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A reformulation of the external potential Bethe-Salpeter formalism is developed for two-electron
atoms. QED and relativistic corrections to energy levels of osdeic? In « are derived and expressed
in terms of expectation values of nonrelativistic operators. Corrections of erder> from exchange
diagrams are also found. The total contributions of ordémc?In« to the 1s2p 3P, fine structure
intervals of helium are\v,; = 82.6 kHz andAv;;, = —10.0 kHz. Results are given for He-like ions
up toZ = 12 and compared with experiment. [S0031-9007(96)00908-8]

PACS numbers: 31.15.Ar, 31.30.Jv

Over the past two decades, much theoretical progregse one-electron term which reproduces the spin-dependent
has been made in understanding higher-order QED effectsart of the one-electron Lamb shift f(a’ In(Za)) " 2mc?)
in one- or two-body bound systems such as hydrogeri9]. All electron-electron logarithmic corrections are of ul-
positronium, and muonium. In contrast, since Douglas andraviolet origin, arising from both the relativistic and non-
Kroll [1] derived the O(a®mc*) QED and relativistic relativistic momentum regions. A test of the off-leading-
corrections to fine structure in helium, little theoretical order contributions from the relativistic momentum region
progress in higher-order analysis has been made. Thizas never been carried out in any one- or two-body bound
is partially because the nonrelativistic wave function ofsystem due to insufficient experimental accuracy.
helium is not known analytically. However, the devel- The time-ordered diagrams contributing to the fine struc-
opment of highly accurate nonrelativistic wave functionsture splittings of helium up to order’mc? In « are shown
[2,3] makes possible high-precision tests of higher-ordem Fig. 1. They represent the no-pair single transverse pho-
QED and relativistic effects in helium. On the other hand,ton diagrams 1a and 1b, and the one-pair single (2a—2d)
past and recent experiments for helium [4,5] have achieved
very high precision sensitive to higher-order QED and
relativistic effects beyond the Douglas and Kroll terms,
provided that all lower-order corrections are known suf-
ficiently accurately. A recent measurement iA*N6]
is particularly interesting because in this case the lowest-
order contributions nearly cancel. A previous Letter [7]
presented high-precision calculations for the fine structure
splittings of thels2p 3P, states in helium and helium-
like ions, including all terms up t@(a®mc?) (or a* a.u.).
However, the results differ by up to 96 kHz from a recent
measurement of the splittings, accuratett® kHz [5].

In this Letter, we present calculations of corrections be-
yond the Douglas and Kroll terms. We reformulate the
external potential Bethe-Salpeter theory for two-electron
atoms in an initially covariant form. A time-ordered for-
mulation obtained by expressing the electron propagators
in terms of positive- and negative-energy projection op-
erators is used for th@(a’mc?) fine structure calcula-
tion. Our time-ordered formalism is different from that of
Sucher [8] and is more suitable for calculation of correc-
tions arising from the relativistic momentum region. The
main difference is in the calculation of the relativisitic con-
tributions. Using our formulas, we derive QED and rela-
tivistic corrections expressed in terms of expectation val- ] ) o .
ues of nonrelativistic operators. A higher-order cancellaF!G- 1. Time-ordered diagrams contributing to the fine struc-

i finf dl ithmic t tak | in th ture splittings of helium to orden’mc?. The curved wavy
1on ofinirared logarithmic terms takes place In theé COreCynes genote covariant photons, the straight wavy lines trans-

tions of the electron-electron type. This infrared cancelverse photons, and the dashed lines instantaneous Coulomb
lation is unique in multielectron atoms and leads to a simphotons.
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and double (4a—4f) transverse photon diagrams, as welk . _ _g,5|n 5(r LO, S (r X

as the no-pair double transverse photon diagrams (3a—3l). a”In (ol 3( )r2 1 polbo).

In addition, two-pair single and double transverse photon (2)

diagrams contribute. The derivation of corrections from s .

exchange diagrams in a nonrelativistic approximation is ,p _ 2 5, 5(r)— o1 - oy - 3

given in Ref. [10]. The contributions a®(a’mc?In a) wT a(old( )r2 ! 2+ Fldo)- ()

I:e?m;h; ?)?I?(I:\t/aetigﬁgvr:drl?essacr;fe ggz\r/eelgts/?gigxc?rzfgs) (:S”Phese terms are obtained as follows. The nonrelativistic
P b tontribution of ordera® a.u. from exchange diagrams

gnd pre_sent(_ed in Ref.7 [112]' Th? results are expressed heSFus the logarithmic correction from radiative diagrams
in atomic units, witha'mc* = a” a.u. ;
is found to be [10]

The total logarithmic contributions are found to be [10]

Rso 15 R
AEso,Z == zza5|n(za)—2 AE = 015|:9<E + Lso) - 7(5 + Lss>i|
1
X {¢old(r)) 5 o1 - (11 X p1) o). 1) + a™(¢olOso + Ogslo), (4)
R
1 | where
é
Oy = — 22'”(201)_2 (1;1) o) - X py
r
1) 8i
- Oina +3inB - 92+ ) 2y rxp + 5 d®a [ X (- ppal. (5)
,
0 2i 9
O =(3Ina = 3B~ 3In2 - %)%”l Foy B 31 %Ul B0y — 30n - #F) - p1. (6)
r r

Here, B is an ultraviolet cutoff which cancels from the

final result, and the nonlogarithmic tern&,, L., etc. _ _, 6(r1)
are analagous to the Feinberg-Sucher term8(@f’) a.u. Os = ~ 2ZIn(Za) 2 (r1 X p1)
[8,12], as defined in Ref. [10]. They are included for 5(r)
completeness, but they do not contribute to terms propor- + (12In2 = 9Ina — % - %77)—2 o (rXp)
tional to Ina. The relativistic contribution is r
8i . “
AE = ool 5(;') o - (r X py) + ;5(1‘)0'1 -[B X (& - pop2l, (11)
r
S(r)
7 . f . P o
+ I 2 01T | o), (7) Ossz(%lna _ %77._1_9"12_ % %01 o - 1
where .
2i &
3 11 +é$0’1'f‘(0’2_30’2'f‘f‘)'p1. (12)
Iy =——m — — +3InB + 3In2, (8) , 4 o _
4 3 Collecting the logarithmic terms in Egs. (4)—(12) then
__5__8 7 35 gives Egs. (1)-(3).
Iss = 2 & 3 + 2 In2 + 2 In5. ©) In addition to the above, there is also a second-order

. I . perturbation correction from diagrams 5b—5d which can
The correctness of the ultraviolet logarithmic contribu- e interpreted as a spin-dependent Breit correction to

tions is checked by fourteen individual cancellations anqy . o (actron charge density at the nucleus in the stan-

two o_verall cancellations of spin-orbit a.”d spin_—s_pin Ic)ga'dard expression for the Lamb shift. The logarithmic part
rithmic cutoff terms between contributions arising from is thus

the nonrelativistic momentum region and contributions
from the relativistic momentum region. The total ex- 4Zadmc? _
0 IN(Za) [ bol5(r1) + 5(r2) 1)

2 = == 7
change correction plus the logarithmic QED contributionAE 3

becomes + (p118(ry) + 8(r2) [do)],

AE = a5[9<% + Lso> _ b <ﬁ + L%ﬂ (13)

2 \4 _ o
s T m where ¢, is the perturbed wave function induced by
+ a(¢olOso + Osslebo), (10) electron-electron spin-orbit and spin-spin terfg . and
where Hg, and electron-nucleus spin-orbit terfd,, in the
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nonrelativistic Breit interaction. It therefore satisfies theet al. [5]. Table Il gives a more detailed listing for this
perturbation equation case. Fob = Z = 9, the predicted splittings agree with
(Hy — Eo)$1 + (Heoo + Heoz + Hy)po = E1 by . the relativistic configuration interaction (CI) calculations
(14) of Chenet al. [17] to within the =0.02 cm™! accuracy of
their tabulation. Their results include only the asymptoti-
The calculation of a corresponding second-order Breitally dominantAE,, , part of the O(a’ In(Za)2) a.u.
term was described in Ref. [7]. AlthoughE® nomi-  terms, calculated in a hydrogenic approximation, through
nally scales ag®In(Za) 2, it vanishes in a one-electron their use of QED shifts from Ref. [18].
approximation, and so the leading dependence is The comparison with experiment is summarized in Ta-

Z°In(Za)~2. Numerical values ofAE®, AE,,, and ble lll. The results are numerically accurate to the fig-
AE, were calculated using correlated variational basisures quoted, with uncertainties estimated from the known
sets [2,7]. terms of pure orde&® a.u. anda*m/M a.u. not included

The various contributions for ions up t6 = 12 are in the calculation. The total additional contributions for
listed in Table 1. Itis significant that there is a strong can-helium of82.6 kHz for v¢; and —10.0 kHz for v, leave
cellation between the electron-nucleus tekil, 7 in col-  residual discrepancies with experiment efl3.2 and
umn 5 and the remaining Es,, + AEg + AE® terms 6.4 kHz, respectively, which is less than the estimated un-
in column 6, even though the former nominally increasesertainty. The only significant discrepancy is for the case
more rapidly withZ, and eventually becomes dominant. of Be**, where the difference between theory and experi-
Because of this cancellation, the net change due to theent fory, is 0.0026(4) cm~!. In the case of N, 30%
a’In(Za)? a.u. andy’ In a.u. termsis relatively small of the total for »y; comes from the Douglas-Kroll and
for Z in the range5 = Z = 10 from those given previ- second-order terms of order* a.u., and 0.12% from the
ously [7]. However, these terms combine with the samelectron-electron terms of ordes’ In & a.u. (column 6 of
sign in the case of the heliumy; interval to produce a Table I).
net shift of 82.6 kHz, and bring the predicted splitting into  In summary, we have obtained the QED and relativistic
much better agreement with the measurement of Shinarorrections of ordew” In @ a.u. contributing to the fine

TABLE I. Contributions to thevy, and v, fine structure intervals for thés2p 3P; states of He-like ions (in units dt* MHz).
The leadingZ dependence of the terms in each column is as indicatedgahd= 137.035 9895.

Z Z4a? Z4a3 Z%a* Z°a’In(Za) 22 Z’adIna® Total
Vo1
2 1847.73562 3.41900 —0.10048 0.00199 0.00318 1851.059 30
3 1917.794 25 3.24978 1.23025 0.01017 —0.02044 1922.264 01
4 1346.965 54 1.94384 4.566 97 0.02356 —0.05075 1353.449 17
5 765.885 68 0.68551 10.37454 0.04131 —0.08046 776.906 58
6 270.38776 —0.36757 19.266 64 0.06287 —0.108 31 289.241 40
7 —139.085 60 —1.22955 31.90882 0.087 80 —0.13413 —108.452 67
8 —477.53453 —1.93791 48.988 58 0.11575 —0.15805 —430.526 17
9 —759.77050 —2.52632 71.20402 0.146 44 —0.18027 —691.126 63
10 —997.72340 —3.02103 99.257 05 0.17962 —0.20091 —901.508 67
11 —1200.57021 —3.44185 133.854 60 0.21506 —0.22016 —1070.162 55
12 —1375.269 14 —3.803 69 175.702 84 0.25258 —0.23806 —1203.35548
Y12
2 145.01511 —1.409 06 —0.406 65 0.00398 —0.00461 143.19877
3 —767.51917 —4.192 63 —2.094 85 0.02035 —0.03356 —773.819 85
4 —1731.62475 —6.39208 —5.95657 0.04712 —0.068 66 —1743.99493
5 —2505.214 48 —8.00617 —12.768 28 0.08263 —0.10397 —2526.01027
6 —3108.938 46 —9.21276 —23.27840 0.12573 —0.13822 —3141.44210
7 —3585.33688 —10.141 05 —38.17246 0.17559 —0.17116 —3633.64595
8 —3968.098 87 —10.874 55 —58.18260 0.23150 —0.20274 —4037.12726
9 —4281.23948 —11.46757 —84.02101 0.29288 —0.23311 —4376.668 28
10 —4541.61569 —11.956 35 —116.40221 0.35924 —0.26228 —4669.877 29
11 —4761.28641 —12.36590 —156.03640 0.43013 —0.29045 —4929.54902
12 —4948.93090 —12.713 85 —203.638 96 0.50516 —0.31754 —5165.096 09
®AE, 7.

PAE,. + AE, + AE?.
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TABLE Il. Detailed listing of contributions to the fine structure intervals of helium. Units

are MHz.
Term Vo1 140
a? 29564.60002 2317.23222
a’u/M —0.83097 3.009 64
a’(u/M)? 0.00080 —0.00008
a? 54.707 87 —22.54822
adu/M —0.003 82 0.00321
a* Douglas-Kroll —3.33519(3) 1.53393(5)
a* 2nd order 1.72752(15) —8.04029(29)
a@’In(Za)"? anda’ Ina
AEg 7z 0.03182 0.06364
AEg., —0.01109 -0.02219
AE 0.01936 —0.007 74
AE®@ 0.04250 —0.043 80
Total 29616.948 83(15) 2291.18033(30)
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