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Recent numerical results for a model describing dispersive transport in ricepiles are exp
by mapping the model to the depinning transition of an elastic interface that is dragged a
end through a random medium. The average velocity of transport vanishes with system sL
as kyl , L22D , L20.23, and the avalanche size distribution exponentt  2 2 1yD . 1.55, where
D . 2.23 from interface depinning. We conjecture that the purely deterministic Burridge-Kno
“train” model for earthquakes is in the same universality class. [S0031-9007(96)00517-0]

PACS numbers: 64.60.Lx, 05.60.+w, 46.30.Pa, 68.35.Fx
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Evidence for self-organized criticality (SOC) [1] ha
been found in controlled experiments on the granu
dynamics of ricepiles [2]. By slowly adding elongate
rice grains in a narrow gap between two clear pla
Fretteet al. found that the ricepile evolves to a stationa
angle of repose where on average one grain of rice
off the edge for every grain added at the wall. Therea
transport of the rice through the pile occurs in terms
bursts with no characteristic scale other than the sys
size. The rice pile exhibits SOC. Subsequently,
Oslo group has investigated tracer dispersion in the S
pile by coloring rice grains. Christensenet al. [3] found
that the average transport velocity of rice vanishes
the system size diverges, and correspondingly that
distribution of transit times through the pile was broa
They proposed a “sandpile” model, herein referred
as the Oslo model, to phenomenologically describe t
experiments on one-dimensional ricepiles.

We establish that a broad universality class exists
SOC phenomena. The Oslo sandpile model is map
exactly to a model for interface depinning where the
terface is slowly pulled at one end through a medium w
quenched random pinning forces. The height of the in
face maps to the number of toppling events in the sa
pile model. The annealed noise of the random thresh
for toppling sand grains maps to quenched pinning for
for the interface. Thus a problem of dispersive transp
[4] in a granular medium can be recast in terms of
somewhat better understood problem of interface de
ning [5]. This leads to a number of scaling relations e
pressing critical exponents in the Oslo sandpile mode
terms of the avalanche dimensionD. This quantity is
equal to the avalanche dimension for a uniformly driv
interface, which has been determined numerically to
D  2.23 6 0.03 [5]. We also predict that the avalanch
size distribution exponentt  2 2 1yD . 1.55 in the
Oslo model, and that the average velocity of transport v
ishes askyl , L22D , L20.23 when time is measured i
units of the number of sand grains added. These pre
tions agree with previous numerical simulation results
0031-9007y96y77(1)y111(4)$10.00
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and with our simulation results. Finally, we conjecture th
the Burridge-Knopoff [6] train model studied by de Sou
Vieira [7], a purely deterministic mechanical model wit
no embedded randomness of a block-spring chain pu
at one end, is also in the same universality class.

The Oslo sandpile model is defined as follows:
a one-dimensional system of sizeL, an integer vari-
able hsxd gives the height of the pile at positionx, and
zsxd  hsxd 2 hsx 1 1d is the local slope. The bound
ary condition ishsL 1 1d  0. Grains are dropped a
x  1 until the slopezs1d . zcs1d; then the site topples
and one grain is transferred to the neighboring site on
right x  2. At each subsequent time step, all sitesx with
zsxd . zcsxd topple in parallel. In a toppling event at sit
x, hsxd ! hsxd 2 1 andhsx 1 1d ! hsx 1 1d 1 1. No
grains are added to the pile until the avalanche result
from adding a sand grain ends and the system reach
stable state withzsxd # zcsxd for all x. The key ingre-
dient making this model different from previous sandp
models [1,8] is that the critical slopeszcsxd are dynamical
variables chosen randomly to be 1 or 2 every time a s
topples. The annealed randomness describes in a sim
way the changes in the local slopes observed in the r
pile experiments [3].

It is useful to define a local force

Fsx, td  hsx, td 2 hsx 1 1, td 2 hsx, Hd,

1 # x # L , (1)

where h are the randomly distributed critical slope
i.e., hsx, Hd  zcsxd which take integer values 1 or 2
with equal probability. The boundary condition ishsL 1

1, td  0 for all times. At each time stept ! t 1 1,
all unstable sites whereFsx, td . 0 topple. The quantity
Hsx, td in Eq. (1) is the total number of toppling events
sitex up to timet. The threshold slope at a site is chose
randomly after each toppling event at that site; hen
hsx, Hd is an uncorrelated quenched random variable
the space ofsx, Hd. The dynamics is central seeding
when all sites have reached a stable state whereFsxd # 0,
© 1996 The American Physical Society 111
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a grain of sand is added at site 1,hs1d ! hs1d 1 1,
t ! t 1 1, and a new avalanche starts. It is easy to
that the sandpile dynamics of toppling events is traced
by an advancing interface where the height profile of
interface,Hsx, td, is the accumulated number of toppling

When the initial condition is an empty sandpil
hsx, t  0d  0 for all x, and the dynamics is centrall
seeded, the number of sand grains atx at time t is
the local gradient in the number of topplings that ha
occurred up to that time,

hsx, td  Hsx 2 1, td 2 Hsx, td . (2)

As a result, Eq. (1) can be rewritten as a dynam
equation for an interface with height profileHsx, td,

Fsx, td  =2Hsx, td 2 hsx, Hd, 1 # x # L , (3)

where the discretized Laplacian=2Hsxd  Hsx 2 1d 2

2Hsxd 1 Hsx 1 1d. The interface dynamics is that fo
all x whereFsx, td . 0, Hsx, t 1 1d  Hsx, td 1 1 and
the site advances; otherwiseHsx, t 1 1d  Hsx, td and
the site is pinned. The boundary condition isHsL 1

1, td  HsL, td for all t. Whenever the interface becom
stuck so thatFsxd # 0 for all x, it is pulled at the
boundary at the origin,Hs0, t 1 1d  Hs0, td 1 1. This
is an example of depinning of an elastic interface wh
has been widely studied [5,9,10]. The difference her
that rather than being driven uniformly the interface
driven by being slowly dragged at the boundary. Af
a sufficient amount of motion has occurred, the interf
approaches a self-organized critical depinning transit
In the critical state, information about the pull at one e
can be communicated throughout the entire length of
interface. This occurs when the interface finds an aver
curvature which precisely balances the pinning forc
This corresponds to the sandpile reaching its critical an
of repose, where it can transfer sand out from the or
to the edge of the pile.

In order to proceed, we briefly review some known
sults for interface depinning with uniform driving [5]. Th
depinning transition can be reached either by applyin
constant force or constant velocity constraint. In cons
force depinning a uniform force is applied to all sites, i.
add a termFext to the right hand side of Eq. (3), and a
vance all unstable sites withF . 0 in parallel. WhenFext

is tuned toFc a depinning transition occurs. The consta
velocity depinning transition is an attractor for an extrem
dynamics where the unique site along the interface with
largest forceFsx, td is advanced. Now the dynamics o
curs in series with one site advancing at each step ra
than in parallel. The extremal model self-organizes to
critical state of constant velocity depinning. As explain
in Ref. [5], the critical exponents relating to the physic
extents of complete avalanches are the same in the
stant force and constant velocity cases, i.e., the rough
exponentx, the avalanche dimensionD, the exponent for
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the distribution of avalanche sizest. Since the dynam-
ics is different, though, the critical exponents referring
propagating avalanches are different, i.e., the dynam
exponentz, the fractal dimension of unstable sitesdf , and
the average growth of activityh. Note that the bound-
ary driven interface combines certain aspects of these
cases for uniform driving. The dynamics occurs in par
lel with all unstable sites advancing as for constant fo
depinning. The criticality is self-organized as in the e
tremal constant velocity case.

The size of an avalanche,s, for the interface is the
integrated area during the burst resulting from pulling t
end once. It is the difference between the final heig
profile after the pull and the initial one before the pull.
the Oslo model,s is the total number of toppling event
which occur after adding one grain of sand at the orig
As for the case of uniform driving, the distribution o
avalanche sizes is observed numerically to obey a sca
form [3]

Pssd , s2tGssyLDd , (4)

which is a power law with a cutoff that grows with syste
sizesco , LD , whereD is the avalanche dimension. W
now argue thatD for the boundary driven interface, an
hence for the Oslo sandpile model, is the same as
the uniformly driven interface. The amount of motio
required to reach the depinning transition starting fro
an arbitrary configuration scales asLD since it involves
a system wide avalanche. During the transient appro
to the depinning transition, the correlation length is le
than the system sizeL. Depinning occurs precisely whe
every site has moved at least once. At this instant, but
before, it is possible to communicate information fro
the boundaries throughout the one-dimensional syst
Thus the scaling of the amount of motion for the SO
attractor to be reached is independent of the bound
condition, i.e., whether we have boundary driven SO
or extremal, uniformly driven SOC. It depends only o
the anomalous diffusive dynamics [5,11] of avalanch
This hypothesis is confirmed by numerical simulations
the Oslo model givingD  2.25 6 0.10 [3] and extremal
interface depinning givingD  2.23 6 0.03 [5].

Since the avalanche is a compact object, the size o
avalanches , rr', wherer is the spatial extent of the
avalanche along the internal interface coordinate andr'

is the maximum extension in the direction of growth.
there is only one length scale for motion in the directi
of growth, thenr' , rx , with the roughness exponen
defined by the divergence of interfacial height fluctuatio
with system sizewsLd , Lx . We numerically measured
H  r', the maximum number of topplings at a site
r for 107 avalanches in the Oslo model and foundH ,
r1.2360.03, in excellent agreement with our predictionx 
D 2 1. Since the height of the sandpileh , dHydx, the
roughness exponent of the surface of the sandpile mo
is xpile  x 2 1  D 2 2 . 0.23.
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The distribution of avalanche sizes for the Oslo mod
however, is different from the uniformly driven interfac
due to a conversion law. From Eq. (4), the average s
of an avalanche diverges with the system size asksl ,
Llyn whereg  nDs2 2 td. Since on average each si
must topple exactly once in the critical state in order
transport the added grain of sand to the boundary,

ksl  L and t  2 2 1yD . (5)

Using D  2.23, we predictt  1.55 in precise agree-
ment with the measured valuet  1.55 6 0.10 [3] for
the Oslo model. For the boundary driven interface, t
conservation law expresses the constraint that on ave
each site must advance one step when the end is dra
one step. The valuet . 1.55 for the boundary driven
interface is far fromt . 1.13 [5] measured when the in
terface is driven uniformly either at constant force or co
stant velocity. These latter systems do not obey Eq. (5

Christensenet al. [3] measured the average velocit
kyl of tracer grains in transit through the pile. It wa
found to vanish askyl , L20.360.1 in the model. The
time unit used to measure velocity was the number
sand grains added. Based on another conservation
it was argued that the average velocity in this time u
scales as the inverse width of the height fluctuations of
sandpile, i.e.,kyl , 1ywpilesLd , L2xpile . This occurs
because the model completely separates into a fro
bulk phase where the grains never move and an ac
surface zone of widthwpile where transport takes place
The collection of grains in the active zone moves
average as an incompressible object upon addition o
sand grain. From our resultxpile  D 2 2, we predict
kyl , L22D , L20.23, in reasonable agreement with th
numerical simulation results.

It is important to notice that the time unit for th
Oslo model is different from the usual time unit used f
interface depinning since each sand grain dropped res
in many update steps, equal on average to the ave
duration of an avalanchektl. In accordance with Eq. (4)
we propose that the distribution of avalanche durationst,
is given by

Pstd , t2tt GstyLzd , (6)

where the cutoff in avalanche durationstco , Lz , and
from conservation of probabilityzstt 2 1d  Dst 2 1d.
Thus, from Eq. (6)ktl is diverging in the thermodynamic
limit L ! ` as ktl , Lzs22ttd , LDs12td1z , Lz112D .
Measuring time in the simulation in terms of update ste
t, rather than sand added, we findkyl , L12z , L20.42.
We numerically measured the duration of avalanch
t vs r where t , rz, for 107 avalanches in the Oslo
model and foundz  1.42 6 0.03 which is the same
as Leschhorn’s numerically measured valuez . 1.42 for
the constant force depinning transition [10]. Since t
average duration of avalanches is diverging withL, sand
,
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must be added slower and slower as the system siz
increased in order to stay at criticality.

Burridge and Knopoff [6] introduced a mechanic
model for the stick-slip dynamics of earthquake faults.
consists of blocks connected by harmonic springs slid
with friction. The first element of the block-spring cha
is connected to a driver that moves at constant veloc
It is referred to as the train model [7]. de Sousa Vie
found that the train model exhibits SOC unlike som
other block-spring systems [12] where every elemen
connected to the driver. The train model is complete
deterministic and containsno quenched randomness no
randomness in the initial conditions.The equation of
motion for the position of thejth block,Uj, is

Üj  Uj11 2 2Uj 1 Uj21 2 F

µ ÙUj

nc

∂
. (7)

The static friction forceFs0d  1, which is weakened a
finite velocity

Fs ÙUyncd 
sgns ÙUd

1 1 ÙUync
. (8)

The equation of motion is valid if the sum of elastic forc
is greater than the static friction force, otherwiseÙUj 
0. The train model has precisely one positive Lyapun
exponent giving chaotic behavior [13]. The blocks
this system exhibit stick-slip dynamics with a power la
distribution of event sizes and extents. A sum rule for t
moments of slipping events corresponding to Eq. (5) ho
since on average every block must move with an aver
velocity equal to the pulling speed, but this motion tak
place intermittently in terms of bursts [7].

We conjecture that the train model is in the sam
universality class as the Oslo model and boundary driv
interface depinning. Since the model is dissipative a
exhibits SOC, it is reasonable that a dissipative termÙU
would dominate the acceleration term in Eq. (7) at lo
length and time scales. After a slip event, the blocks co
to rest in a new configuration with a random elastic for
increment at each site required to induce a subsequ
slip event or toppling. This is the result of the chao
dynamics, and in a coarse grained picture can be descr
by quenched random thresholds for static frictionFs0d in
the space of position and events, which corresponds
hsx, Hd. Such an equivalence of a deterministic mod
with no embedded randomness which is chaotic with
stochastic model also occurs between the determini
Kuramoto-Shivashinsky [14] equation and the Langev
equation proposed by Kardar, Parisi, and Zhang [1
Indeed, numerical simulations of the train model gi
t 2 1 . 0.6 and tR  1 1 Dst 2 1d  D . 2.2 [7],
which agree with the critical exponents measured for
Oslo model and support our conjecture.

Our results imply that broad universality classes
self-organized critical phenomena exist. In particular
establish that the Oslo sandpile model for transport
113
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granular piles is in the same universality classes as
depinning transition of an interface when it is slow
dragged at one end through a random medium.
mapping unifies the mechanism giving dispersive trans
with long-tailed waiting time distributions in granula
media with avalanche dynamics of interface depinni
The purely deterministic train model of Burridge a
Knopoff [6] describing earthquakes is proposed to be
the same universality class.

While this manuscript was in preparation, we beca
aware of a work by Cule and Hwa [16] who demonstr
that a similar block-spring model with quenched rand
spring constants and purely dissipative dynamics is
the universality class of interface depinning with unifo
driving.
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work available prior to publication, and P. Bak for
number of helpful comments on the manuscript. T
work was supported by the U.S. Department of Ene
under Contracts No. DE-AC02-76-CH00016 and No. D
FE02-95ER40923.
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