth Hermite polynomial andp  2pnpyL, np 
0, 61, 62, etc. We takerb to fall linearly from its bulk
valuer to zero over a region of widthw (Fig. 1), so the
“softness” of the edge is set by the dimensionless ra
w̃ ; wyl.

Chamon and Wen studied the stability of the straig
n  1 edge as a function of̃w for polarized electrons
[10]. For smallw̃ the edge is sharp; the occupation
the up spin one-particle states is unity out to a maxim
wave vector and zero thereafter; hence the density fall
zero over a distance ofOs,d in real space. At̃w  w̃p 
9.0 (in Hartree-Fock) an “edge reconstruction” occu
where a lump of QH liquid is split off and deposited
distance,, from the bulk.

Edge textures.—We study the stability of polarized
edges against formation of spin textures by two differe
methods. The first utilizes an effective action for the sp
degrees of freedom at ferromagnetic QH states obtai
after the charge dynamics have been integrated out.
Lagrangian density has the form [2,6],

Leff 
1
2

rAsnd≠tn 2
1
2

rss=nd2 1 grmBn ? B

2
n

2
FM

2

Z
d2r 0fr 2 qsrd 2 rbsrdg

3 V sr 2 r0d fr 2 qsr0d 2 rbsr0dg , (1)

where the electron density is the differencer 2 q, rs is
the spin stiffness [15], andnFM is the filling factor of
the ferromagnetic component (e.g.,nFM  1 at n  3).
The spin is described by the unit vectornsrd, Asnd is
the vector potential of a unit monopole, i.e.,eabc≠bAc 
na and qsrd  n ? s≠xn 3 ≠yndy4p is the topological
(Pontryagin) density of the spin field.

The applicability of this effective action to the edge
of a quantum Hall system is not evident. The derivati
presented in [2] assumed gapped density fluctuations
the absence of currents, both of which are problema
at the edge. It is our belief, supported by the resu

FIG. 1. Sketch ofrb and nz perpendicular to the edge. Th
inset shows how the planar components of the spin rotate a
the textured edge.
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of microscopic calculations presented later, that for
staticsof the textured edge this is not a serious limitatio
The energetics of the textures are quite robust
are captured well by the static terms in the effect
action.

Edge textures are configurations of the spin field t
possess a topological density at the edge of the sys
Denoting the directions perpendicular and parallel to
edge byx andy and the magnetic field axis byz, the spin
field takes the form

nx 
q

1 2 f2sxd cossky 1 u0d ,

ny 
q

1 2 f2sxd sinsky 1 u0d, nz  fsxd ,
(2)

where k and u0 are constants andfsxd falls from its
value fs2`d  1 in the bulk polarized state as the ed
is approached. Evidently, the spins tilt away from t
direction of the field on going across the edge while th
precess about it with wave vectork along the edge; the
trivial case,f ; 1, is the polarized edge (Fig. 1). Th
topological density of the texture,q  2sky4pddfydx,
is proportional both to the gradient ofnz and to the
edge wave vector. Note that althoughq, and hence the
electron densityr  r 2 q, is constant along the edge
the form (2) breaks translational invariance along
edge, generated byty  2i≠y, as well as spin rotationa
symmetry about the magnetic field generated byLz  sy

acting on snx , nyd. However, the state (2) is invarian
under the combined symmetry generated byty 1 kLz .
Thus there is one broken continuous symmetry and
symmetry related states are labeled byu0.

To find the optimal texture, we determinefsxd by
numerically integrating the equation of motions using
relaxational procedure for a fixedk, which is then fixed
by minimizing the energy.

Hartree-Fock technique.—The second method used
search for textured edges is the Hartree-Fock techn
introduced by Fertiget al. for Skyrmions [16,17]. The
form of the wave function is fixed, by the constraints
lowest Landau level occupation and the conservation
ty 1 kLz noted earlier, to be

jkl 
Y

p
supc

y
p" 1 ypc

y
p1k#d j0l . (3)

The coefficientssup , ypd are determined by numericall
iterating the Hartree-Fock equations until a self-consist
solution is found. The wave vectork is again determined
by minimizing the energy. Recovering the polariz
bulk state requires thatup ! 1 deep in the bulk but
its values at the edge are unconstrained. The nume
results in this Letter are for a system of lengthL 
100,; we have checked that they are not sensitive to
choice.

We begin with our results onn  1 which are illus-
trated in Figs. 2 and 3. Within one Landau level t
dimensionless parameters̃g and w̃ control the physics.
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FIG. 2. Stability diagram for then  1 edge showing the
region of stability of the sharp edge and the regions where
unstable to texture formation and to a polarized reconstruct
The solid line marks the onset of the textured edge with
Hartree-Fock theory and the dashed line within the effect
action calculations. The sharp edge becomes unstable
a polarized reconstruction for̃w . w̃p  9.0 (dotted line)
independent ofg̃. The wave vectors for the initial texture
are indicated along the boundary. Also included are effect
action predictions for the onset of the textured edge atn  1y3
and1y5 (dashed lines).

Figure 2 shows the stability diagram of the edge in t
sg̃, w̃d plane, with phase boundaries obtained both fro
Hartree-Fock and effective action calculations. The clo
agreement between these methods at smallg̃ where the
textures are expected to be slowly varying is encourag
and in line with similar calculations for bulk Skyrmion
[14]. The Hartree-Fock treatment represents the sh
edge exactly and hence gives an upper bound for the c
cal w̃ at a fixedg̃.

Notice that for small Zeeman energies,g̃ , g̃c 
0.082, and softening confinement, the sharp edge beco
unstable to a textured reconstructionbefore it becomes

FIG. 3. Density and spin density as a function ofx (distance
perpendicular to the edge) forn  1, g̃  0.01, and a set of̃w.
The curves labeleda are for the polarized edge whilec are for a
textured edge beyond the polarized instability where the form
is still energetically preferred. The table shows the wave vec
k, as a well as the spin,SyL, and energy,EysLe2ye,d, per unit
length relative to the polarized edge.
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unstable to polarized reconstruction. In particular,
g̃  0, the transition to a textured edge with wave vec
k  0.63 occurs atw̃  6.7 while the purely polarized
reconstruction happens only atw̃p  9.0. As g̃ increases,
the criticalw̃ andk increase as well till finally at̃g  g̃c,
the polarized instability becomes the primary instabili
The quoted numbers are from Hartree-Fock theory;
effective theory gives that thẽg  0 transition occurs
at w̃  6.9 with k  0.40. We remind the reader tha
the effective theory does not allow a computation of
polarized instability and hence of̃gc. In contrast the
Hartree-Fock wave functions allow for both possibilitie

The reconstruction in going across the phase boun
is continuous, as illustrated in Fig. 3 where we sh
(two-dimensional) density and spin-density profiles. T
density profile evolves smoothly from that of the sha
edge towards the fragmented edge produced by polar
reconstruction. As the initial instability involves movin
a small amount of charge locally, textured reconstruct
is really an edge instability; in contrast, forg̃ . gc, the
polarized instability sets in when the edge is still loca
stable [9,10]. The inset table in Fig. 3 details the incre
in the edge wave vector and the depolarization of the e
away from the phase boundary.

For n fi 1, it is straightforward to extend the effectiv
action calculations and one again finds instabilities
the sharp edge to texturing (Fig. 2). At̃g  0 these
set in at critical valuesw̃n where w̃1y3  2.4, w̃1y5 
1.7, andw̃3  12. The corresponding edge wave vecto
are 1.11, 1.57, and 0.23. One notes thatw̃n are related to
the value atn  1 by w̃n ø s1yn

2
FMd srs

nyr
s
1dw̃1, where

rs
n is the spin stiffness at filling factorn.
For n  3, we have carried out an analogous calcu

tion to that of Chamon and Wen to find the critical val
of w̃p at which the polarized instability occurs. We fin
that w̃p  8.3 which is obviously less thañw3. (This is
corroborated by the fact that no texturing is observed
the Hartree-Fock solutions for̃w , w̃p , even atg̃  0.)
Consequently, then  3 edge (really, the innermost o
its three edges) will not display texturing and should
construct to a polarized, fragmented edge with soften
confinement.

For n  1y3 and1y5 no estimate for a polarized in
stability is available and we do not know if it preemp
texture formation. Nevertheless, the moral of then  3
calculations is that the relative energetics of the polari
and textured instabilities roughly follow those of polariz
quasiparticles and Skyrmions [13]. This strongly sugge
that they exhibit textured edges at smallg̃ as well.

Edge dynamics.—The limitations of the effective ac
tion, detailed earlier, preclude a proper treatment of
dynamics at this time; hence, we limit ourselves to a qu
tative discussion.

Close to the phase boundary, the most striking attrib
of the mean field solutions is the presence of a bro
symmetry. As this is a broken continuous symmetry
2063
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a one-dimensional quantum system, it is likely that
true long-range order in these solutions will be redu
to quasi- (algebraic) long-range order when quant
fluctuations are included. Consequently, the true gro
state will conserve bothty andLz although the transvers
spin-spin correlation function will show evidence of t
textures discussed in this Letter. A true broken symme
would imply an extra gapless, Goldstone mode a
we expect that a modified version of this will surviv
fluctuations as well.

Experimental consequences.—At n  1, the range of
Zeeman energies for which there is an instability to t
tured reconstruction is quite large; indeed it covers
values of interest for GaAs systems (0.005 , g̃ , 0.02
for fields between 1 and 10 T). The major experime
tal barrier to realizing the textured edge is tuning
confining electric field to the right range. Recent theo
[18] suggests that standard samples may contain hi
reconstructed edges with several channels even for
ger states. If this is correct then it might be necessar
investigate systems with ultrasharp confinement produ
by cleaving which have been fabricated recently [19].

The principal signatures of textured edges are lik
to be their sensitivity to the value of the Zeeman ene
and the associated depolarization of the edge. The for
could be investigated by tunneling into the edge of
electron gas at various values of a tilted magnetic fie
The latter might be amenable to a local NMR probe.
with Skyrmions, the contrast betweenn  1 and 3 should
prove to be a useful diagnostic.

Finally, we note that spin effects in the reconstruct
of small droplets were found in exact diagonalizati
studies of small systems by Yang, MacDonald, a
Johnson [20]. As we were writing up this work w
received a preprint by Oakninet al. [21] which discusses
the existence of a branch of textured excitations for
droplets withn . 1.
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