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Chemically Driven Motility of Brownian Particles
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A simple model is devised to show that an enzymatic Brownian particle in astatic electric field can
undergo directional movement when coupled with anonequilibriumchemical reaction which the particle
catalyzes, if at least one of the intermediate states of the catalytic cycle is charged. The direction of
the movement depends not only on the asymmetry of the electric field, but also on the direction of
the chemical reaction and the mechanism of the catalytic cycle. The Brownian particle can also move
against an external load and thus do mechanical work. This study suggests that enzyme molecules
could be separated based on their enzymatic activities. The formalism developed in this paper can be
extended and applied to biological motors. [S0031-9007(96)00487-5]
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Recently the directional movement of Brownian pa
ticles in a periodic potential has attracted considera
attention [1–7]. It is known that the long-time move
ment of a Brownian particle is not directionally biase
in the presence of a periodic potential if the potential
static. But, if the potential is asymmetric within a pe
riod and is randomly or regularly switched on and off (
that the force acting on the particles fluctuates), the
net directional movement of the particle can be achie
[1–5]. As in other cases of external fluctuation-induc
free energy transduction [8–12], energy from a fluctu
ing force field is thus found to be able to do mechani
work. Experiments using oscillating electric fields ha
not only confirmed the existence of directional movem
but also shown that particles with different charges
electric properties could be separated [3,4]. In this L
ter, we demonstrate with a simple model that a Brow
ian particle can execute directional movement in astatic
(nonfluctuating) periodic electric field when coupled wit
a nonequilibrium chemical reaction. In other words, t
free energy of a nonequilibrium chemical reaction can
directly transduced by a Brownian particle to do mecha
cal work. The general principle of the model can be tes
experimentally and should prove useful in biomolecu
separation. Moreover, the formalism developed here
be generalized and used for analyzing the motility of s
gle biological motorsin vitro, where the effect of Brown-
ian motion may be important.

As shown in Fig. 1(a), the Brownian particleE is con-
sidered as an enzyme that catalyzes the breakdown oAB
into A1 and B2. For simplicity, we consider only the
reduced scheme in Fig. 1(b). However, the general c
clusions discussed below are expected to be applic
to Fig. 1(a) or other more complicated kinetic schem
The chemical reactionsAB ! A1 1 B2d is assumed to
be inhibited in the absence ofE and the concentrations o
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AB, A1, andB2 in solution are assumed to be time ind
pendent. We want to study the movement of this che

FIG. 1. (a) A kinetic mechanism for the reactionAB $ A1 1
B2 which is catalyzed by the enzymatic Brownian partic
(symbolized by a circle). (b) The reduced kinetic scheme a
neglecting cycle II and assuming that the bond-breaking ste
much faster then the binding ofAB to the Brownian particle,
which is denoted asE (to emphasize its enzymatic characte
This three-state scheme is used for all the results reported
(c) A periodic piece-linear potentialV sxd that is assumed to ac
on the enzymatic Brownian particle only when it is in state
The potential is asymmetric whena fi 1y2. (d) The steady-
state probabilities calculated using parameters in Table I
fABgyfABgeq ­ 10.
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TABLE I. Parameters of the model used in the calculations. Detailed balance dictates thatk21a32a13ya12k23k31 ­ K.

k12 ­ a12fABg ­ 0.02fABg k21 ­ 20.0
k23 ­ 20.0 k32 ­ a32fB2gsxd ­ 0.2fB2gsxd
k31 ­ 1.0 k13 ­ a13fA1gsxd ­ 0.1fA1gsxd
kfA1gl ­ 1.0 kfB2gl ­ 1.0
K ­ 1.0 fABgeq ­ 1.0
a ­ 0.1 V0 ­ 10.0
fA1gsxd ­ kA1l exps2V dykexps2V dlp fB2gsxd ­ kB2l expsV dykexpsV dl
fABgeq

loc ­ fABgeqykexpf2V sxdgl kexpfV sxdgl ­ 4.54 3 1023

pAngular brackets signify taking average over one period of the potential.
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cally coupled Brownian particleE when it is interact-
ing with a periodic and asymmetric potential as that
Fig. 1(c). Let us assume that the particleE is influenced
by the potentialV sxd only in state 3 [this occurs natu
rally if V sxd is an electric potential]. In generalV sxd can
be viewed as a potential of mean force or a free ene
function (see below). For this part of the paper,V sxd is
taken as an electric potential. Thus the concentration
the ionic speciesA1 and B2 adopt Boltzmann distribu
tions: fA1gsxd ­ kfA1gl expf2V sxdgykexpf2V sxdgl and
fB2gsxd ­ kfB2gl expfV sxdgykexpfV sxdgl, where the an-
gular bracketsk l represent averaging over one period.
a result, two pseudo-first-order rate constants (k13 andk32;
see Table I) arex dependent. The local equilibrium con
centration ofAB, fABgeq

loc ­ KfA1gsxdfB2gsxd, whereK
is the equilibrium constant of the chemical reaction in
lution, is x independent. Note that ifV sxd were absent
the equilibrium concentration ofAB would befABgeq ­
KkfA1gl kfB2gl, which is higher thanfABgeq

loc. The chem-
ical reaction is out of equilibrium whenfABg fi fABgeq

loc.
The probabilitiespisx, td of finding E at x and in statei

at timet obey the diffusion-reaction equations [13],

≠piy≠t ­ 2≠uiy≠x 1
X
jfii

kjipj 2 pi

X
jfii

kij , (1)

ui ­ 2≠piy≠x 2 zipidVydx , (2)

i ­ 1, 2, and 3, wherezi are used to select the sta
in which the potential is active (z1 ­ z2 ­ 0 and z3 ­
1). For convenience, the quantitiesx, t, V, and kij

have been made dimensionless. They are relate
the corresponding physical quantities (signified by a
over each symbol) throughx ­ xyL, t ­ DtyL2, V ­
VykBT , and kij ­ L2kijyD, where L is the length of
the period of the potential,D is the diffusion constan
of the particle, andkBT is the product of Boltzmann’s
constant and the temperature. By summing over the t
states in Eq. (1), one has≠psx, tdy≠t ­ 2≠uy≠x where
psx, td ­

P
i pisx, td and u ­

P
i ui. At steady state

≠psx, tdy≠t ­ 0. This implies thatu is either zero or a
constant quantity that is independent ofx. SinceV sxd is
periodic, bothpi andui are also periodic at steady sta
It can be shown [14] that if the steady-state probabilit
pss

i sxd of Eq. (1) satisfy the normalization condition
y
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0
pss

i sxd dx ­ 1 , (3)

then this constantu is equal to thelong time velocityof
the Brownian particle. The rate of breakdown ofAB at
steady state can be evaluated as

J ­
Z 1

0
fk12pss

1 sxd 2 k21pss
2 sxdg dx . (4)

Identical results forJ can be obtained using either of th
other two sides of the catalytic cycle in Fig. 1(b). Th
rate of dissipation of chemical free energy isJDG, where
DG ­ lnsfABgyfABgeqd and fABgeq is the equilibrium
concentration ofAB.

The steady-state solutions of Eqs. (1) and (2) w
obtained numerically using the finite-difference meth
and the steady-state probabilities thus obtained w
then used to calculateu and J from Eqs. (2) and (4).
The parameters used in the calculations for the mo
in Fig. 1(b) are shown in Table I. For illustration, th
periodic steady-state probabilities evaluated from Eq.
for fABgyfABgeq ­ 10 are displayed in Fig. 1(d). Within
each period, all three probabilities depend onx, but the
dependence ofpss

i sxd andpss
2 sxd on x is barely discernible

in the scale of the figure. The particle velocityu andAB
breakdown rateJ calculated for the model are shown i
Fig. 2 as functions offABg. Several interesting feature
can be seen. First, when the chemical reaction is
equilibrium, i.e., fABg ­ fABgeq

loc, the particle has no
net movement, consistent with thermodynamics. Wh
fABg . fABgeq

loc, particle E has a net movement towar
the less tilted side of the asymmetric potential [toward t
right in Fig. 1(c)], just as in external-fluctuation drive
systems [1–4]. However, whenfABg , fABgeq

loc, the
direction of the movement is reversed. Thus, in contr
to the external-fluctuation driven case, the movem
direction of a chemically driven Brownian particle i
not solely determined by the asymmetry of the potent
Second, asfABg increases abovefABgeq

loc, initially both
u and J increase. However,u rises to a maximum and
then decays to an asymptotic value at largefABg, while
J increases monotonically and saturates at largefABg.
Third, values ofJ calculated forV sxd with parameters
a ­ 0.1 and V0 ­ 10 are similar to those without the
potential and thus are insensitive to the potential. Fou
195
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FIG. 2. (a) The velocityu of the Brownian particle as a
function of the concentration ofAB calculated from Eq. (2)
using the steady-state probabilities as shown in Fig. 1(d).
The breakdown rateJ of AB as a function offABg, calculated
from the steady-state probabilities using Eq. (4). The dot
curves represent the results in the absence of the poten
Arrows indicate the asymptotic values at largefABg. Magnified
views for small values offABg are shown in the insets. Th
parameters used in obtaining the curves are listed in Table
particular,fABgeq

loc ­ 4.54 3 1023).

u and J change signs simultaneously atfABg ­ fABgeq
loc

and hence a change in the direction of the chemi
reaction results in a change in the direction of the parti
movement.

The existence of directional movement means that
chemically driven Brownian particle can carry an extern
load and do mechanical work. By adding a term2Fpi

to the right-hand side of Eq. (2) and calculatingu as
a function of the external loadF, one can obtain the
force-velocity curve. The result for the present mod
with the parameter set of Table I andfABgyfABgeq ­
e20 is shown in Fig. 3(a). There is an apparent line
relationship betweenF and u for loads less than the
isometric forceFiso, the value ofF at which u ­ 0.
Meanwhile,J is almost constant. The efficiency of free
energy transduction,h ­ FuyJDG, is shown in Fig. 3(b)
as a function of the velocityu. For the particular
parameter set, the maximum efficiency is smalls,0.5%d.

We have demonstrated here that an enzyme mole
is able to use the thermal Brownian motion and the fr
energy of the chemical reaction it catalyzes to mo
unidirectionally in a spatially periodic and asymmetr
electric potential, even against an external load. It
important to point out that in order to generate bias
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FIG. 3. (a) The external loadF (solid curve) and theAB
breakdown rateJ (dashed curve) as functions of the velocityu
of the Brownian particle. (b) The efficiencyh of free-energy
transduction as a function ofu. All the curves are obtained
using the parameters in Table I andfABgyfABgeq ­ e20.

movement the particle has to oscillate between char
and uncharged states (so that the interaction betw
the particle and the potential field fluctuates). Howev
although it is anecessarycondition, oscillation between
charged and uncharged states is not asufficientcondition
for the biased movement to occur; the driving chemic
reaction has to be out of equilibrium. To our knowledg
this is the first model with anexplicit mechanism that
displays how scalar chemical free energy is converted i
vectorial mechanical energy.

The validity of this model can be tested by adapting
similar setup used for studying external-fluctuation driv
mobility [3,4]. The results obtained in our study sugge
that, in addition to charges and sizes, biomolecules
be separated according to enzymatic activities or mec
nisms. In principle, molecules with different enzymat
activities or mechanisms can be separated in the pres
of a static periodic and asymmetricelectric potential by
adding different substrates. Whether this is a feasible
periment remains to be investigated.

The sameformalismdescribed in this paper [as thos
in Eqs. (1)–(4)] can be obtained for the so-called “cro
bridge” modelsof biological motors. In biological mo-
tors, the crossbridge (the head) of a motor not only is
site of chemical catalysis but also can attach (bind) to
specific binding site on a subunit of the polymer. Force
generated between the motor and the polymer only w
the crossbridge is attached. That is, some or all of
states of the catalytic cycle of the crossbridge can b
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FIG. 4. A kinetic model for biological motors. The uppe
triangle represents the original catalytic cycle of the motor
solution [Fig. 1(b)], while the lower one represents the o
when the motor is attached to the polymersPd. If the dominant
cycle of the model is assumed to be the one shown in he
lines and if statesEA1 and EP are assumed to be transien
intermediates, then the original six-state model can be redu
to a three-state model similar to that shown in Fig. 1(b) w
state 3 representing the attachedEA1P state.

to the polymer and form attached (force-generating) sta
as shown in Fig. 4. As discussed by Hill [15], the forc
generated by a crossbridge in statei can be evaluated a
Fi ­ 2dAsxdydx wherex measures the relative distanc
between the motor and the binding site on a polymer s
unit andAisxd is thebasic free energyof the crossbridge
in statei. Aisxd is x dependent only when statei is an at-
tached state and its value is completely determined by
transition rate constants of the given model [15]. Wh
the binding sites on the polymer are linearly and reg
larly spaced, eachAisxd in the model becomes periodi
and equations similar to those in Eqs. (1)–(4) can be
tained immediately for biological motors ifziV in Eq. (2)
is replaced withAisxd. In other words, the movement of
single Brownian motor on a periodic polymer can be ev
uated theoretically for any kinetic model using the sam
numerical procedure presented here.

Finally, if the kinetic model in Fig. 4 contains only
one dominant cycle as shown in the diagram and sta
EA1 and EP are assumed to be transient intermedia
(low concentrations), then the original six-state mod
can be reduced to a three-state one similar to tha
Fig. 1(b). Thus it is interesting to compare the calculatio
done in this paper with those measured for the kines
microtubule system [16,17]. The dimensionless quantit
F, J, and u are related to the corresponding physic
quantities throughF ­ LFykBT , J ­ L2JyD, and u ­
LuyD. Taking T ­ 300 K and L ­ 8 nm (the subunit
y
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length), fixingD at6.73 3 10211 cm2 s21 so thatJ equals
the rate of ATP hydrolysiss,100 s21d [18], and using the
data in Fig. 3(a), one finds the calculated isometric fo
and maximum velocity (whenF ­ 0) to be 1.14 pN and
0.12 mm s21, respectively. The measured values are
5 pN and0.5 0.6 mm s21, respectively [16,17].

In summary, chemically coupled Brownian particle
can be made to move unidirectionally in a static period
potential. The direction of movement depends on the
rection of the chemical reaction and the kinetic mech
nism of the catalytic cycle, as well as the asymmetry
the potential. The formalism developed in the present
per is applicable to crossbridge models and therefore
useful in modeling the motility of single biological mo
tors in in vitro measurements, where thermal Browni
motion may contribute to the movement of the motor.

We thank B. Brenner, L. Yu, and R. J. Rubin fo
valuable discussions.
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