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We recalculate the amplitude for photon splitting in a strong magnetic field below the pair production
threshold, using the world line path integral variant of the Bern-Kosower formalism. Numerical
comparison (using programs that we have made available for public access on the Internet) shows that
the results of the recalculation are identical to the earlier calculations of Adler and later of Stoneham,
and to the recent recalculation by Baier, Milstein, and Shaisultanov. [S0031-9007(96)01004-6]

PACS numbers: 12.20.Ds, 95.30.Cq

Photon splitting in a strong magnetic field is an inter-tude larger than those found in Ref. [1]. Since this result, if
esting process, both from a theoretical viewpoint becauseorrect, would have important astrophysical implications,
of the relatively sophisticated methods needed to do tha recalculation by an independent method seems in order.
calculation, and because of its potential astrophysical apAe report the results of such a recalculation here, together
plications. The first calculation to exactly include the cor-with a numerical comparison of the resulting amplitude
rections arising from nonzero photon frequensywas  with those of Adler and of Stoneham, as well as with a re-
given by Adler [1], who obtained the amplitude as a triplecent recalculation independently carried out by Baier, Mil-
integral that is strongly convergent below the pair producstein, and Shaisultanov [5]. The comparison shows that
tion threshold atw = 2m, and who included a numerical these four independent calculations give precisely the same
evaluation for the special cage = m. Subsequently, the amplitude, showing no evidence of the dramatic energy de-
calculation was repeated by Stoneham [2] using a differpendent effects claimed in Refs. [3] and [4].
ent method, leading to a different expression as a triple Our recalculation of the photon splitting amplitude uses
integral, that has never been compared to the formula ad variant of the world line path integral approach to the
Ref. [1] either analytically or numerically. Recently, a Bern-Kosower formalism [6—9]. As is well known, the
new calculation has been published by Mentzel, Berg, andne loop QED effective action induced for the photon field
Wunner [3] in the form of a triple infinite sum, and numeri- by a spinor loop can be represented by the following double
cal evaluation of their formula by Wunner, Sang, and Bergpath integral:

[4] claims photon splitting rates roughly 4 orders of magr|1i-

I[A] = —2[030 %e‘msz Dth/feX{—j:ch(%fcz + %W + ieA, x* — iezp"‘lep”)] 1)

Here s is the usual Schwinger proper-time parametbrby one-dimensional perturbation theory; i.e., one obtains
the x#(7)'s are the periodic functions from the circle an integral representation for tié-photon amplitude by
with circumferences into spacetime, and thg#(7)'s are ~ Wick-contractingN “photon vertex operators”
antiperiodic and Grassmann valued. T

Photon scattering amplitudes are obtained by specializ-v = / dr[x*e, — 2iypt ke, ]exdikx(r)]. (2)
ing the background to a sum of plane waves with defi- 0
nite polarizations. Both path integrals are then evalua|tea‘he appropriate one-dimensional propagators are

(11 — m)? }

() y* (7)) = —g" Glr.m) = —g“”[l - -0

WH(r)P" (1) = 3 g*" Gr(r1,m2) = 5 g*'signr; — ). (3)

The bosonic Wick contraction is actually carried out in the relative coordifaie= x(7) — x, of the closed loop, while
the (ordinary) integration over the average positign= % [ d7 x(7) yields energy-momentum conservation.
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To take the additional constant magnetic background’hose expressions should be understood as power series
field B into account, one chooses Fock-Schwinger gaugen the field strength matrix. To obtain the photon splitting
where its contribution to the world line Lagrangian amplitude, we will use them for the Wick contraction
becomes of three vertex operator¥, and V,,, representing the

1. o , incoming and the two outgoing photons.
AL = qieytFu,y" — ie"Fu, g (4) The calculation is greatly simplified by the special kine-
Being bilinear, those terms can be simply absorbed int atics of this process. Energy-mpmentum conservation,
the kinetic part of the Lagrangian [9,10]. This leads to*0 * k1 + k2 =0, forces collinearity of all three four-

generalized world line propagators defined by momenta, so that, writing-ko = k = wn,
1( 9° 9 1 _ @1 _ w2, 2 _ 2 _ g2
E(ﬁ - 216F£>GB(71,72) =o(m —m) - —, ="k k=-"ko kK =k=k
(5) —kki=k-k=k -k =0. 9)

1/ 0 . . .
3(8_ - 2ieF>GF(7-1,72) = 6(ry — 7). (6) Moreover, a simple CP invariance argument together

T with an analysis of dispersive effects [1] shows that
The solutions to these equations can be written in the forrthere is only one allowed polarization case. This is the

[11] one where the incoming photon is polarized parallel to
1 eF o the plane containing the external field and the direction
Gp(71, 1) = o F)2<sin( ) lesE G of propagation, and both outgoing ones are polarized
¢ es ] 1 perpendicular to this plane. This choice of polarizations
+ ieFGpgip — —), (7) leads to the further vanishing relations
N
e iesFGpn glpe=¢1p " k=¢€2"F=0. (10)

Gr(11,72) = Gr12 (8)

cogesF . . .
SesF) In particular, we cannot Lorentz contragt with anything
(we have abbreviate@z;; = Gg(7;, 7;), and a dot always but €,. This leaves us with only a small number of

denotes a derivative with respect to the first variable)nonvanishing Wick contractions,

i,j=0

2 2
. 1 o ~~ o
WoViVa) = l_[j; dTileXF{E Z wiwjnGBijn}{[SIGBuSZ + &1Gr128201021GF121]
i=0
2

X [— > @ieoGpoin + CDOSOGFOOn} — @o®1@281Gre[nGriogo nGraon — (1 < 2)]}- (11)
i=0

For compact notation we have defin@d = w,®;, = —w;,. This result has still to be multiplied by an overall
factor of (esB) cosHesB)/(4s)? sinh(esB), which by itself would just produce the Euler-Heisenberg Lagrangian, and
here appears as the product of the two free Gaussian path integrals [8].
It is then a matter of simple algebra to obtain the following representation for the matrix eléhjentw, w;, B]
appearing in Eqg. (25) of [1]:
8

m © e*mzs N N
Clw,w, wr,B] = —— dss —————— d d
o, @1, @2, B] 4o w|wr /;) 59 (esB)? sinh(esB) j;) 1 fo 2

1 & [ 1 Cosl’(esBGBij):|}
X exp— = 0@ Gpij + 7% ——
p[ 2 i;()w @il T 5B sinh(esB)

X {[— coslesB)Ggia + wiw,(coskesB) — COSl{esBGBlz))]

cosr(esBGBm) B cost(esBGBOZ) }

X [w(COtHesB) — tanHesB)) — w; sinh(esB) @32 sinh(esB)

Gri2
2 coshesB)

Here translation invariance in has been used to set the positignof the incoming photon equal ta Coincidence
limits have to be treated according to the ruleg(r, 7) = 0, Gi(r,7) = 1.

+ v [sinh(esBGpo1) (costesB) — cosiesBGgp)) — (1 — 2)]}. (12)
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Alternatively, one may remové', by partial integration on the circle. This leads to the equivalent formula

m? foo > coshesB) fs ]S
Glw, w1, wy, Bl = — d B d d
2w, w1, w2, B] 4 ), ©¢ (esB)?*sinh(esB) Jo ), ™

1 2 |: 1 COSK@SBGB,']‘) :”
p{ 2 i’iz:“ow PiLVEIT o.p sinh(esB)

« {[ G312< Ggu ~ sink(esBGBIZ)> ~ < L cosr(esBGm)ﬂ

sinh(esB) coshesB)
X [— cottfesB) + tant(esB) + 21 —Coszsi‘;‘“) o —Coszsif;”)}
(e - ) "0
" %6312[%@301 - %’ﬁ‘?”) (1o 2)}(— cottlesB) + —— + tanh(esB)>
rond Moo (1~ o) 12 @)

This form of the amplitude is less compact, but the Once all amplitudes are put in the form of Eq. (14),
integrand (apart from the exponential) is homogeneous iwe can compare them by comparing the proper time in-
the w;. tegrandJ, (s, w, w1, w,, B), which in each case involves
Finally, let us remark that the analogous expressiomnly a double integral over a bounded domain. The only
for scalar QED would be obtained by deleting all termsremaining subtlety is that we must remember thavan-
in Eg. (11) containing aGr, as well as the cogshsB)  ishes asww;w, for small photon energy; this is manifest
appearing in the overall factor and the global factor ofin Eq. (13) above, but in Eq. (12) and the corresponding
—2in Eq. (1). equations obtained from Refs. [1], [2], and [5], there is
In order to compare the amplitudes of Egs. (12) andan apparent linear term in the frequencies which vanishes
(13) to those of Refs. [1], [2], and [5], we observe thatwhen the double integral is done exactly. In order to get

both Egs. (12) and (13) can be written in the form robust results for small photon frequency when the double
m8 integral is done numerically, this linear term must first be
Clw, i, w2, B] = m subtracted away, by replacing expressions of the form
“d >
X [ —se_m SIh(s, w, w1, Wy, B), [ f e?(L + 0), (17a)
0o S

(14) with L, Q, andC, respectively, linear, quadratic, and cu-

in which J, is independent of the electron mass bic in the photon frequencies, by the subtracted expression

Inspection shows that the amplitude expressions of Adler
[1] and Baier, Milstein, and Shaisultanov [5] are already [ [[(eQ — L + 9C]. (17b)
in the form of Eq. (14), while that of Stoneham [2] can

be put in this form by doing an integration by parts in the This subtraction is already present in the expression

proper time parameter, using the identity of Eq. (25) of Ref. [1], and is discussed in the form
d of Egs. (17a) and (17b) in Ref. [5], and it also must
mle ™S = —d—e—mzf (15) be applied to Egs. (37) and (39) of Ref. [2] after the

S

integration by parts of Eq. (15) has been carried out.
to eliminate a term proportional ta? in the amplitude. While in principle this subtraction should be applied
In rewriting Stoneham’s formulas in this form, we note to Eg. (12) above, it turns out not to be needed there,
that his M,(B) is what we are calling’;[w, w1, w, B, because the linear term in the frequencies involves only
and that there is an error of an overall minus signintegrals of the general form

in either his Eqg. (37) or the first line of his Eq. (40). s s

Simi_larly, in re_writi_ng the formulas of Baier, _MiIsteir_L and f dri f(s,n)] dm[8(r) — ) — 1/s],  (18)
Shaisultanov in this form, we note that their amplitutle 0

is related toC, by e which is exactly zero using a discrete center-of-bin
7'm T (16) integration method when th& function is discretized as a

Colw, w1, 0, B] = 4a’B}wwiw,y Kronecker delta. Thus Eg. (12) is robust for small photon
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