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QED Corrections of Osssmc2a7 ln addd to the Fine Structure Splittings of Helium and He-like Ions
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A reformulation of the external potential Bethe-Salpeter formalism is developed for two-electron
atoms. QED and relativistic corrections to energy levels of ordera7mc2 ln a are derived and expressed
in terms of expectation values of nonrelativistic operators. Corrections of ordera7mc2 from exchange
diagrams are also found. The total contributions of ordera7mc2 ln a to the 1s2p 3PJ fine structure
intervals of helium areDn01 ­ 82.6 kHz andDn12 ­ 210.0 kHz. Results are given for He-like ions
up to Z ­ 12 and compared with experiment. [S0031-9007(96)00908-8]

PACS numbers: 31.15.Ar, 31.30.Jv
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Over the past two decades, much theoretical prog
has been made in understanding higher-order QED ef
in one- or two-body bound systems such as hydrog
positronium, and muonium. In contrast, since Douglas
Kroll [1] derived the Osa6mc2d QED and relativistic
corrections to fine structure in helium, little theoretic
progress in higher-order analysis has been made.
is partially because the nonrelativistic wave function
helium is not known analytically. However, the dev
opment of highly accurate nonrelativistic wave functio
[2,3] makes possible high-precision tests of higher-or
QED and relativistic effects in helium. On the other ha
past and recent experiments for helium [4,5] have achie
very high precision sensitive to higher-order QED a
relativistic effects beyond the Douglas and Kroll term
provided that all lower-order corrections are known s
ficiently accurately. A recent measurement in N51 [6]
is particularly interesting because in this case the low
order contributions nearly cancel. A previous Letter
presented high-precision calculations for the fine struc
splittings of the1s2p 3PJ states in helium and helium
like ions, including all terms up toOsa6mc2d (or a4 a.u.).
However, the results differ by up to 96 kHz from a rec
measurement of the splittings, accurate to63 kHz [5].

In this Letter, we present calculations of corrections
yond the Douglas and Kroll terms. We reformulate
external potential Bethe-Salpeter theory for two-elect
atoms in an initially covariant form. A time-ordered fo
mulation obtained by expressing the electron propaga
in terms of positive- and negative-energy projection
erators is used for theOsa7mc2d fine structure calcula
tion. Our time-ordered formalism is different from that
Sucher [8] and is more suitable for calculation of corr
tions arising from the relativistic momentum region. T
main difference is in the calculation of the relativisitic co
tributions. Using our formulas, we derive QED and re
tivistic corrections expressed in terms of expectation
ues of nonrelativistic operators. A higher-order cance
tion of infrared logarithmic terms takes place in the corr
tions of the electron-electron type. This infrared canc
lation is unique in multielectron atoms and leads to a s
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ple one-electron term which reproduces the spin-depen
part of the one-electron Lamb shift ofOsssa7 lnsZad22mc2ddd
[9]. All electron-electron logarithmic corrections are of
traviolet origin, arising from both the relativistic and no
relativistic momentum regions. A test of the off-leadin
order contributions from the relativistic momentum reg
has never been carried out in any one- or two-body bo
system due to insufficient experimental accuracy.

The time-ordered diagrams contributing to the fine st
ture splittings of helium up to ordera7mc2 ln a are shown
in Fig. 1. They represent the no-pair single transverse
ton diagrams 1a and 1b, and the one-pair single (2a
d
,
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FIG. 1. Time-ordered diagrams contributing to the fine str
ture splittings of helium to ordera7mc2. The curved wavy
lines denote covariant photons, the straight wavy lines tra
verse photons, and the dashed lines instantaneous Cou
photons.
© 1996 The American Physical Society 1715
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and double (4a–4f) transverse photon diagrams, as
as the no-pair double transverse photon diagrams (3a
In addition, two-pair single and double transverse pho
diagrams contribute. The derivation of corrections fr
exchange diagrams in a nonrelativistic approximation
given in Ref. [10]. The contributions ofOsa7mc2 ln ad
from the radiative diagrams are derived and expresse
terms of expectation values of nonrelativistic operat
and presented in Ref. [11]. The results are expressed
in atomic units, witha7mc2 ­ a5 a.u.

The total logarithmic contributions are found to be [1

DEso,Z ­ 2 2Za5 lnsZad22

3 kf0jdsr1d
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DEso,e ­ 29a5 ln akf0jdsrd
1
r2

s1 ? sr 3 p1djf0l ,

(2)

DEss ­
15
2

a5 ln akf0jdsrd
1
r2

s1 ? r̂s2 ? r̂jf0l . (3)

These terms are obtained as follows. The nonrelativi
contribution of ordera5 a.u. from exchange diagram
plus the logarithmic correction from radiative diagram
is found to be [10]

DE ­ a5

∑
9

µ
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4p
1 Lso

∂
2
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µ
Rss
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1 Lss
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Here, B is an ultraviolet cutoff which cancels from th
final result, and the nonlogarithmic termsRso, Lso, etc.
are analagous to the Feinberg-Sucher terms ofOsa3d a.u.
[8,12], as defined in Ref. [10]. They are included
completeness, but they do not contribute to terms pro
tional to lna. The relativistic contribution is

DE ­ a5kf0jIso
dsrd
r2 s1 ? sr 3 p1d

1 Iss
dsrd
r2 s1 ? r̂s2 ? r̂jf0l , (7)

where

Iso ­ 2
3
4

p 2
11
3

1 3 ln B 1 3 ln 2 , (8)

Iss ­ 2
5
2

p 2
80
3

1
27
2

ln 2 1
35
2

ln B . (9)

The correctness of the ultraviolet logarithmic contrib
tions is checked by fourteen individual cancellations a
two overall cancellations of spin-orbit and spin-spin lo
rithmic cutoff terms between contributions arising fro
the nonrelativistic momentum region and contributio
from the relativistic momentum region. The total e
change correction plus the logarithmic QED contribut
becomes
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Collecting the logarithmic terms in Eqs. (4)–(12) the
gives Eqs. (1)–(3).

In addition to the above, there is also a second-or
perturbation correction from diagrams 5b–5d which c
be interpreted as a spin-dependent Breit correction
the electron charge density at the nucleus in the s
dard expression for the Lamb shift. The logarithmic p
is thus

DEs2d ­
4Za5mc2

3
lnsZad22fkf0jdsr1d 1 dsr2d jf1l

1 kf1jdsr1d 1 dsr2d jf0lg ,
(13)

where f1 is the perturbed wave function induced b
electron-electron spin-orbit and spin-spin termsHso,e and
Hss, and electron-nucleus spin-orbit termHso,Z in the
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nonrelativistic Breit interaction. It therefore satisfies
perturbation equation

sH0 2 E0df1 1 sHso,e 1 Hso,Z 1 Hssdf0 ­ E1f0 .
(14)

The calculation of a corresponding second-order B
term was described in Ref. [7]. AlthoughDEs2d nomi-
nally scales asZ6 lnsZad22, it vanishes in a one-electro
approximation, and so the leadingZ dependence i
Z5 lnsZad22. Numerical values ofDEs2d, DEso, and
DEss were calculated using correlated variational ba
sets [2,7].

The various contributions for ions up toZ ­ 12 are
listed in Table I. It is significant that there is a strong c
cellation between the electron-nucleus termDEso,Z in col-
umn 5 and the remainingDEso,e 1 DEss 1 DEs2d terms
in column 6, even though the former nominally increa
more rapidly withZ, and eventually becomes domina
Because of this cancellation, the net change due to
a5 lnsZad22 a.u. anda5 ln a a.u. terms is relatively sma
for Z in the range5 # Z # 10 from those given previ
ously [7]. However, these terms combine with the sa
sign in the case of the heliumn01 interval to produce a
net shift of 82.6 kHz, and bring the predicted splitting in
much better agreement with the measurement of Sh
it
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et al. [5]. Table II gives a more detailed listing for th
case. For5 # Z # 9, the predicted splittings agree wit
the relativistic configuration interaction (CI) calculatio
of Chenet al. [17] to within the60.02 cm21 accuracy of
their tabulation. Their results include only the asympto
cally dominantDEso,Z part of the Osssa5 lnsZad22ddd a.u.
terms, calculated in a hydrogenic approximation, throu
their use of QED shifts from Ref. [18].

The comparison with experiment is summarized in T
ble III. The results are numerically accurate to the fi
ures quoted, with uncertainties estimated from the kno
terms of pure ordera5 a.u. anda4myM a.u. not included
in the calculation. The total additional contributions f
helium of 82.6 kHz for n01 and210.0 kHz for n12 leave
residual discrepancies with experiment of213.2 and
6.4 kHz, respectively, which is less than the estimated
certainty. The only significant discrepancy is for the ca
of Be21, where the difference between theory and exp
ment forn12 is 0.0026s4d cm21. In the case of N51, 30%
of the total for n01 comes from the Douglas-Kroll an
second-order terms of ordera4 a.u., and 0.12% from th
electron-electron terms of ordera5 ln a a.u. (column 6 of
Table I).

In summary, we have obtained the QED and relativis
corrections of ordera5 ln a a.u. contributing to the fine
0

TABLE I. Contributions to then01 andn12 fine structure intervals for the1s2p 3PJ states of He-like ions (in units ofZ4 MHz).
The leadingZ dependence of the terms in each column is as indicated, anda21 ­ 137.035 9895.

Z Z4a2 Z4a3 Z6a4 Z6a5 lnsZad22 a Z5a5 ln a b Total

n01

2 1847.735 62 3.419 00 20.100 48 0.001 99 0.003 18 1851.059 3
3 1917.794 25 3.249 78 1.230 25 0.010 17 20.020 44 1922.264 01
4 1346.965 54 1.943 84 4.566 97 0.023 56 20.050 75 1353.449 17
5 765.885 68 0.685 51 10.374 54 0.041 31 20.080 46 776.906 58
6 270.387 76 20.367 57 19.266 64 0.062 87 20.108 31 289.241 40
7 2139.085 60 21.229 55 31.908 82 0.087 80 20.134 13 2108.452 67
8 2477.534 53 21.937 91 48.988 58 0.115 75 20.158 05 2430.526 17
9 2759.770 50 22.526 32 71.204 02 0.146 44 20.180 27 2691.126 63

10 2997.723 40 23.021 03 99.257 05 0.179 62 20.200 91 2901.508 67
11 21200.570 21 23.441 85 133.854 60 0.215 06 20.220 16 21070.162 55
12 21375.269 14 23.803 69 175.702 84 0.252 58 20.238 06 21203.355 48

n12

2 145.015 11 21.409 06 20.406 65 0.003 98 20.004 61 143.198 77
3 2767.519 17 24.192 63 22.094 85 0.020 35 20.033 56 2773.819 85
4 21731.624 75 26.392 08 25.956 57 0.047 12 20.068 66 21743.994 93
5 22505.214 48 28.006 17 212.768 28 0.082 63 20.103 97 22526.010 27
6 23108.938 46 29.212 76 223.278 40 0.125 73 20.138 22 23141.442 10
7 23585.336 88 210.141 05 238.172 46 0.175 59 20.171 16 23633.645 95
8 23968.098 87 210.874 55 258.182 60 0.231 50 20.202 74 24037.127 26
9 24281.239 48 211.467 57 284.021 01 0.292 88 20.233 11 24376.668 28

10 24541.615 69 211.956 35 2116.402 21 0.359 24 20.262 28 24669.877 29
11 24761.286 41 212.365 90 2156.036 40 0.430 13 20.290 45 24929.549 02
12 24948.930 90 212.713 85 2203.638 96 0.505 16 20.317 54 25165.096 09
aDEso,Z .
bDEso,e 1 DEss 1 DEs2d.
1717
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TABLE II. Detailed listing of contributions to the fine structure intervals of helium. Un
are MHz.

Term n01 n12

a2 29 564.600 02 2317.232 22
a2myM 20.830 97 3.009 64
a2smyMd2 0.000 80 20.000 08
a3 54.707 87 222.548 22
a3myM 20.003 82 0.003 21
a4 Douglas-Kroll 23.335 19s3d 1.533 93(5)
a4 2nd order 1.727 52(15) 28.040 29s29d
a5 lnsZad22 anda5 ln a

DEso,Z 0.031 82 0.063 64
DEso,e 20.011 09 20.022 19
DEss 0.019 36 20.007 74
DEs2d 0.042 50 20.043 80

Total 29 616.948 83(15) 2291.180 33(30
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structure splittings of helium and He-like ions. The
sults are valid in the low to intermediate range of nuc
charge where an expansion in powers ofZa converges
sufficiently rapidly. The comparison with experiment
helium now shows better agreement with the recent m
surement of Shineret al. [5] than with the older measure
ment of Hugheset al. [4], especially for then01 interval.
The terms remaining to be calculated are those of
der a5 a.u. anda4smyMd a.u. A complete evaluation o
these will reduce the theoretical uncertainty for heli
to less than 1 kHz, and allow a determination of the
structure constant to an accuracy of 1.6 parts in108 from
a comparison with experiment.
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TABLE III. Comparison of theoretical and experimental fin
structure intervals for the1s2p 3PJ states. Units are MHz for
He and Li1, and cm21 for the others. Theoretical uncertaintie
are due entirely to terms ofOsa5d a.u. not yet calculated.

Interval Present work Experiment Re

He n01 29 616.949(15) 29 616.962(3) [5
29 616.844(21) [4]

n12 2291.180(12) 2291.174(3) [5
2291.196(5) [4]

Li 1 n01 155 703.4(1.5) 155 704.27(66) [13
n12 262 679.4s0.5d 262 678.41s66d [13]

Be21 n01 11.557 43(60) 11.5586(5) [14
n12 214.892 39s20d 214.8950s4d [14]

B31 n01 16.1968(20) 16.203(18) [15
n12 252.6617s10d 252.660s16d [15]

N51 n01 28.686s20d 28.6709s10d [6]
n12 2291.014s15d

F71 n01 2151.254s90d
n12 2957.840s80d 2957.883s19d [16]
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