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Nuclear Magnetic Resonance Measurements of Diffusion in Granular Media
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This research develops a method for the study of diffusion in granular materials such as sand,
seeds, and gravel. The proposed method is based on modulation of the longitudinal magnetization
by using spin-tagging. It is shown that changes due to flow and diffusion manifest themselves as
distortions of initial magnetization profiles and can be used to calculate the density probability function.
[S0031-9007(96)00627-8]

PACS numbers: 83.70.Fn, 05.40.+j, 46.10.+z, 76.60.—k

Granular materials are aggregates of large solid partitions of maxima and minima of the modulated magnetiza-
cles. Gravity is usually the dominant force holding theseion while diffusion results in changes of their amplitudes
particles together. Granular materials often demonstratl0]. Because this spin-tagging method uses only the lon-
unusual behavior and have features that distinguish themitudinal component of magnetization of encode changes
from solids and liquids [1,2]. In the last several decadeslue to diffusion and flow, it is less sensitive To and 7>
a number of new theories and experimental techniqueselaxations than conventional NMR techniques for diffu-
[3—7] have been developed for the purpose of studyingion measurement.
the properties of granular materials. Nevertheless, there The purpose of this study is to further develop this
are few experimental data concerning diffusion in granumethod for simultaneous measurement of diffusion and
lar media. The goal of this work is to develop a newflow in granular materials. We obtain an equation for
method for the study of diffusion in granular materials us-fluctuations of the longitudinal magnetization caused by a
ing nuclear magnetic resonance (NMR). finite number of acquisitions and particles in the imaging

While NMR has long been demonstrated to be an efvoxel. Finally, we demonstrate that the proposed method
ficient tool for diffusion and flow measurements in lig- can be used to calculate the density probability function.
uids [8], it has only more recently been used for flowThis may be particularly important for the studies of dif-
measurements in granular media [3—4]. Conventionalusion in granular media when the conventional Gaussian
NMR methods for diffusion studies are based on meaapproximation for the probability function may not apply
suring the signal attenuation due to diffusion in thebecause of the significantly smaller number of collisions
presence of applied pulsed magnetic field gradients [8]in a given time period relative to liquids.

In general, any displacement of spins in a nonuniform Diffusion and flow measurements in the case of a
magnetic field results in changes in the phase of th&aussian probability distribution functior-To describe
transverse magnetization. Therefore, the use of extediffusion in granular media, it is convenient to introduce
nal magnetic field gradients for diffusion measurementshe density probability functionP(r’,z|r,t + dt) [14]
makes conventional methods sensitive to any motionthat a particle being at' at timer has moved to position
Separation between diffusion and flow, characterized byluring a time intervaliz. The average displacement and
nonzero mean displacements, can be achieved by usinlge mean square deviation from the average displacement
a copensating pulse train which can eliminate additionatiuring intervald: for a particle being at’ at time ¢ are
phase shifts due to constant laminar flow [9]. Howeverdefined as follows:

flow compensation may not be possible in the case of non-

stationary motion where the rate of the phase accumuladr;) = f (ri = r)P(r' tr,t + dt)dr,

tion becomes a function of time. Another major difficulty

a_rise§ when conventiongl NMR techniqu_es are used for o2 = [ (ri — 1l — dr)*P(' 1 r,t + d)ydr, (1)
diffusion measurements in granular materials due to short

transverse relaxation timés and7 [10]. wherer, = x, r, =y, r; = z. If the interval between
Use of a new method for diffusion and flow measure-consecutive particle collisions is much shorter than

ments in granular media implemented in [10] avoids theye expect the density probability function to be Gaussian
difficulties discussed above. The main idea behind thig15]:

method is to create an initial periodic, spatial modulation

of the longitudinal magnetizatioM.), often referred to  P(r', 1| r,t + di) = 87 o2 o302) /2

as spine tagging, and then study changes in this modula- 3

tion due to motion [10-13]. We have demonstrated ex- _ o \)2 2
perimentally that grranular flow causes shifts in the posi- 8 exp( 1:21 (ri = ri = (dr))" /207 ) @
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The new technique presented here employs spati@ume that the tagging sequence can be made short enough
encoding of the longitudinal magnetizatiol. shown to neglectl, andT; relaxations and displacements during
schematically in Figure 1. In general, a spin-tagging sespin tagging.
gquence results in modulation of the longitudinal magne- To simplify further derivations we assume that the
tization in the sample by some tagging functidp,(r)  concentration of grains an@f; are constant and do not
varying between—1 and 1: M (r,t = 0) = MyT,,(r), depend on coordinates. In the presence of flow and
where thez axis is chosen to be parallel to the applieddiffusion, the dynamics of the longitudinal magnetization
field By, andM is the steady-state magnetization. We ;Ts-is described by the following equation [10]:

M.(r,t) = M, f {1 + exp(—t/T)) [Tag(r') — 11}P(r', 0] r, 1) dr’

= Mo[1 — exp(—t/Ty)] + My exp(—t/T;) f Tao(rP(r',0 r 1) dr'. (3)

We consider a simple case when one-dimensiohabands with periodic variation of intensity. Figures 2(a),
periodic tagging functiorf,,(x) has only one harmonic. and 2(b) show NMR images of granular media obtained
In this case the tagging function can be written as followson a 2 T GEBruker Imaging and Spectroscopy system at
[10,13]: the University of Illinois at Chicago. Figure 2(a) shows a

Toe = 1 + (coskx — 1)sirta, (4) contrc_>| 256 X 256 spin-echo ima_ge of a slice of. a glass
container (diameter 32 mm, height 50 mm) with small
am/hite poppy seed€=1 mm) after spin tagging. The
eight of the pile of seeds and the slice thickness are
approximately 40 and 3 mm, respectively. The in-plane
spatial resolution i€.35 mm X 0.35 mm. The tagging
period(L = 27 /k) is 2.7 mm. Figure 2(b) demonstrates
M, (x,t) = My(1 — E; sira) changes in the magnetization profiles due to vibration of
. the container with seeds at a maximum acceleration of
+ MoE\E; Sifta cosk(x — (dx)),  (8) 4g. The vibration is produced by a VG100 vibration ex-
whereE, = exp(—1/T)), E; = exp(—k*a7/2). Accord-  citer (Vibration Test Systems), located approximately 3 m
ing to Eq (5) diffusion decreases the amplitudes of harfrom the magnet' By using rotary motion of a nonmag-
monics by a factor of exp-k?c?/2). netic rigid shaft, vibrations are transmitted from the ex-

The spatial modulation of the longitudinal magnetiza-citer to the container with seeds. Each vibration consists
tion can be observed if an imaging sequence is used ajf two up-and-down shakes. Spin tagging is implemented
ter spin tagging [3,4,10,12,13]. A radio-frequency pulseright before the shaking. The imaging takes place after a
used for imaging rotates/. magnetization and places it time delay including the time needed for shaking and for
in the transverse plane [10]. Therefore, the local imaggeaching a new stable configuration of the seeds (for more
intensity is proportional to the magnitude of the longi- experimental details, see [4,10]). Two major effects are

tudinal magnetization immediately before the first imag-noticeable in Fig. 2(b): (1) distortions in the shape of the
ing rf pulse. The resulting image consists of stripes or

whereq is the flip angle.

Using Egs. (2), (3), and (4), and assuming that spati
variations in{dx) and o, are small (see [10] for more
details), one can obtain the following equation for the
longitudinal magnetization:

———
| er————
""
| —
P —
| m—
| —
"'""
o ——
| e —

£

FIG. 2. (a) Control256 X 256 spin-echo image of a single
FIG. 1. Schematic representation of the modulationvgfin slice (2 mm thickness) of a glass container with seeds; (b)
a cylindrical sample placed in a homogeneous external figld image showing changes in the magnetization profile due to
Darker and lighter regions correspondi < 0 andM, > 0, vibration of the container with seeds at a maximum acceleration
respectively. of 4g.
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magnetization profiles due to displacements (flow) of the Fluctuations of the longitudinal magnetizatier.In the
seeds; (2) blurring of the image due to random deviationpresent study we restrict the discussion of this method to
from the average trajectories. The blurring effect is mostwo-dimensional imaging in one plane. In high-resolution
noticeable in regions with large diffusion. NMR imaging [4,10] the number of particles in the

If the maxima and minima of the signal intensity with imaging voxel is relatively smal(<10). This and a
and without vibration are known, the standard deviatiorfinite number of acquisitions of the NMR signal may
from the average trajectory can be determined. Withoutause fluctuations of the longitudinal magnetization with
vibration the maximum{Smax) and minimum(Sy,n) signal  corresponding changes in the signal intensity. To estimate
intensity can be obtained using Eg. (5) and assuming thahe magnitude of these fluctuations we assume that grains
2E; sifa < 1: are identical. The longitudinal magnetization of each

Smax ~ Mo, Smin ~ Mo(1 — 2E; sirfa). (6)  individual grain right before the first imaging rf pulse can

Because of diffusion during vibration the maximum be written as follows:

signal intensity(S! ) decreases and the minimum signal ™ = mo{l — Eisirfa[l — cosk(x — (dx) — 8x)]},

intensity (Sin) increases: ©)
Sminmax ~ Mo[1 — Ersifa(l + E)], (7)  wherem, is the steady-state magnetization of a grain and
where “+” and “—" in the last expression correspond to x is a random deviation from the average trajectory.
Smin @and S’ ., respectively. Using Egs. (6) and (7) one Using Eq. (9), the average longitudinal magnetization
can obtain the following equation faer,: (M) of a voxel can be written as a sum:
— [ 2 l _ _ . Nag N,
Ox { (2/k )ln[(zsmax Smax Smln) Mz _ Z Z I’I’l(](l - E Sinza
/(Smax - Smin)]}l/z- (8) n=1 s=1
According to Egs. (7)—(8) in the case of small XAl — cos[x — (dx) — dx(n,s)]}),
o, (02k? < 1), the maximum and minimum signal (10)

intensities remain constant:Shinmax = Sminmax 1N
the case of larges, (o2k? > 1), the initial spatial
modulation is destroyed by diffusion during shaking:
S ax = Stin = (Smax + Smin)/2. Figure 3 shows typical
radial distributions ofdx) and o, at a4g acceleration.
It is interesting to notice that while the average dis

where N, is the number of grains in the voxeN,q is

the number of acquisitions; is the acquisition counter,

n =1,...,N,.q; s is the seed counter in the voxel,=

1,...,N,. Using Eq. (10), assuming that the probabili-

_ties of 6x(n,s) are defined by the Gaussian probability

placement decreases from its largest positive value negﬁJnCtion and neglecting correlatiops between_particle dis-

the axis to its largest negative value near the walls, placements we obtain the foII_ov_vmg EXpressions fqr the
average maximunM, max and minimum; ni» longitudi-

remains relatively small near the axis and approache L X o
its maximum values in the region with downward flow nal magnet|zat|on§, ar.1d their standard deviatitfisax
ﬁandem, respectively:

(negative displacements) indicating a large contributio _
from collisions in this region. M. maxz min = NagNgmo[1 — Eysinfa X (1 + Ey)],
(11)

1 Mxmaxs min — (Nang/z)l/sz Sinza X El(l - E%)],
, o E (12)

. A A E where as in Eqg. (7) +” and “=" in (11) correspond
a 3 M, min and M, nax, respectively. From the last equation
o E it follows that the ratioM; maxs min/M- maxz min IS Propor-
: ] tional to (N,qNg) /2.
3 3 Calculation of the density probability functieh-The
: a ] proposed method can also be used to determine the
LE o o] density probability function in one particular case when

F 3 granular diffusion occurs in the presence of constant
: E laminar flow anddr) does not depend on coordinates. To
- = ” e - simplify further derivations we assume that the following
‘ ' ‘ ‘ conditions are satisfied: (a) The probability function can

/R be expressed as a product of three functions describing

FIG. 3. The vertical displacement (per shake) amd as diffusion alongx, y, andz axis, respectively,
functions of the distance from the axis of the container (radius 3

R = 16 mm) at a constant height of 30 mm from the bottom of  p(;/ 7| r ¢ + dr) = l_[ Pi(rl t|rit + dr);  (13)
the containerdd — (dx), A — o,. A !

D o — — —

AANRAN uiEAR)
o

>4
>
4
>4
>
>
>
>
>0

Radial distributions of <dx> and &, (mm)

i=1

1180



VOLUME 77, NUMBER 6 PHYSICAL REV

IEW LETTERS 5 AIGUsT 1996

(b) Pi(r],t| ri,t + dt) depends only on the absolute value
of |r; — r/ — {(dr)|; and (c) the density probability func-
tion is significantly different from zero within an inter-
val |[r; — r! — {dr;)| = o and approaches zero outside
of this interval,
Pi(rl,tri,t + dt) = 0,
if [r; — r] = {dri)l > o;. (14)

The first two conditions are valid, for example, when
diffusion occurs in a homogeneous system far fro

its boundaries. The last condition implies that in thel1(x
system being considered large deviations from the averad

trajectories (i.e.lr; — r| — {dr;)| > o) are unlikely.

If, as explained above, an imaging sequence follow
spin tagging, the amplitude of the sigrfals proportional
to the local M,(x,t). Using Egs. (3) and (4) one can
easily obtain the following expression for the signal:

85S(x, k) = S(x, k) — (S) ~ MoE; sin*

X []{cos(kx’)} X Pl(x’,OIx,t)dx'},
(15)

m(16) is proportional taP;

ging function is large enough so that> o, almost all

of these contributions are negligibly small due to condi-
tion (14). Let us consider a result of Eqg. (16) at a point
x — {dx) = sL, wheres is an integer. From Egs. (14)
and (17) it is easy to see that only contributions frehn=

sL = L(n/N) have to be taken into account. At the same
time, due to our second assumption that(x’,0] x, 1)

is an even function oft — x’ — (dx), these contribu-
tions are equal to each other. Therefore, the integral in
(x — {dx) — Ln/N,0|x,t) [or

— {dx) + Ln/N,0]| x,t)]. From Eqgs. (16) and (17)
Lfollows that the probability function can be defined with
spatial resolution of./N. To avoid aliasing, the period

Of the tagging function should be greater thap there-

fore, the best spatial resolutionds, /N .
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where (S) denotes the average magnitude of the sig-

nal; (S) ~ My(1 — E,; si* a). Consider a discrete set
of values fork in the expression for the tagging func-
tion: k(n) = 2@wn/L,n = 0,...,N/2, whereL is the tag-
ging period. Because of the fact théf(x, k(n)) is an
even function ofk, we definedS(x, k(—n)) as follows:
8S(x,k(—n)) = 6S(x,k(n)). A discrete Fourier trans-
form of 6S(x, k(n)) will result in the following equation:
N/2—1

1/N)x >

W=—N/2
= constx [[ {H(x'/L — n/N)

+H(—x'/L — n/N)} X Pl(x',OIx,t)dx'}, (16)

88 (x,k(n')) X exp(—j2mn'n/N

where const is a constant dependent\fy) the flip angle
a and T, relaxation time;H(*x’ — n/N) is a point
spread-function defined as follows:

H(*xx" — n/N) =05exd ja(¥x'/L + n/N)]
X sif#N(xx'/L — n/N)]/
sifn@(£x'/L — n/N)]. a7

From Eq. (17) it follows that contributions to the inte-
gral in Eqg. (16) come from all points’ such asx’ =
L(*n/N + m), where—N/2 = n = N/2 — 1 andm is
an arbitrary integer. However, if the period of the tag-
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