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Nuclear Magnetic Resonance Measurements of Diffusion in Granular Media
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This research develops a method for the study of diffusion in granular materials such as
seeds, and gravel. The proposed method is based on modulation of the longitudinal magnet
by using spin-tagging. It is shown that changes due to flow and diffusion manifest themselv
distortions of initial magnetization profiles and can be used to calculate the density probability func
[S0031-9007(96)00627-8]

PACS numbers: 83.70.Fn, 05.40.+ j, 46.10.+z, 76.60.–k
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Granular materials are aggregates of large solid p
cles. Gravity is usually the dominant force holding the
particles together. Granular materials often demonst
unusual behavior and have features that distinguish t
from solids and liquids [1,2]. In the last several deca
a number of new theories and experimental techniq
[3–7] have been developed for the purpose of study
the properties of granular materials. Nevertheless, th
are few experimental data concerning diffusion in gra
lar media. The goal of this work is to develop a ne
method for the study of diffusion in granular materials u
ing nuclear magnetic resonance (NMR).

While NMR has long been demonstrated to be an
ficient tool for diffusion and flow measurements in li
uids [8], it has only more recently been used for flo
measurements in granular media [3–4]. Conventio
NMR methods for diffusion studies are based on m
suring the signal attenuation due to diffusion in t
presence of applied pulsed magnetic field gradients
In general, any displacement of spins in a nonunifo
magnetic field results in changes in the phase of
transverse magnetization. Therefore, the use of ex
nal magnetic field gradients for diffusion measureme
makes conventional methods sensitive to any mot
Separation between diffusion and flow, characterized
nonzero mean displacements, can be achieved by u
a copensating pulse train which can eliminate additio
phase shifts due to constant laminar flow [9]. Howev
flow compensation may not be possible in the case of n
stationary motion where the rate of the phase accum
tion becomes a function of time. Another major difficul
arises when conventional NMR techniques are used
diffusion measurements in granular materials due to s
transverse relaxation timesT2 andTp

2 [10].
Use of a new method for diffusion and flow measu

ments in granular media implemented in [10] avoids
difficulties discussed above. The main idea behind
method is to create an initial periodic, spatial modulat
of the longitudinal magnetizationsMzd, often referred to
as spine tagging, and then study changes in this mod
tion due to motion [10–13]. We have demonstrated
perimentally that grranular flow causes shifts in the po
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tions of maxima and minima of the modulated magneti
tion while diffusion results in changes of their amplitud
[10]. Because this spin-tagging method uses only the
gitudinal component of magnetization of encode chan
due to diffusion and flow, it is less sensitive toT2 andTp

2
relaxations than conventional NMR techniques for dif
sion measurement.

The purpose of this study is to further develop t
method for simultaneous measurement of diffusion
flow in granular materials. We obtain an equation
fluctuations of the longitudinal magnetization caused b
finite number of acquisitions and particles in the imag
voxel. Finally, we demonstrate that the proposed met
can be used to calculate the density probability functi
This may be particularly important for the studies of d
fusion in granular media when the conventional Gauss
approximation for the probability function may not app
because of the significantly smaller number of collisio
in a given time period relative to liquids.

Diffusion and flow measurements in the case o
Gaussian probability distribution function.—To describe
diffusion in granular media, it is convenient to introdu
the density probability functionPsr 0, t j r , t 1 dtd [14]
that a particle being atr 0 at timet has moved to positionr
during a time intervaldt. The average displacement a
the mean square deviation from the average displacem
during intervaldt for a particle being atr 0 at time t are
defined as follows:

kdril 
Z

sri 2 r 0
idPsr 0, t j r , t 1 dtd dr ,

s2
i 

Z
sri 2 r 0

i 2 kdrild2Psr 0, t j r , t 1 dtd dr , (1)

where r1  x, r2  y, r3  z. If the interval between
consecutive particle collisions is much shorter thandt,
we expect the density probability function to be Gauss
[15]:

Psr 0, t j r , t 1 dtd  s8p3s2
1s2

2s2
3 d21y2

3 exp

√
2

3X
i1

sri 2 r 0
i 2 kdrild2y2s2

i

!
. (2)
© 1996 The American Physical Society



VOLUME 77, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 5 AUGUST 1996

at

se
ne

ed
as

ough
ing

the
ot
and
ion
The new technique presented here employs sp
encoding of the longitudinal magnetizationMz shown
schematically in Figure 1. In general, a spin-tagging
quence results in modulation of the longitudinal mag
tization in the sample by some tagging functionTagsrd
varying between21 and 1: Mzsr , t  0d  M0Tagsrd,
where thez axis is chosen to be parallel to the appli
field B0, andM0 is the steady-state magnetization. We
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sume that the tagging sequence can be made short en
to neglectT2 andTp

2 relaxations and displacements dur
spin tagging.

To simplify further derivations we assume that
concentration of grains andT1 are constant and do n
depend on coordinates. In the presence of flow
diffusion, the dynamics of the longitudinal magnetizat
is described by the following equation [10]:
Mzsr , td  M0

Z
h1 1 exps2tyT1d fTagsr 0d 2 1gjPsr 0, 0 j r , td dr 0

 M0f1 2 exps2tyT1dg 1 M0 exps2tyT1d
Z

Tagsr 0dPsr 0, 0 j r , td dr 0. (3)
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We consider a simple case when one-dimensio
periodic tagging functionTagsxd has only one harmonic
In this case the tagging function can be written as follo
[10,13]:

Tag  1 1 scoskx 2 1d sin2a , (4)

wherea is the flip angle.
Using Eqs. (2), (3), and (4), and assuming that spa

variations in kdxl and sx are small (see [10] for more
details), one can obtain the following equation for t
longitudinal magnetization:

Mzsx, td  M0s1 2 E1 sin2ad

1 M0E1E2 sin2a cosksx 2 kdxld , (5)

whereE1  exps2tyT1d, E2  exps2k2s2
xy2d. Accord-

ing to Eq. (5) diffusion decreases the amplitudes of h
monics by a factor of exps2k2s2

xy2d.
The spatial modulation of the longitudinal magnetiz

tion can be observed if an imaging sequence is used
ter spin tagging [3,4,10,12,13]. A radio-frequency pu
used for imaging rotatesMz magnetization and places
in the transverse plane [10]. Therefore, the local ima
intensity is proportional to the magnitude of the long
tudinal magnetization immediately before the first ima
ing rf pulse. The resulting image consists of stripes

FIG. 1. Schematic representation of the modulation ofMz in
a cylindrical sample placed in a homogeneous external fieldB0.
Darker and lighter regions correspond toMz , 0 andMz . 0,
respectively.
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bands with periodic variation of intensity. Figures 2(a
and 2(b) show NMR images of granular media obtain
on a 2 T GEyBruker Imaging and Spectroscopy system
the University of Illinois at Chicago. Figure 2(a) shows
control 256 3 256 spin-echo image of a slice of a glas
container (diameter 32 mm, height 50 mm) with sm
white poppy seedss#1 mmd after spin tagging. The
height of the pile of seeds and the slice thickness
approximately 40 and 3 mm, respectively. The in-pla
spatial resolution is0.35 mm 3 0.35 mm. The tagging
periodsL  2pykd is 2.7 mm. Figure 2(b) demonstrate
changes in the magnetization profiles due to vibration
the container with seeds at a maximum acceleration
4g. The vibration is produced by a VG100 vibration e
citer (Vibration Test Systems), located approximately 3
from the magnet. By using rotary motion of a nonma
netic rigid shaft, vibrations are transmitted from the e
citer to the container with seeds. Each vibration cons
of two up-and-down shakes. Spin tagging is implemen
right before the shaking. The imaging takes place afte
time delay including the time needed for shaking and
reaching a new stable configuration of the seeds (for m
experimental details, see [4,10]). Two major effects a
noticeable in Fig. 2(b): (1) distortions in the shape of t

FIG. 2. (a) Control256 3 256 spin-echo image of a single
slice (2 mm thickness) of a glass container with seeds;
image showing changes in the magnetization profile due
vibration of the container with seeds at a maximum accelera
of 4g.
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magnetization profiles due to displacements (flow) of t
seeds; (2) blurring of the image due to random deviatio
from the average trajectories. The blurring effect is m
noticeable in regions with large diffusion.

If the maxima and minima of the signal intensity wit
and without vibration are known, the standard deviati
from the average trajectory can be determined. With
vibration the maximumsSmaxd and minimumsSmind signal
intensity can be obtained using Eq. (5) and assuming
2E1 sin2 a , 1:

Smax , M0, Smin , M0s1 2 2E1 sin2ad . (6)

Because of diffusion during vibration the maximu
signal intensitysS0

maxd decreases and the minimum sign
intensitysS0

mind increases:

S0
min,max , M0f1 2 E1 sin2as1 6 E2dg , (7)

where “1” and “2” in the last expression correspond t
S0

min and S0
max, respectively. Using Eqs. (6) and (7) on

can obtain the following equation forsx:

sx  h2s2yk2d lnfs2S0
max 2 Smax 2 Smind

ysSmax 2 Smindgj1y2. (8)

According to Eqs. (7)–(8) in the case of sma
sx ss2

xk2 ø 1d, the maximum and minimum signa
intensities remain constant:S0

min,max ø Smin,max. In
the case of largesx ss2

xk2 . 1d, the initial spatial
modulation is destroyed by diffusion during shakin
S0

max ø S0
min ø sSmax 1 Smindy2. Figure 3 shows typical

radial distributions ofkdxl and sx at a 4g acceleration.
It is interesting to notice that while the average d
placement decreases from its largest positive value n
the axis to its largest negative value near the walls,sx

remains relatively small near the axis and approac
its maximum values in the region with downward flo
(negative displacements) indicating a large contribut
from collisions in this region.

FIG. 3. The vertical displacement (per shake) andsx as
functions of the distance from the axis of the container (rad
R  16 mm) at a constant height of 30 mm from the bottom
the container:h 2 kdxl, n 2 sx .
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Fluctuations of the longitudinal magnetization.—In the
present study we restrict the discussion of this metho
two-dimensional imaging in one plane. In high-resolut
NMR imaging [4,10] the number of particles in t
imaging voxel is relatively smalls&10d. This and a
finite number of acquisitions of the NMR signal m
cause fluctuations of the longitudinal magnetization w
corresponding changes in the signal intensity. To estim
the magnitude of these fluctuations we assume that g
are identical. The longitudinal magnetization of e
individual grain right before the first imaging rf pulse c
be written as follows:

m  m0h1 2 E1 sin2af1 2 cosksx 2 kdxl 2 dxdgj ,

(9)

wherem0 is the steady-state magnetization of a grain
dx is a random deviation from the average traject
Using Eq. (9), the average longitudinal magnetiza
sMzd of a voxel can be written as a sum:

Mz 
NaqX
n1

NgX
s1

m0sss1 2 E1 sin2a

3 h1 2 coskfx 2 kdxl 2 dxsn, sdgjddd ,

(10)

where Ng is the number of grains in the voxel,Naq is
the number of acquisitions,n is the acquisition counte
n  1, . . . , Naq; s is the seed counter in the voxel,s 
1, . . . , Ng. Using Eq. (10), assuming that the probab
ties of dxsn,sd are defined by the Gaussian probabi
function and neglecting correlations between particle
placements we obtain the following expressions for
average maximumMz max and minimumMz min longitudi-
nal magnetizations, and their standard deviationsMs max

andMs min, respectively:

Mz max,z min  NaqNgm0f1 2 E1 sin2a 3 s1 6 E2dg ,

(11)

Ms max,s min  sNaqNgy2d1y2m0 sin2a 3 E1s1 2 E2
2 dg ,

(12)

where as in Eq. (7) “1” and “2” in (11) correspond
Mz min and Mz max, respectively. From the last equati
it follows that the ratioMs max,s minyMz max,z min is propor-
tional to sNaqNgd21y2.

Calculation of the density probability function.—The
proposed method can also be used to determine
density probability function in one particular case wh
granular diffusion occurs in the presence of cons
laminar flow andkdrl does not depend on coordinates.
simplify further derivations we assume that the follow
conditions are satisfied: (a) The probability function
be expressed as a product of three functions descr
diffusion alongx, y, andz axis, respectively,

Psr 0, t j r , t 1 dtd 
3Y

i1

Pisr 0
i , t j ri, t 1 dtd ; (13)
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(b) Pisr 0
i , t j ri , t 1 dtd depends only on the absolute valu

of jri 2 r 0
i 2 kdrilj; and (c) the density probability func

tion is significantly different from zero within an inter
val jri 2 r 0

i 2 kdrilj ø si and approaches zero outsid
of this interval,

Pisr 0
i , t j ri, t 1 dtd ø 0,

if jri 2 r 0
i 2 kdrilj ¿ si . (14)

The first two conditions are valid, for example, whe
diffusion occurs in a homogeneous system far fro
its boundaries. The last condition implies that in t
system being considered large deviations from the ave
trajectories (i.e.,jri 2 r 0

i 2 kdrilj ¿ si) are unlikely.
If, as explained above, an imaging sequence follo

spin tagging, the amplitude of the signalS is proportional
to the local Mzsx, td. Using Eqs. (3) and (4) one ca
easily obtain the following expression for the signal:

dSsx, kd  Ssx, kd 2 kSl , M0E1 sin2 a

3

∑Z
hcosskx0dj 3 P1sx0, 0 j x, tddx0

∏
,

(15)

where kSl denotes the average magnitude of the s
nal; kSl , M0s1 2 E1 sin2 ad. Consider a discrete se
of values for k in the expression for the tagging func
tion: ksnd  2pnyL, n  0, . . . , Ny2, whereL is the tag-
ging period. Because of the fact thatdSsssx, ksndddd is an
even function ofk, we definedSsssx, ks2ndddd as follows:
dSsssx, ks2ndddd  dSsssx, ksndddd. A discrete Fourier trans
form of dSsssx, ksndddd will result in the following equation:

s1yNd3
Ny221X

n02Ny2

dSsssx, ksn0dddd 3 exps2j2pn0nyN

 const3

∑Z
hHsx0yL 2 nyNd

1Hs2x0yL 2 nyNdj 3 P1sx0, 0 j x, td dx0

∏
, (16)

where const is a constant dependent onM0, the flip angle
a and T1 relaxation time;Hs6x0 2 nyNd is a point
spread-function defined as follows:

Hs6x0 2 nyNd  0.5 expfjps7x0yL 1 nyNdg

3 sinfpNs6x0yL 2 nyNdgy

sinfps6x0yL 2 nyNdg . (17)

From Eq. (17) it follows that contributions to the inte
gral in Eq. (16) come from all pointsx0 such asx0 
Ls6nyN 1 md, where2Ny2 # n # Ny2 2 1 andm is
an arbitrary integer. However, if the period of the ta
e
ge

s
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ging function is large enough so thatL ¿ sx, almost all
of these contributions are negligibly small due to cond
tion (14). Let us consider a result of Eq. (16) at a po
x 2 kdxl  sL, wheres is an integer. From Eqs. (14
and (17) it is easy to see that only contributions fromx0 
sL 6 LsnyNd have to be taken into account. At the sam
time, due to our second assumption thatP1sx0, 0 j x, td
is an even function ofx 2 x0 2 kdxl, these contribu-
tions are equal to each other. Therefore, the integra
(16) is proportional toP1sx 2 kdxl 2 LnyN , 0 j x, td [or
P1sx 2 kdxl 1 LnyN , 0 j x, td]. From Eqs. (16) and (17)
it follows that the probability function can be defined wit
spatial resolution ofLyN. To avoid aliasing, the period
of the tagging function should be greater thansx; there-
fore, the best spatial resolution issxyN.
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