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We apply linear-response analysis of the Gross-Pitaevskii equation to obtain the excitation frequencies
of a Bose-Einstein condensate confined in a time-averaged orbiting potential trap. Our calculated values
are in excellent agreement with those observed in a recent experiment. [S0031-9007(96)00981-7]
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The recent attainment of quantum degeneracy co
tions in magnetically trapped alkali vapors [1–3] h
opened the road to understanding the many-body phy
of atomic Bose-Einstein condensates (BECs) in unpr
dented detail. For dilute gases, it is believed that the
sential physics of the BEC ground state is captured in
Gross-Pitaevskii mean-field formalism. Calculations d
with the Gross-Pitaevskii (GP) equation [4,5] have ind
agreed reasonably well with the few experimental de
minations of condensate shapes, sizes, and lifetimes
have been made to date, but it cannot be said that the
ory has been subject to stringent tests.

In this paper we report theoretical results for the ex
tation spectrum of a BEC of trapped87Rb, obtained by
computing the response to small mechanical disturba
of a BEC described by the GP equation. These results
compared with those of a recent experiment [6], wh
has observed the free oscillations of a BEC that is bri
shaken at frequencies near resonance. We believe
this comparison provides the most critical quantitative
of mean-field theory made to date. The agreement
tween experimental and theoretical results is excellen

To describe a magnetically trapped atomic gas,
adopt the standard GP equation, which is applicable
9] when the condensate fraction of a gaseous syste
close to unity. Each atom in the condensate occupies
same orbitalcgsrd, which is determined by solution of th
nonlinear Schrödinger equation,

fH0 1 N0U0jcgsrdj2gcgsrd ­ mcgsrd , (1)

where H0 ­ 2
h̄2

2m =2 1 Vtrapsrd is the Hamiltonian for
an isolated atom in the trap,N0 is the number of atom
in the condensate,U0 represents the interaction betwe
condensate atoms, and the eigenvaluem is the chemica
potential.

In most current trap designs,Vtrap can be described b
the anisotropic harmonic oscillator potential,Vtrapsrd ­
1
2 msv2

xx2 1 v2
yy2 1 v2

z z2d, wherem is the atomic mas
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and vi ­ 2pni is the angular frequency of oscillatio
along the axisi. The time-averaged orbiting poten
tial (TOP) trap [1,10] treated here is cylindrically sym
metric; its potential is given byvx ­ vy ­ v' and
vz ­

p
8 v'. The results presented below correspond

nz ­ vzy2p ­ 210 Hz. The parameterU0 expresses the
interaction between two atoms asU0 ­ 4p h̄2aym, where
a is the scattering length, which characterizes the ze
energy behavior of thes-wave phase shift in collisions
between two atoms. The scattering lengtha is the only
piece of atomic collision data used as input to our cal
lations. The present results are given in terms of the m
recent [11] experimental value,ae ­ 110a0, wherea0 is
the Bohr radius; our calculations were actually carried
with a previously published [12] value ofat ­ 100a0.
Since Eq. (1) obeys a scaling law involvingN0, n', anda
(see below), we can rescale our results to compare q
titatively with experiment. We have also performed t
calculation for the exact conditions of the experiment
Ref. [6]. It should be noted that for the alkali atoms
current BEC studies, the experimental determination oa
requires extensive spectroscopic analysis. Present va
of a are accompanied by substantial uncertainties [13]
some of the alkalis; this is not, however, the case for87Rb.

Equation (1) has previously been solved by seve
independent methods [4,5] to describe the BEC gro
state. Here we investigate the response of the gro
state to an oscillatory perturbation at angular freque
vp using standard linear-response theory [14]. T
associated time-dependent GP equation takes the form

ih̄
≠C

≠t
­ fH0 1 U0jCsr, tdj2 1 f1srde2ivpt

1 f2srdeivp tgCsr, td , (2)

where f6srd are the spatially dependent amplitudes
the perturbation. We solve this equation in the line
response limit. The details of this approach are descri
© 1996 The American Physical Society 1671
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elsewhere [15], and we simply state the central res
here. By using the form

Csr, td ­ e2imty h̄fN1y2
0 cgsrd 1 usrde2ivpt

1 ypsrdeivptg (3)

we obtain Eq. (1) and also the linear-response equatio

fL 2 h̄vpgusrd 1 N0U0fcgsrdg2ysrd ­2 N
1y2
0 f1srd

3 cgsrd , (4)

N0U0fcp
gsrdg2usrd 1 fL 1 h̄vpgysrd ­2 N

1y2
0 fp

2srd

3 cp
gsrd , (5)

whereL ­ H0 2 m 1 2U0N0jcgsrdj2.
This pair of equations can be solved by expansion

terms of the GP normal-mode equations,

fL 2 h̄vlgulsrd 1 N0U0fcgsrdg2ylsrd ­ 0 , (6)

N0U0fcp
gsrdg2ulsrd 1 fL 1 h̄vlgylsrd ­ 0 , (7)

where vl is an eigenvalue andulsrd, ylsrd are corre-
sponding eigenfunctions. In solving the above equati
we demand thatulsrd andylsrd be square integrable and
in solving Eq. (1), we require thatZ

d3r jcgsrdj2 ­ 1 . (8)

The ground-state condensate wave functioncgsrd for
the TOP trap is symmetric under rotations about thez
axis; it follows that Eqs. (6) and (7) are invariant und
such rotations, so the eigenfunctionsulsrd andylsrd are
characterized by sharp eigenvaluesm of the z projection
of the angular momentum.

As we have discussed elsewhere [15], there is a strai
forward connection between the resonant oscillation
quenciesvl and the quasiparticle mode frequencies t
are encountered. Stated simply, Eqs. (6) and (7) are ide
cal to the equations that define the quasiparticle modes
frequencies within the Bogoliubov approximation. Th
an experiment that measures the free oscillatory respo
of a shaken BEC provides a direct observation of the qu
particle spectrum. In particular, by shaking the BEC a
frequency near one of the resonancesvl, one can produce
a response that is dominated by thatvl. This is the ap-
proach that has been taken by the first such experimen
the system [6].

We have solved numerically the system of equatio
consisting of Eqs. (1), (6), and (7) under the conditions
that experiment. The solution was accomplished in t
steps. First, Eq. (1) was solved by expanding the solu
cgsrd in a basis set consisting of a finite number
trap eigenfunctions. The details of the numerical meth
have been recounted elsewhere [5]. Equations (6) and
were then solved by expandingulsrd and ylsrd in the
same basis set. These expansions convert Eqs. (6) an
into a generalized matrix eigenvalue problem that can
solved by standard numerical techniques [15]. The e
1672
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in the solutions was assessed by increasing the bas
size until the mode frequencies converged to at least t
figures.

Figure 1 shows our results for the lowest three exc
tion frequencies (in units of the trap frequencyn

std
' ), as a

function ofN0. A simple scaling law facilitates compar
son of calculation and experiment. A solution of Eqs. (
(6), and (7), plus normalization for experimental valu
of the parametershN sed

0 , ae, n
sed
' , mej, will also satisfy the

equations for the parameter sethN std
0 , at , n

std
' , mtj, if the

quantityg ­ N0asmn'd1y2 is constant. Thus, excitatio
measurements performed on a BEC withN

sed
0 atoms in a

trap of frequencyn
sed
' can be related to the spectrum d

played in Fig. 1 by taking

N
std
0 ­

µ
ae

at

∂ √
n

sed
'

n
std
'

!1y2

N
sed
0 , (9)

wheren
std
' ­ 210y

p
8 ø 74.25 Hz.

We have used this scaling law to compare our res
with those of the recent experiment [6], where excitatio
of an atomic BEC were observed for the first time.
cluded on this graph are the data points of Ref. [6] resca
using Eq. (9) to match the trap, scattering-length, a
condensate-number parameters of our calculationsv' ­
210y

p
8 Hz, at ­ 100a0d. As a check of the scaling law

we have also performed the calculation for the precise
rameters of the experimentsn' ­ 43.2 Hz, 132 Hz, and
a ­ 110a0d. Table I presents the comparison. As e
pected, the results are identical to those predicted by
ing the scaling law and the previous calculation.
attempt has been made here to account for experime
uncertainties. The ranges presented for the experime
ti-
nd
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n

s
f

n
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(7)
e
r

FIG. 1. The lowest three calculated excitation frequencies
units of the perpendicular trap frequencyn

std
' , of the JILA TOP-

trap condensate as a function of the number of conden
atoms,N

std
0 . The dotted lines show the large-N0 predictions

of Ref. [17], and the filled circles show the raw data points
Ref. [6] rescaled according to Eq. (9).
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TABLE I. A comparison of the data of Ref. [6] with
calculation performed using the actual experimental t
scattering-length, and condensate-number parameters.
that the first column of the table indicates the azimut
quantum number of the mode.

m n
sed
' N

sed
0

n
sed
mode

n
sed
'

n
std
' N

std
0

n
std
mode

n
std
'

% diff.

0 43.2 3420 1.84–1.88 43.2 3421 1.89 2.
0 132 2400 1.79–1.83 132 2401 1.88 5.0
2 43.2 2800 1.41–1.44 43.2 2801 1.49 5.
2 132 2200 1.39–1.42 132 2203 1.47 5.8

ratio snsed
modeyn

sed
' d in Table I involve a (1–3)% reduction o

the raw data to extrapolate to zero-amplitude driving [1
It is fair to say that the agreement is excellent, as the
ference between theory and experiment ranges from
to 6%.

To better understand the nature of these excitat
we compare them with the results of Stringari [17] w
obtained analytic solutions to the linearized GP equa
in the hydrodynamic limitsN0 ! `d. The curve labeled
“ jmj ­ 1” is a doubly degenerate dipole excitation th
coincides exactly with the first excited state of the b
trap. This is because the lowest dipole mode of
ensemble of identical interacting atoms in an exter
harmonic potential corresponds to a rigid motion of
center of mass, independent of the nature of interato
forces [17].

The curve labeled “jmj ­ 2” corresponds to the two
degenerate excitations that have magnetic quantum n
bersm ­ 62. The excitation frequencies tend to2v in
the noninteractingsN ! 0d limit, as expected for a two
dimensional harmonic oscillator. The quadrupolar na
of these excitations is exhibited in Fig. 2, which co
tains a plot oful over a region of thex-y plane [i.e.,
ulsx, y, 0d] for N0 ­ 2000 atoms. This plot clearly show
the four-peak structure characteristic of quadrupole e
tations, which is simply the angular dependence coss2fd.
The large-N0 limit of this mode,nmodeyn' !

p
2, is also
f
n,
9.
y,

k,

.

t,

s.

d
FIG. 2. Theul component of thejmj ­ 2 excitation (middle
curve of Fig. 1) displaying its quadrupolar shape.
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shown in Fig. 1. The fact that the middle curves al
seem to be approaching this limit asN0 ! ` also lends
support to their interpretation as quadrupole excitations

The curve labeled “m ­ 0” corresponds to a “large-N0”
excitation that is a breathing mode in thex-y plane. The
asymptotic limit is shown in Fig. 1 and is given by [17]

nmodeyn' !

µ
2 1

3
2

l2 2
1
2

p
9l4 2 16l2 1 16

∂1y2

,

(10)
wherel ­ nzyn' ­

p
8 for the TOP trap. In the non-

interacting limit, the frequencies of the breathing a
quadrupole modes are seen to degenerate, reflectin
well-known property of the two-dimensional harmonic o
cillator. As discussed in Ref. [6], the symmetries of t
normal modes can be tested by experimental selec
rules, and the classifications of the observed modes
found to agree with those given here.

In conclusion, we have presented excitation spectra
agree well with the data of a recent experiment. We ha
shown that these data constitute a direct measuremen
the T ­ 0 Bogoliubov spectrum of an atomic BEC. W
have also used the large-N0 limit and mode shapes to de
scribe the nature of these excitations. The experime
confirmation of these data will have significant implic
tions for understanding the many-body physics of the
dilute, weakly interacting bosonic systems, and for prac
cal use in future BEC engineering.
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