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Double-Cross Instability: An Absolute Instability Caused by Counter-Propagating
Positive- and Negative-Energy Waves
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The resonant interaction of a negative-energy wave with a positive-energy wave gives rise to
linear instability. Whereas a single crossing of rays in a nonuniform medium leads to aconvectively
saturated instability, we show that a double crossing can yield anabsoluteinstability, if the two rays
are oppositely directed. We obtain expressions for the growth rate and the threshold, and present
application. [S0031-9007(96)00921-0]

PACS numbers: 52.35.Hr, 52.35.Qz, 03.40.Kf
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Negative-energy waves are known to produce a num
of interesting effects, such as linear instability due
dissipation, and explosive instability due to three-wa
interaction [1]. Such waves are typically supported
beams [2] or flows [3], or by inverted populations [4
Here we investigate a novel and possibly import
phenomenon, the linear absolute instability caused by
double crossing, in ray phase space, of oppositely dire
rays of a negative-energywave and apositive-energy
wave of equal frequencies. (An analogous phenome
involving the transformation of a parametric convect
instability into an absolute one because of wave reflec
is studied by Cairns [5].)

In Fig. 1, we illustrate the situation to be studied. W
assume that the medium has spatial variation in onlyone
dimensionx, so that each wave (of typej  a or b),
of definite frequencyv and wave-vector componen
sky , kzd, has the ray orbitk

j
xsxd, determined by its dis

persion functionDjsx, kx ; v, ky, kzd  0. Let a label the
positive-energy wave, andb the negative-energy wave, o
the samesv; ky , kzd. Near their caustics (wheredkxydx is
infinite), the two rays typically have different curvature
and so can cross twice, as shown.

The motivation for our study is a plasma instabilit
wherein a magnetosonic wave is made unstable by an
verted population of neonatal alpha particles produce
fusion reactions [6,7]. This instability leads to enhanc
emission at harmonics of the alpha gyrofrequency, an
considered a useful diagnostic [8]. Since the alphas
support anegative-energyBernstein wave at a gyroha
monic [4], and since this wave can undergolinear con-
versionwith a (positive-energy) magnetosonic wave wh
their frequencies and wave vectors are equal, the situa
of Fig. 1 can arise. (Later in this Letter, we demonstr
that the rays are oppositely directed, and calculate the
curvatures and other characteristics of this application

We first examine the energy transmission and con
sion coefficients,T and C, at each of the crossings, an
see how an absolute instability arises. At the lower cro
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ing, energy conservation is represented asT 1 C  1,
whereT is the ratio of the transmitted to incident flux
a, while C is the ratio of theb-converted toa-incident
flux. When the wave energies have opposite signs,
have [9,10]T  exps2pjhj2yjBjd . 1, whereh is the
coupling strength,andB is thePoisson bracketof the two
dispersion functions (evaluated at the conversion po
B ; hDa, Dbj [see Eq. (8)]. ThusC ; 1 2 T , 0, and
if T . 2, thenjCj . 1, i.e., rayb hasgreaterenergy flux
magnitude than (incident) raya.
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FIG. 1. The orbits of thepositive-energyray a (with down-
ward velocity Ùka

x , 0) and thenegative-energyray b (with up-
ward velocity Ùkb

x . 0), of the same frequencyv. (Thesignsof
Ùk

j
x are chosen from the application discussed here.) Their ca

tics sdkxydx ! `d are atxa, xb. The rayscrossandconvertat
kx  6kc

x . If the energy-flux magnitude in the converted ra
exceedsthat of the incident ray, at each crossing, the system
(absolutely) unstable.
© 1996 The American Physical Society
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If there is onlyonecrossing, that is the end of the stor
but if the second(upper) crossing occurs (with the sam
parameters, for simplicity), then (converted) raya arises
with energy fluxjCj relative to the incidentb, and thus
jCj2 relative to its value on entering the lower crossin
Thus the condition for absolute instability isjCj . 1, or
T . 2, or

jhj2 . fsln 2dy2pg jBj ; jhthj2. (1)

We see that thethresholdcoupling strength (squared)
proportional to the Poisson bracket.

To evaluateB , we examine the dispersion function
in more detail. In the neighborhood of a caustic, ea
ray s j  a, bd is a parabolic curve:xskxd  xj 1 bjk2

x ,
wherexj ; xskx  0d is the caustic location, andbj ;
dxydk2

x is the ray curvature. (As discussed later,
assume thatDj is evenin kx.) The two rays thus cross a
kx  6sDxyDbd1y2 ; 6kc

x , whereDx ; xa 2 xb is the
caustic separation, andDb ; bb 2 ba is the curvature
difference. It follows that the dispersion functions ha
the form

Djsx, kxd  sDj
xd sx 2 xj 2 bjk2

x d , (2)

where D
j
x ; ≠Djy≠x  2s≠Djy≠vd s≠vy≠xdj 

s≠Djy≠vdÙk
j
x , 0 is proportional to the (constant) ra

velocity in thekx direction. We obtain (after straightfor
ward algebra)

jBj  2Da
x Db

x sDbdkc
x ; 2Da

x Db
x sDbDxd1y2. (3)

Thus, for given parameters, the threshold coupling
minimized byminimizingthe caustic separationDx.

To determine the latter, we impose the requiremen
phase matching: the phase changeDf of ray a (say),
after one circuit, must be an integer multipleN of 2p:
Df  2pN . To find Df, we use eikonal theory (to
lowest order in h): Df 

H
xskxd dkx 2 py2, where

the first term is the standard phase integral (the a
enclosed by the rays), and the second term is the
of the two (lowest-order) phase shifts at the convers
points [11]. The evaluation of the phase integral
elementary:

H
xskxd dkx  s4y3d sDbd21y2sDxd3y2. The

minimum separationDxmin is thus obtained by settin
N  0:

Dxmin  s3py8d2y3sDbd1y3. (4)

Inserting (4) into (3), we havejBjmin  s3pd1y3Da
x Db

x 3

sDbd2y3, yielding the threshold from (1):

jhthj2  fsln 2dy2pg s3pd1y3Da
x Db

x sDbd2y3. (5)

To obtain the positive growth rateg (when T . 2),
we track the energy around one circuit, obtaini
g  flnsT 2 1dgyt, where t is the time interval for a
s

f

a
m
n

circuit:

t 
X

ja,b

Z
dkxyj Ùkj

xj

 sj Ùka
x j21 1 j Ùkb

x j21d s3pd1y3sDbd1y3, (6)

and (4) has been used.
We now proceed to derive and solve the differen

equations for the propagation and coupling of the t
wave fields. This will serve to check the validity o
the results above based on eikonal theory. We be
with the variational Hermitian formAfEg ;

R
d4xE?

D ? Ey2, in terms of the total wave fieldEsx, td and
the (given) dispersion operatorDsx; k  2i=, v  i≠td.
With D independent ofs y, z, td, we take Esx, td 
Esxd expiskyy 1 kzz 2 vtd 1 c.c., and obtainAfEg R

dx Epsxd ? D ? Esxd, with Dsx, kx  2i≠x; ky, kz , vd.
Next we apply a congruent reduction [12]: From the th
s j  a, b, cd eigenvaluesDjsx, kxd of the 3 3 3 matrix
Dsx, kxd, we select the twos j  a, bd whose dispersion
curvesDjsx, kxd  0 have a double (avoided) crossin
Outside the crossings, we determine their polarizatio
êjsxd [eigenvectors of the matrixDsssx, kxsxdddd], and ex-
pressEsxd  Easxdêasxd 1 Ebsxdêbsxd, whereêa, êb are
now interpolated smoothly from the outside regions. S
stituting, we now have

AfEa, Ebg 
Z

dx

∑ X
ja,b

Ep
j DjEj 1 sEp

ahEb 1 c.c.d
∏

,

(7)

whereDj ; êp
j ? D ? êj , h ; êp

a ? D ? êb. On varyingA,
we obtain the coupled equations [9,10] forEasxd, Ebsxd:µ

Da h

hp Db

∂ µ
Ea

Eb

∂
 0 . (8)

Next, we find the reference frequency v0 such that
Dasx, kx; v0d  0  Dbsx, kx ; v0d are dispersion curve
xjskx; v0d whose causticsxjsv0d ; xjskx  0; v0d ; x0
coincide (i.e., Dx  0). We expandDjsx, kx ; vd (to
lowest order) aboutx  x0, kx  0, v  v0:

Djsx, kx; vd  sv 2 v0dDj
v 1 sx 2 x0dDj

x 1 k2
xD

j
k2

x

 fv 2 v0 1 sx 2 x0 2 bjk2
xd Ùkj

xgDj
v .

Expressing theeigenfrequencyv as v 2 v0 ; Dv 1

ig, this reads

Djsx, kx; vd  fig 1 sx 2 xj 2 bjk2
x d Ùkj

xg , (9)

where xj ; xjsv0 1 Dvd  x0 1 sDvd s≠xjy≠vd is
the caustic at the real part of the eigenfrequency. C
paring (9) with (2), we note thatg ; Im v now appears
explicitly. Because the field equations (8) are singu
in the x representation, we Fourier transform to t
kx representation, withx ! i≠y≠kx in (9). We set the
slowly varyingh equal to its value atsx0, kx  0, v0d.
1501
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From the coupled equations, we now obtain the wa
energyconservationlaw

2g
X

j

Wjskxd 1
≠

≠kx

0@X
j

Ùkj
xWjskxd

1A  0 , (10)

whereWjskxd ; vD
j
vjEjskxdj2 is the wave-energy den

sity (in kx space) of wavej. The first term is the time
derivative of the total energy densityW skxd  Wa 1

Wb  Wa 2 jWbj, and the second is the divergence
the energy flux. This conservation law guides our heu
tic interpretation of the double-conversion process.

The eigenfrequenciesv are determined by solvin
(8) numerically, subject to the boundary conditio
representing zeroincomingwave energy. The asymptot
behavior of the field magnitudes are, from (9) or (1
jEjskxdj ! A

j
6 exps2gkxyÙk

j
xd, as kx ! 6`. Hence

we requireAa
1  0  Ab

2 as boundary conditions (se
Fig. 1). We now introduce the action-fluxamplitudes
Ejskxd:

Ejskxd ; jDj
xj21y2 Ejskxd

3 exps2ixjkx 2 ibjk3
xy3 2 gkxy Ùkj

xd , (11)

the dimensionless variableK ; sDbd1y3kx, the dimen-
sionless eigenvalue

Z ; sDbd21y3fDx 1 isj Ùka
x j21 1 j Ùkb

x j21dgg , (12)

and the dimensionless couplingh ; sDbd21y3 3

sDa
x Db

x d21y2h. The coupled field equations are thenµ
2idydK heF

h pe2F 2idydK

∂ µ
EasKd
EbsKd

∂
 0 , (13)

with FsK ; Zd ; iZK 2 iK3y3. From (13), we see tha
the set of dimensionless complex eigenvalueshZN j de-
pends only on thesingle dimensionless parameterjhj2.
(For givenh, we expect a discrete set of eigenvalues,
dered by their imaginary parts. This corresponds to
set of integersN .) Only that eigenvalueZ0shd whose
imaginary part is the largest is of interest. The thre
old valuesjhthj2d is thus found by setting ImZ0shd  0.
By numerical integration of (13), we obtainjhthj2 
0.236. This is to be compared with the eikonal result (
jhthj2  fsln 2dy2pg s3pd1y3Da

x Db
x sDbd2y3, or jhthj2 

0.233, in quite remarkable agreement.
By (12), thereal part of the eigenvalueZ0 (at thresh-

old) is the dimensionless caustic separation. By (4)
analytic value is ReZ0  s3py8d2y3  1.1, to be com-
pared with the numerical result 0.9, again in good ag
ment. Finally, we examine the dependence of the gro
rate on the coupling,dgydjhj2, or in dimensionless form
dsIm Zdydjhj2. Numerically, we find 2.9, to be compar
with our analytic approximation,s64py9d1y3  2.8, in ex-
cellent agreement. We conclude that the eikonal app
mation is a reliable analytic solution.
1502
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As an application, we consider the double crossing o
magnetosonicwavea with a negative-energya-particle
Bernstein waveb, in a slab model of the outer edg
of a tokamak:B0  ẑB0sxd. We takev ø lVa , with
l2 ¿ 1 (to model interpretations of ICE [8]; for simplic
ity, we choose deuterium as the majority species si
VD  Va), kz  0 (to avoid resonant-particle effects
and fa , dsy' 2 yad (to avoid dispersion of cross
field drift). The polarizations arêea  s2ilx̂ 1 ŷdy
sl2 1 1d1y2, êb  k̂, and the elements of the reduced d
persion matrix are

Dasx, k2
'; vd 

c2

l2

µ
1

c2
Asxd

2
k2

'

v2

∂
, (14)

Dbsx, k2
'; ky, vd  2

c2

l2c2
A

2
v2

a

vvlsx; ky , vd
mlsld ,

(15)

hsx, k2
'; ky, vd  i

c2

l2c2
A

nlsld
mlsld

, (16)

mlsld ; l2l21sJ2
l d0, nlsld ; l21sl2J2

l 2 lJlJ
0
ld

0,

(17)

where l ; k'yayVa  lyaycA is the Bessel-function
argument,cA is Alfvén speed,va is plasma frequency of
the alphas, andvl ; v 2 lVasxd 2 kyyD, with cross-
field drift yD. In (14) and (15), we have used a cold-flu
model for the background plasma, which is justified b
cause bothl2 ¿ 1 and a large Doppler shiftskyyDd allow
us to neglect deuterium kinetic gyroresonance effects.

FromDj  0, the frequency functions areva  k'cA,
vb  flVasxd 1 kyyDg f1 2 mlsldv2

ayv
2
Mg. The Bern-

stein waveb has negative energy if and only ifmlsld ,

0 (which requiresl . l) [4]. For kx ø jkyj, we ex-
pressk' ; sk2

y 1 k2
x d1y2  jkyj 1 k2

xy2jkyj (thus Dj is
even in kx, as assumed above). The ray velocities
kx space are Ùka

x  2≠vay≠x  2vy2Ln and Ùkb
x 

2≠vby≠x  vyLB, whereLn ; 2sd ln nMydxd21 . 0,
LB ; 2sd ln B0ydxd21 . 0, andLn ø LB. Thus Ùka

x y Ùkb
x

is negative as assumed, andDa
x Db

x is positive. The
ray curvatures areba  2Lnyk2

y , bb ø jbaj, so Db ø
jbaj. Inserting these formulas into (5), we obtain th
threshold value of the (alphaymajority) density ratio:µ

v2
a

v
2
M

∂
th

 s3pd1y3fsln 2dy2pg
jml j

jnlj2

3 sjkyjLBd21sjky jLnd1y3, (18)

where jky j  lVaycA  lvMyc. The threshold is seen
to be sensitive to the value ofjmlsldj, with l dependent
on the local majority density. Estimates based on J
parameters [8] indicate that this threshold may be excee
(see [13] for additional details on this application), and th
an absolute instability of double-cross type may occur.
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To summarize, we have shown that oppositely direc
rays of positive- and negative-energy waves, in
neighborhood of their caustics, can produce an abso
instability from double-crossing linear conversion. W
have obtained explicit expressions for the threshold
the growth rate.

This work can be extended in (at least) two directio
One is to allow spatial variation of the medium in mo
than one dimension. The other is (for plasma proble
to include kinetic effects (needed forkk fi 0). This can
be done by replacing the single collective negative-ene
wave by a continuum of gyroballistic waves, a subse
which may have negative energy [4]. When this is do
a comparison can be made with the results obtained
more traditional methods [14,15].
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