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It is shown that the deflection of an atom de Broglie wave at a nonresonant weak cavity field
can yield a pure entangled quantum state in which discernable atomic beams are entangled to
number states of the field and to internal states of the atom. The proposed experimental s
is shown to be applicable for quantum nondemolition measurement of the photon statistics, a
quantum state engineering and reconstruction experiments. [S0031-9007(96)00939-8]
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Matter-wave interferometry has been significantly p
gressed due to the recent development of devices ma
lating atomic beams. Several techniques for cohe
splitting and recombination of atomic beams have b
implemented so far [1–5]. One class of interferome
includes a beam splitting mechanism which produces
atoms’ de Broglie wave in a superposition of differe
paths in real space. This kind of amplitude division c
be achieved by diffraction at a material double slit [2,3]
at a material absorption grating [4]. Another beam sp
ting mechanism, diffraction at intense standing light wa
has been exploited in recently constructed atom de Bro
wave interferometers [5].

Atom wave deflection at electromagnetic fields relies
the mechanical effects of radiation. In these effects, h
ever, the quantum nature of radiation can also manifes
self [6]. For example, in the absence of spontaneous de
the absorbed momentum by an atom must be an inte
multiple of the photon’s momentum [7]. The momentu
distribution of the atom after the interaction with a sing
cavity field mode is then sensitive to the quantum statis
of photons [8–10]. This fact makes it possible to meas
the photon number observable in quantum demolition [
and in quantum nondemolition (QND) measurements
The correlation between the external motion of the a
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and the field can also be revealed in the atomic wave
tern. Under certain conditions, the deflected atomic w
function can have a multifocal structure in which ind
vidual foci corresponding to neighboring Fock states c
be resolved [12].

But can one construct a de Broglie wave beam spli
governed by microscopic degrees of freedom of the ato
field system? In this Letter we show that an atomic wa
diffraction process can yield an entangled quantum stat
which discernable, partial atomic waves propagating i
different directions are entangled to direct products of
photon number states and the internal states of the a
The proposed experimental scheme can be implement
presently available experimental parameters. This at
optical device enables us to manipulate atomic trajecto
by controlling the field statistics or the internal atom
state. Once the distinct partial atomic waves are crea
experiments can be developed for generating, as we
reconstructing, an arbitrary quantum state of the field.

Let us consider a two-level atom with statesjgl and
jel crossing an opened high-Q cavity. Inside the cav-
ity the atom is strongly coupled to one Gaussian mo
having a frequency close to that of the atomic tran
tion but sufficiently detuned by the frequency mismatchd

so as to inhibit photon exchange between the interac
© 1996 The American Physical Society 1663
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subsystems. In the framework of the Jaynes-Cummi
model the dipole coupling strength is characterized
the position-dependent Rabi frequencyVfsrd wherefsrd
is the dimensionless rms vacuum field amplitude. S
pose that the atom’s longitudinal kinetic energy is lar
compared to the coupling and can be considered c
stant in the course of the passage. The transverse kin
energy absorbed by the atom is assumed to be sma
that the atom moves parallelly to the axisx inside the
cavity. According to the nonresonant feature of the
teraction, ensured by the inequalityd ¿

p
n 1 1 V, the

field energy and the atom’s internal state emerges
changed when the atom exits the cavity. If the ato
moves slowly enough, the “dressed atom” system follo
adiabatically a position-dependent level which mean
potential for the atomic center-of-mass motion. With
the adiabatic approximation, the unitary operator conn
ing the input state of the atom-field system to the state
the cavity exit reads as

Ûszd ­ jgl kgj ≠ eieâyâ cos2 kz

1 jel kej ≠ e2iesâyâ11d cos2 kz , (1)

whereâ andây are the creation and annihilation operato
of the field mode,k is its wave vector,z specifies where
the atom traverses the cavity mode, ande characterizes
the experimental parameters

e ­
V2lcav

dyat
. (2)

Here lcav is the effective cavity length andyat is the
atomic velocity. The dependence of the effective cav
length onz can be considered negligible. Note that t
spatial dependence of the evolution operator is due to
inhomogeneous coupling described by the mode func
which is not sensitive to the quantum statistical featu
of the system.

If a transversely extended atom de Broglie wa
impinges on the cavity mode, the dispersive interact
described byÛszd yields az dependent phase shift of th
wave function. The initial wave front then experienc
a transformation determined by the shape of the fi
mode. There is a certain regime between a nodal
an adjacent antinodal of the standing light wave wh
the cosine-square function appearing in Eq. (1) can
approximated by the linear function1y2 1 kz. In this
regime the interaction with the field gives rise to a line
phase shift in function ofz, hence the cavity mode act
as aprism for atomic wave. In the presence of exactlyn
photons in the mode, a plane wave with a wave vectorkat,
cinsx, zd ­ N expsikatxd, is tilted to result in the plane
wave coutsx, zd ­ N expsikatx 1 inef1y2 1 kzgd that
propagates in the direction

asn, gd ­ ne
k

kat
, (3)

when the atom was prepared in the statejgl. For an atom
initially in the statejel, the same argument leads to a
1664
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asn, ed ­ 2sn 1 1de
k

kat
. (4)

The “refractive angle” depends on the excitation num
of the cavity mode and the internal state of the atom, i
on microscopic, substantially quantum features of the s
tem. This fact can be interpreted as if a“quantum prism”
operated on the atom de Broglie wave. The underly
physical effect is a virtual photon exchange, media
by the atom, between the two counterpropagating wa
with momentah̄ $k and2h̄ $k, composing the standing-wav
mode in the cavity. The probability of this process i
creases with the photon number that results in differ
absorbed transversal momentum. The internal state o
atom affects the direction of the deflection.

Let us analyze in more detail the propagation of
atomic wave when an atom in the statejgl is sent across
the cavity containing a field in the number statejnl.
Suppose the atomic wave is prepared to approxim
a plane wave in front of the cavity. The transver
extension of the atomic wave is confined to the line
regime by placing an aperture of widthA in front of
the cavity. Without losing any important physical effec
we can limit the treatment to two dimensions, i.e., t
system in they direction is assumed to be uniform
Behind the cavity, the atom de Broglie wave follows
free evolution. Provided the deflection angle is small,
time of flight is simply determined by the coordinatex as
t ­ xyyat. Using Eq. (1) and the unitary operator of th
free evolution, in the far field limit the state of the tot
atom-field system in the coordinate representation for
atomic wave function can be expressed as

Cfarsx, zd ­ N eikatsx1z2/2xd kat

2pix
einey2

3
Z Ay2

2Ay2
eisnek2katzyxdz dz . (5)

On carrying out the integral with respect toz for a fixed
photon numbern, one can obtain the position distributio
of the atom

jcfar sx, zdj2 ~
sin2 h

h2 , h ­
katA

2

∑
asn, gd 2

z
x

∏
.

(6)
This profile well approximates a peak in the positionz that
corresponds to the directionzyx ­ nekykat ­ asn, gd,
in agreement with Eq. (3). The half-width of the pea
found to be latxyA, describes the divergence of th
beam which is attributed to the effect of the apertur
finite size. For otherz values the probability distri-
bution oscillates in a small vicinity of zero. The dis
tance between two peaks associated with adjacent ph
numbers determines the splitting angle:Da ; asn 1

1, gd 2 asn, gd ­ ekykat. The resolution requires tha
the splitting dominates the divergence of the bea
which leads to the following condition:
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ekA $ 2p . (7)

This condition expresses the possibility of distinguish
the atomic waves corresponding to different photon n
bers. Note that the overlap between distributions a
ciated with adjacent photon number states is minimi
when the main peak of one distribution of type Eq.
coincides with a zero point of the other. This impos
a supplementary, periodic condition on the size of
aperture

ekA ­ j 3 2p , j ­ 1, 2, . . . . (8)

In a general case the atom, as well as the field
prepared initially in superposition statesagjgl 1 aejel,
and

P
Cnjnl, respectively. Fulfillment of the condition

(7) and (8) ensures that each photon number and inte
atomic state is entangled to a separate atomic be
Using the linearity of quantum mechanics, we get the t
state X

n
Cnagjn, g, $asn, gdl 1 Cnaejn, e, $asn, edl , (9)

where $a symbolizes a discernable atomic partial wa
propagating into the given directiona. The diffraction
pattern is sketched in Fig. 1 presenting how the mic
scopic degrees of freedom select the direction of the p
agation which is clearly a macroscopic feature of
system. The complex coefficientsCnag, Cnae are asso-
ciated with partial atomic waves propagating into disti
directions. The probability of finding the atom in a certa
direction is given by the absolute square of these co
cients. Note that we assumed a nonresonant intera
between the atom and the field that requiresV

p
n 1 1 ø

d. This condition limits the maximum photon numb
at which transitions between internal states are avo
and hence determines the maximum number of traje
ries represented in Fig. 1.

Far enough from the cavity, due to the highly entang
state of the system shown in Eq. (9), the detection in
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FIG. 1. The diffraction pattern: Each photon number a
internal atomic state pair selects one deflection angle. An in
superposition results in a highly entangled state.
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position zdet ­ asm, gdxdet has the field part jump into
the corresponding number statejml. Furthermore, a QND
readout of the photon number takes place this way s
the energy stored in the cavity is a constant of mot
by virtue of the nonresonant feature of the interacti
The collapse of the field state can be elucidated
inserting the relationzdet ­ asm, gdxdet into Eq. (5).
Substitutingw ­ ekz andwmin ­ 2ekAy2 ­ 2wmax, if
wmax 2 wmin ­ 2p in accordance with Eq. (8), one ca
see that the output field state appears as the action o
projection operator

jml kmj ­
1

2p

Z p

2p
e2ism2âyâdwdw (10)

on the arbitrary initial one. Applying this operato
describing the collapse, on a cavity field initially in th
coherent statejbl, the well-known representation of th
jml number state [13] can be recognized:

jml ­ const3
Z p

2p
e2imwjbeiw ldw . (11)

The expansion of the Fock statejml in terms of coheren
states having the same mean energy but different ph
in phase space reflects that the back action of the en
measurement appears in increasing the uncertainty o
phase observable. The condition for the boundaries,
is wmax 2 wmin be an integer multiple of2p, is required
for the complete erasure of the phase information sto
in the initial field. It ensures the possibility of readin
out a photon number in a single measurement. T
condition naturally coincides with (8) that was deduc
using different considerations.

The quantum prism offers several possibilities of ap
cation in various experimental setups. It can be viewe
a device producing separate atomic partial waves fro
single input one, where these beams are numbered b
quantum statesjnl. Controlling the photon statistics, i.e
the coefficientsCn in the cavity, one can associate d
ferent amplitudes and phases with the trajectories. In
most elementary case, when the cavity mode is initially
vacuum state and the atom is prepared in the superp
tion s1y

p
2d sjgl 1 jeld, the beam entangled tojgl crosses

the cavity without altering its direction, while in the sta
jel the wave is subject to a deflection by an angleekykat.
The vacuum limit of the optical Stern-Gerlach experim
[2,10] can be realized this way.

By the measurement of the atomic position, QN
readout of the photon number distribution is possib
as previously discussed. But before detecting the at
which results in a collapse of the highly entangled st
(9), one could use an additional atom interferome
[5] to recombine different trajectories. For example,
the use of an intense, classical standing-wave field,
neighboring beams can be led to the same positio
the observation plane. On detecting the atom in suc
position, the field reduces to a superposition of the t
corresponding number states. The probability of detec
1665
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the atom in this position is proportional to the squar
modulus of thesum of these number state coefficient
Hence the quantum interference in the Hilbert spa
appears in the probability distribution of the atom at t
detection plane. The phase of the complex coefficie
can also be extracted from the mapping of the atom
position distribution in repeated measurements. Th
besides the measurement of the absolute values of
Fock coefficients, the quantum prism makes it possible
get complete information of the quantum state of the fi
mode. This type of experiment is referred to as quant
state reconstruction.

The discernable atomic beams, numbered by F
states, can be the input of an atom “multiport” system.
such a multiport, the atomic beams can be interfered
manner that includes an adjustment of their relative pha
and amplitudes at will. At the output, the resulting bea
are numbered by quite general superpositions of num
states. Observation of the atom at a specific output wo
then result in a collapse into the corresponding superp
tion of Fock states. This technique is a promising vari
of quantum state engineering.

Several conditions must be considered with respec
the feasibility of the quantum prism. Basically, cond
tion (7) determines the resolution. Since the extent of
linear regime leads tokA # 1, one should seek a syste
wheree $ 2p. To enhance the effect of beam splittin
i.e., to increase the splitting angleDa, the maximum,
realizablee ­ VlcavsVyddyat must be chosen. Taking
into account the adiabatic condition for avoiding res
nant transitions, the ratioVyd is maximized by the pho-
ton number which one invents to operate the quant
prism. Thuse is proportional to1yyat and, as a con-
sequence,Da ~ 1yy2

at. However, the atomic velocity is
limited from below by the fact that, within the coheren
time t of the system, the atom should take a minimal d
tancexmin where it can be detectedstyat . xmind. These
simultaneous, controversial requirements can be acc
plished by using a microwave cavity coupled to a Rydb
atom with two highly excited, circular levels [14]. Her
V ­ 1.6 3 105ys, lcav ­ 7.4 3 1023 m, k ­ 1 mm21,
and t ­ 0.033 s are the essential parameters describ
the interaction. For a photon numbern ­ 3 a good com-
promise ford is 5V, and the optimum atomic velocity
was then found to be3 mys, which results ine ­ 66.6 ¿

2p . An apertureA ­ 90 mm derived fromekA ­ 2p

cuts out strictly the linear regime of the mode function.
this case, one gets a splitting angleDa ­ 17 mrad. Note
that this17 mrad is the angle between the two beams,
sociated with the internal atomic statesjel and jgl, and
deflected by the vacuum state of the cavity field. The
tained minimum distance of the detection plane for
atom’s position isxmin ­ yatt ø 10 cm, which can be
achieved by the application of an atomic lens [15] w
1666
d
.
e

e
ts
’s
s,
the
to
d
m

k
n
a
es
s
er
ld
si-
t

to

e

,

-

m

-

m-
g

g

s-

-
e

a focal length of 10 cm. This lens maps the far-fie
limit in its focal plane, where one can observe a spac
1.7 mm between the images of partial waves correspo
ing to neighboring photon numbers. According to th
analysis, the proposed experimental scheme seems t
feasible at the present state of art.

In conclusion, we have shown that, by deflecting
atom de Broglie wave at a quantum field under cert
conditions, discernable beams can be produced which
entangled to the system’s internal, microscopic degree
freedom.
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