
VOLUME 77, NUMBER 8 P H Y S I C A L R E V I E W L E T T E R S 19 AUGUST 1996

164
Competing Reactions with Initially Separated Components
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The first theoretical and experimental study of a competitive reaction with initially separated
components is presented. Rich spatiotemporal reaction front patterns are produced by a simple
theoretical reaction-diffusion model. Such patterns are observed experimentally for the reaction
Cr31 1 xylenol orangesXOd ! products. The conditions for these front patterns are significant
differences in the microscopic reaction constants and in the initial densities of the competing species.
[S0031-9007(96)00897-6]
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In a series of recent papers [1–16], it has been sh
that elementary reaction-diffusion systems with initia
separated components have very unusual dynamical p
erties. For the elementary reactionA 1 B ! C, the initial
separation of reactants leads to the formation of a dyna
reaction front. The presence of such a reaction interf
is characteristic of many processes in nature [17–22].
teresting properties of the front are the global reaction
Rstd, the location of the center of the reaction frontxfstd,
the width of the frontwstd, and the local reaction rate a
the center of the frontRsxf , td. These reaction rate an
front properties have been shown to follow a nonclass
behavior, with anomalous time exponents [1,5,6].

The first level of complexity in chemical reactio
kinetics is competingelementary reactions, which occ
in many chemical systems [23]. These reactions a
provide the simplest case for the formation of a comp
reaction front pattern. In this Letter we show how su
a pattern can be simply accounted for by two compe
elementary reactions; twosimilar species,A1 and A2, on
one side of the initially separated system, compete
react with the species on the other side of the syst
B, according to the scheme

A1 1 B
k1
! C1 , (1a)

A2 1 B
k2
! C2 . (1b)

These two processes are taking place simultaneously,
with a different microscopic reaction constant,k1 andk2.

In the simplest model of theA 1 B ! C initially
separated system, the following set of mean-field react
diffusion equations for the local concentrationsra, rb has
been assumed to describe the system [1]:

≠ra

≠t
 Da=2ra 2 krarb , (2a)

≠rb

≠t
 Db=2rb 2 krarb , (2b)

where Da, Db are the diffusion constants, andk is
the microscopic reaction constant. These equations
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subject to the initial separation condition along thex axis,

rasx, 0d  a0f1 2 Hsxdg,

rbsx, 0d  b0Hsxd , (2c)

where a0, b0 are the initial densities andHsxd is the
Heaviside step function, so that theA’s are initially
uniformly distributed on the left sidesx , 0d, and the
B’s on the right sidesx . 0d of the initial boundary.
In the mean-field description, which is valid [7] abov
d  2, the local production rate ofC, is defined by the
term Rsx, td  krasx, tdrbsx, td, which is the basis for
defining all other quantities of interest [1]. In our mod
(1), which allows for the existence of more than a sing
species on one side of the initially separated system,
productsC1 andC2 are assumed to be either identical
experimentally indistinguishable. Thus the local react
rate of this system will be of the form

Rsx, td  k1ra1 sx, tdrbsx, td 1 k2ra2 sx, tdrbsx, td . (3)

We have studied this system using a generali
discrete version of the evolution equation (2). At ea
time unit n all species perform a discrete diffusio
step, using the exact enumeration method [24], follow
by reaction events according to the scheme (1). Fin
probabilities of reaction replace the reaction constantsk1,
k2, in the spirit of [5]. We have assumed equal diffusi
coefficients for all species and have studied a wide ra
of microscopic reaction constants and fractions of theAi ’s
out of the totalA density.

We have found that whenk1 and k2 differ by several
orders of magnitude, and when the faster reactingA1

species is only a very small fraction of the totalA density
(A  A1 1 A2), the reaction front splits into two center
and the global reaction rate is nonmonotonic in time.
the following, we present the results for reaction consta
k1  1 andk2  1024, and initial densitiesa1  3% and
a2  97% of the total A density. Figure 1 shows th
© 1996 The American Physical Society
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FIG. 1. Numerical results for the time evolution
the spatial profile of the local production rateRsx, td,
for k1  1, k2  1024, anda1  3%, a2  97% of the totalA
density. The front’s initial position is at 375.

temporal evolution of the local production rate,Rsx, td,
as obtained by the superposition of the two proces
according to Eq. (3). TheA1 andA2 species are initially
located on the left side of the reaction front, while theB
species are initially located on the right. At early tim
(i.e., n  400), there is already evidence of the existen
of two reaction centers. The sharper left peak is a re
of the reaction ofB with the faster reacting, low densit
speciesA1, while the right peak is a result of the reactio
of B with the slower reacting, high density speciesA2.
As time increases, the contribution of the faster react
(1a), decreases, due to the lowerA1 density, and the
contribution of the slower reaction, (1b), increases. In
asymptotic time region, the front resulting from the slo
reaction becomes dominant, and the left peak disappe

Figure 2 shows the nonmonotonic behavior of
global reaction rate,Rstd 

R1`
2` Rsx, tddx, as a func-

tion of time. In the simple initially separated syste
with only one reaction process, this quantity exhibits
crossover from at1y2 increase to at21y2 decrease, which
occurs at a time proportional tok21 [5]. In the com-
peting reaction system, the global rate of the faster
action, (1a), the primary early-time contributor to t
superposed global reaction rate, begins to decay after
proportional tok21

1 , at which time the global rate of th
slower reaction, (1b), becomes the main contributor to
es

e

FIG. 2. Numerical results of the global rateRstd as a function
of time for the double-reaction scheme of Eq. (3), for the sa
parameters as in Fig. 1.

global rate of the competitive system, which gradually
creases up to a time proportional tok21

2 when the second
crossover occurs. The ratio of theA densities ensures tha
there is enough material left for the slower process.

In order to test these theoretical predictions experim
tally, we use the chemical reaction [25,26] ofCr31 with
xylenol orange (XO). We propose thatCr31 is the ana-
log of A and XO is the analog ofB in the model. The
main subspecies ofCr31 (A2), which reacts very slowly
with XO [6], comes from the aggregation ofCr31 ions
in aqueous solution, while the other subspecies,A1, is the
nonaggregated form. The degree of this aggregatio
highly dependent on pH. Stünziet al. [27] studied the ag-
gregation of Cr31 occurring in aqueous solution, whe
the Cr31 ions bind withH2O, -OH, and other Cr31 ions
to form dimers, trimers, and other, higher order aggreg
species of Cr31, (known as oligomers), as well as nona
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-

e

e

FIG. 3. Percentage of Cr31 monomers and higher orde
oligomers as a function of the pH of the solution. At pH 4.5
the chromium consists of3% monomer and97% of higher
order oligomers. After Stünziet al. [27].
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gregated forms (monomers) with only one ion ofCr31.
Figure 3 shows their results for the percentage of ag
gated vs nonaggregated Cr31 ions as a function of pH
obtained from afour yeartime study of the evolution an
equilibrium of aqueous Cr31 solutions at room tempera
ture. At pH 4.5, which was the pH in our experimen
about 3% of the Cr31 in aqueous solution is in nonaggr
gated form (monomer), and 97% is in the form of agg
gates (oligomers). Thus the monomer is the fast reac
low density species (A1), and the higher order oligome
constitute the slow reacting, high density species (A2).
We note that theB species XO has also 10 possible ion
forms (tautomers) as a function of pH of the aqueous s
tion [28]. However, we disregard XO as a possible sou
of competing species, since the theoretical model sugg
that the two similar species should differ significantly
their reactivity with the other species on the other side
the system, but it is very unlikely that the ionic forms
XO have substantially different rate constants in their
action with chromium [29,30].

In our experimental system, aqueous gel solutions
Cr31 and XO, adjusted to pH 4.5, are introduced into
posite ends of a long, thin capillary tube (reaction v
sel), the Cr31 from the left, and the XO from the righ
The initial concentrations area0  1.05 3 1023 M for
the total Cr31 density, andb0  1.1 3 1024 M for the
XO. Adding gelatin to the solutions deters convecti
thus aiding in the formation of a sharp reaction bound
pe
th

ica
nt

nce
e-
et-

ase
ate

tant

b-
ion
lts
FIG. 4. Experimental profiles of the product absorbance
time at various times. These profiles are proportional to
rateRsx, td and are in very good agreement with the theoret
predictions presented in Fig. 1. The initial position of the fro
is at 375, in units of 0.1 mm.
1642
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where the two solutions meet. It also buffers the so
tions, keeping the pH relatively constant over time (a f
hours). Product formation with time is measured via op
cal absorption measurements, using the system desc
in detail in Ref. [3]. Successive absorbance profiles
the product formation are obtained by periodically sca
ning along a defined length of the reaction vessel. Li
is selectively collected using a570 6 10 nm bandpass fil-
ter, and we assume that both products (C1 and C2) are
detectable at this wavelength. Scans are made every
minutes and each scan takes about 30 s. The time
tervals between successive scans increase from 10 m
relatively short times up to 60 min for long times becau
the total production is much smaller at later times. Su
tracting successive absorbance profiles and dividing
the time interval, one obtains the product absorbance
time, which is proportional to the local instantaneous p
duction rateRsx, td.

Figure 4 shows the experimental results for the tem
ral evolution of the product absorbance per time. Ap
from a little difference in the amplitude heights at th
longer times, the experimental two-peak pattern mirr
the theoretical results forRsx, td in Fig. 1. At early times,
the primary contribution derives from the faster reacti
nonaggregated Cr31 species (A1), while at later times the
main contribution is from the slower reacting Cr31 ag-
gregate species (A2), which diffuses farther right into the
reaction zone before reacting. In Fig. 5 we show the
perimental results of the spatially integrated absorba
per time. This quantity exhibits a nonmonotonic time b
havior, in excellent accord with the results of the theor
ical model for the global rateRstd (Fig. 2). The initial
decay due to the faster process is followed by an incre
caused by the slower reaction, which starts to domin
the entire process. Finally, at longer times, the reac
r
e
l
FIG. 5. Experimental results of the spatially integrated a
sorbance per time, which is proportional to the global react
rateRstd. The results are in accord with the theoretical resu
shown in Fig. 2.
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concentration of all species is sufficiently low and
global rate decreases asymptotically.

In summary, we have presented a model for a sys
of two competing reactions where the reactants are
tially separated in space. Reaction constants which d
by several orders of magnitude and initial densities of
competing species which are also very different prod
novel spatial patterns at the reaction front and a nonm
tonic behavior of the global reaction rate. We obse
these spatial and temporal behaviors experimentally
ing the reaction of Cr31 with XO, where the species th
compete for reaction with the XO are Cr31 aggregate an
nonaggregate ions in aqueous solution.
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