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Shadow Band in the One-Dimensional Infinite-U Hubbard Model
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We show that the factorized wave function of Ogata and Shiba can be used to calculatek
dependent spectral functions of the one-dimensional, infinite-U Hubbard model, and of some extension
to finite U. The resulting spectral function is remarkably rich: In addition to low energy features typ
of Luttinger liquids, there is a well defined band, which we identify as the shadow band resulting
2kF spin fluctuations. This band should be detectable experimentally because its intensity is comp
to that of the main band for a large range of momenta. [S0031-9007(96)00898-8]

PACS numbers: 79.60.–i, 71.10.Fd, 78.20.Bh
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The calculation of the spectral functions of mode
of correlated electrons is one of the most challeng
and largely unsolved issues of condensed matter the
Although a number of numerical techniques can be us
e.g., exact diagonalization of finite clusters [1] or quantu
Monte Carlo simulations [2], exact results are availab
only in very special cases, mostly for one-dimensional s
models [3]. As far as one-dimensional electron models
concerned, most of the well established results have b
obtained in the framework of the Luttinger liquid theor
[4–7], which is believed to be the correct description
the low energy properties of a large class of Hamiltonia
However, an accurate determination of the dynami
properties for all frequencies is so far still lacking.

In this paper we perform such a calculation for th
following one-dimensional models. (i) The Hubba
model defined by the Hamiltonian

H  2t
X
i,s

scy
i,sci11,s 1 H.c.d 1 U

X
i

ni,"ni,# (1)

in the infinite-U limit, which is also equivalent to theJ !

0 limit of the standardt-J model. (ii) An extension of the
t-J model first proposed by Xiang and d’Ambrumenil [8
defined by the Hamiltonian

H  2 t
X
i,s

sc̃y
i,s c̃i11,s 1 H.c.d

1
X
i,j

X
ax,y,z

JasSa
i Sa

i1j 2
1
4 da,znini1jdPi,j , (2)

where c̃ are the usual projected operators andPi,j Qj21
j01s1 2 ni1j0 d in the exchange part of the Hamiltonian

ensures that two spins interact as long as there is no o
spin between them. The motivation to study this mod
is that, unlike the infinite-U Hubbard model, there is an
energyJ associated to spin fluctuations, and this will giv
us useful indications about the1yU corrections in the case
of the finite-U Hubbard model.

Although the Hamiltonians of the two models a
different, they share the remarkable property that in b
0031-9007y96y77(7)y1390(4)$10.00
y.
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cases the eigenstates can be factorized [8–12] as

j f, Nl  jcN
L sQ, hIjdl ≠ jxN sQ, f̃Qdl , (3)

where jc
N
L sQ, hIjdl is an eigenfunction ofN nonin-

teracting spinless fermions onL sites with momenta
kjL  2pIj 1 Q (Ij are integers,j  1, . . . , N) and
jxN sQ, f̃Qdl is an eigenfunction of the one-dimension
spin-1

2 Heisenberg model withN spins (we chooseN as
even integer, not multiple of four) and momentumQ 
2pJyN, J integer. This momentum imposes a twiste
boundary condition with phaseeiQ to the spinless fermi-
ons [8,9,13]. For more details, see Ref. [14]. This wa
function has already been used by Ogata and Shiba
to calculate the momentum distribution function and
Penc, Mila, and Shiba to calculate the local spectral fu
tion of the infinite-U Hubbard model [14].

In the following, we will determine the full momentum
dependence of the photoemission and inverse photoe
sion spectral functions defined by

Ask, vd 
X
f,s

jk f, N 1 1jc
y
k,sj0, Nlj2

3 dsv 2 EN11
f 1 EN

0 d ,

Bsk, vd 
X
f,s

jk f, N 2 1jck,s j0, Nlj2

3 dsv 2 EN
0 1 EN21

f d .

As a result of the factorized form of the wave function
the spectral functions can be obtained as a convolution

ALHBsk, vd 
X

v0 ,Q,s

CssQ, v0dAQsk, v 2 v0d ,

Bsk, vd 
X

v0 ,Q,s

DssQ, v0dBQsk, v 2 v0d . (4)

A similar expression holds for the spectral function
the upper Hubbard band [15]AUHBsk, v ø Ud, which we
will not discuss here. In these expressions,AQsk, vd and
© 1996 The American Physical Society
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BQsk, vd involve only the spinless fermion part of th
wave function and are defined as

AQsk, vd  L
X
hIj

jkcN11
L sQ, hIjdjby

0 jc
N ,GS
L,p lj2

3 dsv 2 EN11
f 1 EN

0 ddsk 2 PN11
f 1 PN

0 d ,

BQsk, vd  L
X
hIj

jkcN21
L sQ, hIjdjb0jc

N ,GS
L,p lj2

3 dsv 2 EN
0 1 EN21

f ddsk 2 PN21
f 1 PN

0 d ,

(5)

where the momentum and energy of the states
given byPN 0


PN 0

j1 kj andEN 0

 22t
PN 0

j1 coskj, and
whereb andby are spinless fermion operators.CssQ, vd
andDssQ, vd depend on the spin wave function only an
are given by

CssQ, vd 
X
f̃Q

jk xN11sQ, f̃QdjẐy
0,sjxGS

N lj2

3 dsv 2 EN11
f 1 EN

0 d ,

DssQ, vd 
X
f̃Q

jk xN21sQ, f̃QdjẐ0,sjxGS
N lj2

3 dsv 2 EN
0 1 EN21

f d , (6)

whereẐ
y
0,s appends a spins to the beginning of the spin

wave functionjxN l making it N 1 1 sites long, and̂Z0,s

is the Hermitian conjugate of̂Z
y
0,s.

To evaluate the charge contribution, one needs ma
elements between states with different boundary con
tions (eiQ for the final state,eip for the ground state [14]).
For Q fi p the overall phase shiftsQ 2 pdyL due to
momentum transferQ 2 p to the spin degrees of free
dom gives rise to Anderson’s orthogonality catastrop
[16], and the matrix elementsjkcN11sQ, hIjdjby

0 jc
GS
N lj2

can be shown to be equal to

L22N21 cos2N Q
2

Y
j.i

sin2 kj 2 ki

2

3
Y
j.i

sin2 k0
j 2 k0

i

2

Y
i,j

sin22 k0
i 2 kj

2
, (7)

where kj sk0
jd are wave vectors with phase shiftQyL

spyLd. The restriction imposed bydsk 2 PN61
f 1 PN

0 d
is then implemented by restricting the sum overhIj to
states which have the correct momentum.

The calculation of the spin contribution is based on t
spin-1

2 Heisenberg Hamiltonian withN 0 sites

Hspin 
N 0X

i1

X
ax,y,z

J̃asSa
i Sa

i11 2
1
4 da,zd , (8)

with N 0  N for the ground state andN 6 1 for the
final states. The model of Eq. (2) corresponds toJ̃a 
re

Ja . For the infinite-U Hubbard model, one has to
consider the isotropic case and to take the limitJ̃ !

0. In that case, there is no energy associated to s
excitations, and we can writeCssQ, vd  CssQddsvd
andDssQ, vd  DssQddsvd. The functionsCssQd and
DssQd have already been studied earlier [13,14]. Th
can be calculated numerically with exact digonalizatio
(up to 26 sites) or with DMRG [17] (up to 130 sites
keeping 300 states per block). It turns out that there
a very strong singularityspy2 2 Qd21y2 for Q , py2
and a small contribution coming from the higher ord
excitation towers forQ . py2 in the case ofDssQ, vd.
For CssQ, vd the situation is reversed and both a
symmetric with respect toQ  0.

Using these results, it is straightforward to get th
spectral functions for the infinite-U Hubbard model. One
just has to generate the quantum numbers for the cha
part, calculate the corresponding energy, momentum,
matrix elements, and perform the convolution inQ. The
results are presented in Figs. 1 and 2 for a quarter-fil
system. There are several interesting features to not
In the low energy region nearkF we can identify three
x
i-

e

FIG. 1. One particle spectral functions of theU ! 1`
Hubbard model forL  228 sites andN  114 electrons with
Fermi momentumkF  py4.
1391
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FIG. 2. The same as Fig. 1, but for some selected mome
Some parts of the spectra are multiplied by 10 and are sh
with dashed lines.

structures: There are divergences atv  ucsk 2 kFd and
v  0 and a lot of spectral weight between them (pea
“b” and “c” in Fig. 2). There is also a small weigh
(“e”) appearing on the other side of the Fermi ener
at v  2ucsk 2 kFd. If we remember that the spin
velocity us vanishes for the infinite-U Hubbard model,
all these features are consistent with the Luttinger liq
calculations of Meden and Schönhammer [7] and of V
[7]. The small peak “g” comes from higher harmonics
The dispersion of the charge part (b) is given exactly
by Eskd  22t cossjkj 1 kFd, in agreement with the
observation of Preusset al. [2] based on Monte Carlo
results forUyt  4.

However, the Luttinger liquid picture does not exhau
the features of the spectral function of Figs. 1 and 2.
larger energies, or away fromkF , there is a well defined
bandlike structure (“a”) with considerable spectral weigh
and a dispersion given byEskd  22t coss2jkj 1 kFd.
We interpret this feature as a shadow band [18] com
from the spin fluctuations which diverge at2kF. The
scattering of the charges by these fluctuations produ
an image of the main spectrum atk 1 2kF. This is very
similar to the mechanism of the shadow bands propo
for the two-dimensional model with strong antiferroma
netic fluctuations. This shadow band is responsible
the singularity at3kF present in the momentum distribu
tion function [10,19,20]. Finally, there is a Van Hove si
gularity at62t which gives rise to a clear peak for wav
vectors close to the extrema of the bands (“f”).
1392
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Let us now turn to the model of Eq. (2). To get th
spectral function, we needCssQ, vd and DssQ, vd for
the Heisenberg model. This can be done numerically
the isotropic casesJx,y,z  Jd using Lánczos diagonal
ization of small clusters or DMRG [21]. We find tha
CssQ, vd is zero for v , 2J̃ ln 2 1 us j sinsk 2

p

2 dj,
where us 

p

2 J̃ is the spin velocity in the squeeze
system, that it has an inverse square root singularity
Q  py2, and that the largest contributions come fro
the lower edge of the excitation spectrum. The main d
ference with the infinite-U case is that the spin fluctua
tions have an energy of orderJ, so that the spin velocity
us  usLyN does not vanish anymore. The low ener
part of the spectrum then has exactly the form predic
by the Luttinger liquid theory.

For the XY casesJx,y  J, Jz  0d one can give a
closed expression forCssQ, vd andDssQ, vd after map-
ping the problem onto noninteracting spinless fermio
by a Jordan-Wigner transformation. After some algeb
the matrix elementsjk xN11sQ, f̃QdjZy

0,sjx
GS
N lj2 of Eq. (6)

can be obtained as

fNsN 1 1dg2M
MY

j1

sin2 q0
j

2

Y
j.i

sin2 qj 2 qi

2

3
Y
j.i

sin2 q0
j 2 q0

i

2

Y
i,j

sin22 q0
i 2 qj

2
, (9)

where qj and q0
j are the momenta of theM spinless

fermions representing the2s spins on theN and N 1
t

t
r

g

es

d

r

FIG. 3. Spectral function for the model of Xiang an
d’Ambrumenil with XY exchange, J  0.4t, L  228,
N  114, and ´F  2Jyp. Some parts of the spectra a
multiplied by 10 and are shown with dashed lines.
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1 site lattice. They are quantized according toq0 
2pJ 0

jysN 1 1d and q  2pJjyN, where Jj and J 0
j are

integer quantum numbers, andf̃Q ; hJ 0
j , j  1, . . . , Mj.

The total momentum and energy ofjxN11sQ, f̃Qdl are
given by Q 

P
j q0

j and EN11  J
P

j cosq0
j. Details

will be given elsewhere [15]. A similar expression hol
in the case ofDssQ, vd. This formulation also allows
one to derive analytical results. For instance, the st
function vs0 ! j, sd introduced by Ogata and Shib
[10] can be shown to have the asymptotic behavio~

j25y8 coss p

2 j 1
p

4 d. Thanks to this mapping, one ca
calculate the spectral function with the same accurac
for the infinite-U Hubbard model. The results are show
in Fig. 3 for a quarter-filled system. It is essentia
the same as that of the Hubbard model, except
at low energies an extra peak “d” accounting for the
extra exponents in the spin part of theXY model has
appeared (this peak has nothing to do with peakg in
Fig. 2). Because of finiteJ, both “c” and “d” follow
the v  us cosp

2
k
kF

dispersion. Furthermore, we ca
see that the shadow band (“a”) and the Van Hove–like
singularity (“f”) are broadened by the spin fluctuations

Finally, let us comment on the experimental implic
tions of the present results. It would be most interest
to observe the shadow band in angular-resolved pho
mission or inverse photoemission experiments on qu
one-dimensional conductors. The intensity of that ban
the previous calculations is certainly big enough for it
be detected. What about the experimentally more rele
case of the Hubbard model with finiteU? In that case the
factorized wave functions are no longer eigenfunctions
the Hubbard model, and there are two types of1yU cor-
rections to the spectral functions. The first type is d
to the energy coming from the spin part with an effect
coupling J̃ ø 4t2

U sn 2
sin2pn

2p d. We expect these correc
tions to be very similar to those of the model of Eq. (
and the main effect is to give a finite velocity to the sp
excitations. However, there are also1yU corrections en-
tering the matrix elements of the spinless part of the w
function. We can anticipate that they will have two e
fects on the spectral function. They will produce a tra
fer of spectral weight to the upper Hubbard band whi
according to Eskes and Oles´ [22], will be small, except
very close to half filling, and they will modify the powe
laws of the singularities. So, at least not too close to h
filling, the shadow band seems to be robust against1yU
corrections. Whether this remains true for small value
U is not clear yet. Let us just mention that, according
recent numerical results obtained by Maekawa, Tohya
and Yunoki [23] in a study of the spectral function of t
Hubbard model forUyt  10 based on Lánczos diago
nalization of finite clusters, there seems to be a struc
c

s

t

e-
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-
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in addition to the Luttinger liquid features, suggesting th
Uyt  10 is already large enough to guarantee the pr
ence of a well defined shadow band.
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