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Spin Motive Force and Faraday Law for Electrons in Mesoscopic Rings
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The spin motive force and Faraday law for electrons due to the time-dependent Aharonov-Casher
effect are studied by using the Goldhaber-Anandan gauge theory for a low energy spin particle. The
spin motive force and Faraday law associated with the time-dependent magnetic field are also discussed
based on the same gauge theory. The gauge theoretic approach provides a unified view for the various
spin motive forces and spin Faraday laws.
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The remarkable discovery of the Berry phase [l]the interaction between the spin and the electromagnetic
has drawn considerable interest during the last decadeld. This force was soon shown by Casella and Werner
[2]. The existence of a topological phase for a cyclicnot to be measurable when the electromagnetic field is
Hamiltonian system has brought new insight into quantuntonstant or slowly varying [11]. The understanding of
mechanics as well as into classical mechanics. Théhe physics of the AC effect is not yet complete, and
simplest example of the Berry phase is the Aharonovdiscovery of interesting physics is still underway. The
Bohm (AB) phase [3] acquired by a charged particledeeper meanings of the physics associated with the AC
encircling a magnetic flux. The localized magnetic fluxeffect may be more clearly understood from the gauge
in a solenoid can affect the quantum phase of the chargetieoretical point of view [9,10,12].
particle, although its classical effect is null. Since a In the other direction, an interesting connection be-
solenoid can be viewed as a line of magnetic momentgween the Berry phase and the solid state transport prob-
from an opposite point of view, a magnetic momentlem has been discovered. Loss$al.[13] studied the
encircling an electric charge can accumulate a quanturoonductance in a mesoscopic system due to the Berry
phase. Indeed, in 1984, Aharonov and Casher (AC) [4phase, and found that the Berry phase associated with
noticed this reverse effect of the AB phase and discoverethe Aharonov-Bohm effect can induce persistent spin and
the AC effect for a neutral magnetic moment encirclingmass currents. Along this line of study of the spin phase
a charged line. The AC effect, which may be considerecffects on the electron transport problem, Stern subse-
dual to the AB effect, has been experimentally verified byquently discovered that a nonelectromotive force can exist
Cimmino et al. [5] for thermal neutrons, and by Sangsterfor a spin [14]. By noting the close similarity between
et al. [6] for an atomic system. the spin Berry phase and the Aharonov-Bohm flux, Stern

The AC effect is very similar to the AB effect in showed that conductance of a mesoscopic ring is affected
many respects, but essentially differs from the latteby the time-independent Berry phase, and also that a spin
in that it involves the spin, which requires an extramotive force is induced when the Berry phase varies in
degree of freedom. Hence the similarities and differenceme. He found, furthermore, that there is an analog of
between the AB effect and the AC effect have becomehe Faraday law for the time-dependent Berry phase caus-
the subject of intense discussion [7] since the discoveryng this spin motive force. That is, the relationship be-
of the AC effect. Goldhaber [8] made an importanttween the spin motive force and the Berry phase for the
step in this regard by pointing out that when the spintime-dependent Zeeman coupling was found to be analo-
is a quantum operator the interaction of a spin withgous to the Faraday law for the electromotive force and
the electromagnetic field becomes isomorphic to that othe magnetic flux. Immediately after this discovery, Bal-
isospin with the Yang-Mills field. Anandan expounded atsky and Altshuler identified another type of spin motive
this concept and demonstrated the SU(2) gauge structuferce following the Faraday law in the spin-orbit coupling
in the AC effect for a low energy spin particle [9]. [15]. They showed that time variation of the AC flux can
According to Anandan’s analysis, the interaction of a spingenerate an effective spin dependent “electric field” which
with the electromagnetic field behaves as if the spin isnteracts with the spin. Balatsky and Altshuler demon-
a gauge charge and the interaction is due to the SU(&trated, in addition, that the AC effect can induce persis-
gauge field. And, as a result, the AC effect is found totent spin and mass current, similar to the AB effect.
contain much richer physics than the AB effect, [9,10] Since the essential difference between the AB effect
because of the non-Abelian nature of the SU(2) gaugand the AC effect arises from the spin degree of freedom,
structure. For instance, Anandan found that the spithe spin Faraday laws found previously may be better
magnetic moment in the classical limit is subject to a newunderstood in terms of the interaction between the spin
nonlinear force arising from the non-Abelian property ofcharge and the SU(2) spin gauge field. The purpose of
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this Letter is to show that a unified understanding of theresulting in

various spin motive forces and the associated Faraday 1

laws is, in fact, possible based on the spin gauge theory. F = —y— —(o' X E) + Hyx [V X (o X E)].
We discuss the spin motive forces induced by the time- 2¢ at 2

dependent electric and magnetic field for a mesoscopic (7

ring. In the case ofr < 1, the second term in Eq. (7) is

Consider first a spin /2 electron in an electromagnetic negligible and the spin motive force is obtained as
field. Atlow energies, the Lagrangian operator consider-

ing the spin interaction alone becomes € = j{E cdl = LG o X E-dl (8)
' 2¢ 9t )

Here ¢dl is the line integral around the loop. For
spin up or spin down, the path ordering in Eq. (4) can be
simplified to give rise to the AC flusbA€ = £ §E,

The spin motive force in Eq. (8), then, can be written
in terms of ®AC as

|
L=—mv2+ﬂV‘a'><E+,u,a"B, @
2 2¢

el

where u = ;.- is the magnetic momeng, (<0) is the
electric charge, and are the Pauli spin matricesE and
B are the electric field and magnetic field, respectively.

The Lagrangian operator gives rise to the Hamiltonian

2 hod
1 2 e = —— —®AC, 9
H = . (p 4 X E) pno - B, 2 w dt (©)
from which the Schrédinger equation for the two- 1ne results of Egs. (8) and (9) state that the time-
component spinor can be obtained as de_pendent _/-\C.flux generates a spin motive force and the
2 spin “electric field” E; in the form of the Faraday law.
iﬁi _ ! ( v- 2, x E) ¢ — uo - By This gauge theoretic result agrees with the previous result
at 2m\ i 2c in Ref. [15].
( We note that, when the adiabatic condition is satisfied,

The Zeeman interaction term and the spin-orbit coupling-€., when the spin gently precesses along the circuit
term in Eq. (3) behave as if they are due to the interactionvith a precession frequency small compared to the

between the chargg and the SU(2) gauge fieldl, = ;plitting between the two eigenstates, then the _path

(bo, b), Whereby = —o - B and b; = (o X %)i (see integral can define correctly the AC flux whose time

Ref. [9]). _derivative_ give_s the spi_n mptive force, but also note that,
The solution for Eq. (3) becomes if the adiabatic condition is strongly broken, then the

. spin Faraday law is sometimes not valid. We illustrate

D (x*) = pex<_ﬂ] bde“)CI)(x(’f), (4) the latter observation by considering the AC flux for

lic a fixed spin (an impulse approximation) rotating in a

whereP represents the path ordering. ring where the time-dependent electric field is applied in

The covariant derivative of the potential terbh = the z direction. Aronov and Lyanda-Geller considered
—fv -0 XE — uo - Binthe Lagrang|an operator of & quasi-one-dimensional ring of radiwsdefined in the

Eq. (1) defines the covariant force on a spin as (Refs. [L6wo-dimensional electron gas (2DEG) of a semiconductor

and [17]) heterostructure [18]. The normal to the 2DEG plane can

v be taken alongz || (100). Then the AC flux can be
F = ,u(ES + — X BS>, (5) obtained from Eq. (4) as (Refs. [19] and [20])
C
2
where 1 PACE) — —77(1 = (“ﬁEr) + 1), (10)
d M c
= — _——— + -
ES Vb() ¢ o1 b lﬁC [b,b()],

where = on the left-hand side denotes the spin up and
u down. Time derivative of this AC flux is apparently not
B, =VXb—i—bXb. zero in general.
However, sinceo X E = (oy% — 0,§)E, the spin

In the analogy to the electromotive force, the spin "'
motive force becomes

motive force can be defined from this covariant force as
1 0 .
e=L1dr-ar. (6) €= 5.5, flo cog¢) + o, sin(¢)]Eld$ = 0.
73

We now consider a situation where a spin rotates (11)
around an electric charge in a two-dimensional plane. I'mhus we find that a time-dependent electric field applied
this case, sincE&; —ggb andB, =V X bwithE = in the z direction does not induce any spin motive force
<t , the Yang-Mills fields in Eq. (5) become simplified, in a mesoscopic ring in this case of fixed spin.
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From Egs. (10) and (11), we find that the Faraday lawFaraday law associated with the spin-motive force seems

is not applicable since more complicated than that for the electromotive force.
hod This seems basically due to the non-Abelian nature of the
€ #+ T EQDAC. (12)  spin Berry phase. Thus it may be concluded that there

) is a certain similarity between the spin-motive force and
From this example, we see that the Faraday law for ghe electromotive force, but that exact parallelism may not

spin motive force can sometimes not be valid. The spinyyist petween the two motive forces.

Faraday law seems to be valid only under a condition vgjyaple discussions with Taeyeon Lee, Kyoung Wan
satisfyingd®*¢ = 4= §E, - dI . This specific condition park, Seongjae Lee, and Mincheol Shin are gratefully ap-
seems possible only when the path ordering allows reciated. Support from El-Hang Lee is also gratefully
simple integral in Eq. (4) so that the AC flux can be acknowledged. This work was supported by Electronics

written as .‘ﬁEs_ - dl. _ _ and Telecommunications Research Institute, through Con-
Next we consider the spin motive force and Faraday,gct No. 95038.

law associated with the Berry phase due to a time-

dependent magnetic field, based on the same gauge

theory. We consider the magnetic field configuration

taken in Ref. [14]. The nonuniform magnetic field is

obtained by Superposing a uniform magnetic f|ﬂgj in *Electronic address: CmryU@ViSion.pOStECh.aC.kr
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