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Generalization of Thermal Conductivity and Lorenz Number to Hot-Carrier Conditions
in Nondegenerate Semiconductors
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We present a generalization to high-field transport of the carrier thermal conductivity and Lorenz
number in nondegenerate semiconductors. The theory is based on the correlation-function formalism.
In its range of validity, it provides exact values and predicts an anisotropic behavior of the above
parameters with respect to the direction of the applied field. Calculations for the case ofn-Si at 300 K
evidence a dramatic decrease, more than 2 orders of magnitude, of the longitudinal values at the highest
fields of 100 kVycm. [S0031-9007(96)00785-5]

PACS numbers: 72.10.Bg, 72.20.Ht, 72.20.Jv, 72.70.+m
n

d

id
n

o
2
y
o
v

n
a

s
n

s
e
h
e
li

e

o
n

bo
.
of
e

ed
int

city

].
d,
Small-signal kinetic coefficients are of fundamental a
applied importance for the study and characterization
electronic transport in semiconductor materials and
vices. Under linear response in the applied field, Onsa
phenomenological relations and Kubo formalism prov
a rigorous theoretical framework [1]. However, at i
creasing fields above the onset of hot-carrier conditio
no general relations are available and we rely on m
or less attainable solutions of the kinetic equation [
To this extent, differential conductivity and diffusivit
have been already thoroughly investigated and rigor
generalizations to hot-carrier conditions have been de
oped theoretically and verified experimentally [3,4]. O
the contrary, for the case of thermoelectric coefficie
only approximate approaches, mostly based on he
Maxwellian energy distributions [5,6], are available. T
fill such a lack of knowledge, and point out the phy
cal weakness of existing approaches, this Letter prese
generalization of the thermal conductivity associated w
charge transport to conditions far from linear respon
This generalization should be of basic interest in the fi
of physical kinetics, as well as of practical interest in t
modeling of submicron semiconductor devices. Inde
in ultrashort structures even small values of the app
voltage are responsible for local electric fields well abo
the limit of validity for a linear response analysis ov
thermal-equilibrium conditions. To this purpose a ge
eralization of the Wiedemann-Franz law and the Lore
number under high electric fields is of fundamental imp
tance if not a crucial step for any microscopic modeli
[7–10].
0031-9007y96y77(6)y1115(4)$10.00
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The present approach applies an extension of Ku
formalism [11–13] to far from equilibrium conditions
Accordingly, with respect to the standard definition
thermal conductivity near thermodynamic equilibrium, th
correlation functions of microscopic fluxes are calculat
with respect to stationary values at the given bias po
and the thermodynamic temperatureT0 is replaced by
the noise-temperature spectrum associated with velo
fluctuations at the given fieldE and angular frequencyv,
TnsE, vd, making use of the exact Price relationship [14
The thermal conductivity along the direction of the fiel
ksE, vd, and the corresponding Lorenz number,LsE, vd,
generalized to hot-carrier conditions are thus given by

ksE, vd ­
n

KT2
n sE, vd

3
I11sE, vdI22sE, vd 2 I12sE, vdI21sE, vd

I11sE, vd
, (1)

TnsE, vd ­
e2n

KsdsE, vd
I11sE, vd , (2)

InmsE, vd ­
Z 1`

0
Cnmstd exps2ivtd dt,

n, m ; 1, 2 , (3a)

Cnmstd ­ djns0ddjmstd , (3b)

LsE, vd ­
ksE, vd

sdsE, vdTnsE, vd
. (4)

Heren is the carrier concentration,K the Boltzmann con-
stant, e the electron charge,j1 ­ yskd, j2 ­ yskdeskd
© 1996 The American Physical Society 1115
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FIG. 1. Longitudinal correlation functions normalized to the
initial value for extrinsicn-Si with doping concentrationn ­
1017 cm23 at 300 K and increasing electric-field strength
respectively of 5, 10, 20, 50, and100 kVycm in passing from
the longest (continuous curve) to the shortest (finest dot
curve) time decay. Values refer to the direction of the electr
field along thek111l crystallographic axes.

[yskd and yskdeskd being the carrier velocity and en-
ergy flux as functions of wave vectork along the field
direction], sdsE, vd the differential electrical conductiv-
ity, anddjmstd the fluctuation ofjmstd around its average
1116
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value. In (3b) we assume ergodicity so that the ove
bar denotes time average. Properties of the above sch
are as follows: (i) Under thermal-equilibrium condition
(i.e., E ­ 0) Tnsvd ­ T0, thus Onsager relations are ful
filled, and standard linear-response formalism is recove
[1]. (ii) The frequency dispersion of thermal conductivit
contains in general several time scales, e.g., those rela
to momentum and energy relaxation. (iii) Under nonlin
ear response in the applied field, the constraintsd . 0,
which implies electrical stability of the system, must b
satisfied and thermal conductivity and Lorenz numb
become anisotropic with respect to the field directio
Values along the transverse direction of the field can
obtained from Eqs. (1)–(4) by calculating the correspo
dent correlation functions [15], and replacing the differe
tial with the chord conductivity.

The correlation functions and conductivities enterin
the definition ofk and L are calculated using a Monte
Carlo simulator [16]. We have considered the case
extrinsic n-Si, doping concentration1017 cm23, at T0 ­
300 K with the field applied along thek111l crystallo-
graphic direction, being this a physical system of rel
vant interest for applied purposes. Figures 1(a)–1
report the four longitudinal correlation functionsCnmstd
at increasing values of the electric field. Curves are n
malized to their initial value to make better use of th
time scales. In general, at increasing fields curves exh
a faster decay and the presence of a negative part, a
havior associated with the shortening and coupling of bo
momentum and energy relaxation times due to hot-carr
effects. Even at vanishing fields, and thus for contin
ity at thermal equilibrium,C22std decays faster than othe
functions because its decay rate is practically the sum
momentum and energy rates. An analogous but less p
nounced behavior is exhibited by the two cross-correlati
functions. An important result is that, even at therm

FIG. 2. Variance of the correlation functions of Fig. 1 as
function of electric-field strength.
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FIG. 3. Spectral densities of the correlation functions
Figs. 1 and 2 atv ­ 0 as a function of electric-field strength.

equilibrium, the simple relaxation time approach bas
on a single time scale is not valid. We remark that t
couples of correlation functionsC11std, C12std andC22std,
C21std have similar features, being characterized by
initial fluctuation of the same variable: velocity for th
former, energy for the latter. For the sake of comple
ness, the variancesC11s0d, C22s0d, and C12s0d ­ C21s0d
are reported in Fig. 2 as a function of the electric fie
Here hot-carrier effects are responsible for a system
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FIG. 4. Equivalent noise-temperature data inn-Si at 300 K as
a function of electric-field strength. Full triangles refer to th
longitudinal and open triangles to the transverse direction w
respect to the electric field.

increase of all variances which exhibit asymptotic b
haviors steeper for higher moments. Similar behavio
apart from the absence of the negative part, are fou
for the transverse correlation functions. Figure 3 repo
the low frequencysv ­ 0d spectral densitiesInmsE, 0d
of the respective correlation functions as a function
the electric field. The different behaviors exhibited b
different spectral densities are the result of the comp
tive effect between shortening time scales and increas
variances of the corresponding correlation functions at
creasing fields. Accordingly,I11sE, 0d, which corresponds
to the longitudinal diffusivity, decreases due to the pr
vailance of shortening time scale, whileI22sE, 0d increases

FIG. 5. Thermal conductivity per unit concentration inn-Si
at 300 K as a function of electric-field strength. Full triangle
refer to the longitudinal and open triangles to the transve
direction with respect to the electric field.
1117
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FIG. 6. Lorenz number inn-Si at 300 K as a function o
electric-field strength. Full triangles refer to the longitudin
and open triangles to the transverse direction with respect to
electric field. Dashed line refers to the linear-response v
obtained using an energy-dependent relaxation-time appr
with the energy exponentr ­ 21.4 best fitted by the presen
calculations.

because of the prevailance of increasing variance.
cross-correlation spectral densities exhibit an interes
opposite feature. At the lowest field they are equal, t
fulfilling Onsager relations. At increasing fields,I21 par-
allels theI22 behavior, whileI12 exhibits a nonmonotonic
behavior with a minimum at100 kVycm. These signifi-
cant differences betweenI21 and I12 due to the presenc
of a negative part in the correlation functionC12 (with
a maximum effect at100 kVycm) which is absent inC21.
The longitudinal and transverse noise-temperature data
reported in Fig. 4 as a function of electric fields. T
faster increases of the longitudinal with respect to
transverse value reflects the difference between the
ferential and the chord conductivity. The carrier therm
conductivity at low frequency calculated from Eq. (1)
shown in Fig. 5. Here longitudinal and transverse val
are reported for the sake of comparison. We remark
the large difference between the two values reflects
higher value of the longitudinal with respect to the tra
verse noise-temperature value. In particular, for se
conductors exhibiting negative differential conductiv
(NDC) a thermal conductivity cannot be defined for fie
above the threshold value for NDC. The generaliz
Lorenz number obtained for both cases is reported
Fig. 6. The dashed curve in the same figure repres
the classical valueL ­ sKyed2s5y2 1 rd [17] obtained
within an energy-dependent relaxation-time approxim
tion with r ­ 21.4 as best fit value. Again, the pre
1118
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ence of hot carriers strongly modifies the linear-respon
value and, for the longitudinal case, a dramatic decre
for more than 2 orders of magnitude is predicted at t
highest fields considered.

In conclusion, the carrier thermal conductivity an
Lorenz number in semiconductors has been generali
to the case of high-field transport. Calculations appli
to n-Si at 300 K show a strong anisotropic behavior, wi
the longitudinal value exhibiting a dramatic decrease
more than 2 orders of magnitude with respect to its line
response value at the highest fields considered.
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