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Self-Organized Criticality and Synchronization in a Forest-Fire Model
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Depending on the rule for tree growth, the forest-fire model shows either self-organized criticality
with rule-dependent exponents, synchronization, or an intermediate behavior. This is shown analytically
for the one-dimensional system, and may hold also in higher dimensions.
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During the past years, systems which exhibit self-for tree growth lead either to SOC behavior with rule-
organized criticality (SOC) have attracted much attentiondependent exponents, to synchronization, or to an inter-
since they might explain part of the abundance of fractamediate state with a superposition of a power law and a
structures in nature [1]. Their common features arepeak at large fires. These results are confirmed by com-
slow driving or energy input (e.g., dropping of sand puter simulations. Similar behavior is expected in higher
grains, increase of strain, growing of trees) and raralimensions.
dissipation events which are instantaneous on the time The model is defined as follows: Each site in a one-
scale of driving (e.g., avalanches [1], earthquakes [2]dimensional system of length is either occupied by a
fires [3]). In the stationary state, the size distributiontree or it is empty. Trees on neighboring sites belong
of dissipation events obeys a power law, irrespectivdo the same tree cluster. During one time step of size
of initial conditions and without the need to fine-tune dt, each tree is struck by lightning with probabilit.
parameters. Trees struck by lightning and all other trees in the same

While the critical behavior of the sandpile model is cluster burn down and turn to empty sites immediately.
relatively well understood, it is, in general, not clear un-Empty sites have a distribution of life timea(r), i.e.,
der which conditions SOC behavior occurs. Models ofP(7)d7 is the probability that a site which just burned
the above-mentioned type show a variety of different phedown will remain empty exactly until the time. The
nomena, depending on details of the model rules. Whermrobability that a site which has been empty for a time
e.g., the form of the driving force in the earthquake modebecomes occupied by a tree during the next time dnit
[2] is modified, a transition from SOC to synchroniza- is thEYEfOYEf)(T)dT/f:_C P(t)dt. ltis reasonable to require
tion (activity bursts covering the whole system) is foundthat the mean life timer of empty sites is finite7 =
[4]. When in the same model the boundary conditionsf, P(7)r dr < «. This means thaP(r) decays faster
are changed from open to periodic, the SOC behaviothan 2 for large 7. The condition that burning is fast
is replaced by a periodic state [5]. Another earthquakeompared to tree growth places the model in the class of
model, which includes inertia, shows a superposition okystems with slow driving and instantaneous dissipation
a power law and a peak at large avalanches, where mostents. The mean number of trees growing per unit time
of the energy is released [6]. A continuous, determinisis L(1 — p)/7, and the mean number of lightning strokes
tic forest-fire model [7] shows periodic behavior or finite per unit time isLf p, wherep is the mean tree density in
avalanches, depending on the value of a parameter [8]. the stationary state. The mean number of trees destroyed

Another question in the context of SOC deals with theper lightning stroke consequently is
universality of the critical exponents. The critical behavior
of the sandpile model seems to be robust with respect to s=0-p)/fip. (2)
various changes, and the critical exponents of the forest-
fire model do not depend on the lattice symmetry [9,10\When f becomes very small, the mean number of trees
or the presence of a further parameter [11]. In contrastlestroyed by a fire is large (i.e., of the ordetf7). If
the critical exponents of the earthquake model depenthere are only large fires but no small ones, large parts of
continuously on the degree of energy conservation [2,12]the system burn down simultaneously and may therefore
A similar dependence of critical exponents on the modebe synchronized. If there are fires of all sizes up to a
parameter is found in a new version of the forest-fire modetutoff size, the system is close to a critical point and
with tree conservation [13]. shows scaling over many orders of magnitude. In this

Since a great part of the above-mentioned work igaper, we always assume that the system &izis so
performed numerically, there is substantial need for anlarge that no finite-size effects occur. The cutoff is then a
alytically understanding these various phenomena. Ifiunction of f andP(7) [see Eq. (3) below].
this paper, | study analytically a generalized version of In the original forest-fire model, each empty site
the forest-fire model in one dimension. Different rulesbecomes occupied by a tree with probabilipy and
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consequenthP(7) = p exp(—p7). Inthe limit f/p — The mean number of trees destroyed per lightning
0, the size distribution of forest clusters in the stationarystroke can be expressed in terms of the cluster size
state is then essentially a power law with a cutoff at sizeslistribution,
of the order( p/f)/In( p/f) [14]. In the following, we o S
will determine analytically the size distribution of forest 5 = > ?n(s)/p = D s2n(s)/p + > s’n(s)/p.
clusters for differen®(r). 1 1 St 1

To this purpose, let us consider a stringkofieighbor- (6)
ing sites in the system. If the lightning probabilifyis
sufficiently small, lightning does not strike this string be-
fore all its trees are grown. Starting with a completely
empty state, the string passes, therefore, through a cycl
Trees grow on the string until it is completely occupied
by trees. Then the forest in the neighborhood of the strin

will also be quite dense. The forest on the string is part o ires. The first case will occur iP(r) has a long-time

?hf?relst ;:Iusbter which is lmuchtLartg_etzr_ thatn Ekvgntll_JaPI:%/ . tail. Then the neighborhood of the tree which is struck by
at ciuster becomes so jarge that 1t 1S struck oy fig nlnqightning is likely to contain surviving empty sites which

with a nonvanishing probability. Then the forest clus- ' ;
ter burns down, and the string again becomes complete@ventua”y stop a fire. The forest density approaches the

. alue 1 in the limitf — 0, since otherwise could not
empty, and the cycle restarts. The mean tiﬁﬁk), \.Nh'Ch diverge. The second case will occur if tree growth is
it takes fork trees to grow ork empty sites, satisfies

finished after a finite time. Then large regions of the
f P(r)dTt = 1/k. 2
T(k)

oo

Here, we have to distinguish two different situations:
Depending on the precise form afs), the second term
can be neglected in the limjt — 0 with respect to the
first term, or it dominates. In the first case, the system
has fires of any size and therefore is in a critical state, and
the second case, the dynamics are dominated by large

system will become simultaneously occupied by a dense
forest and burn down together. In this case the mean
forest density will be smaller than 1.

This equation can, e.g., be obtained from the condition T4 make these statements more precise, let us specify
that the tree density is larger than— 1/k for T = T(k).  ihe different possible cases.

A more rigorous derivation gives the same result. We (i) P(r) has a long-time tail, i.e P(r) = =~ for large
assumed that the probability that lightning strikes the_ \vith o > 2. Sites which have been empty for a time

string during that time is negligible. The maximum string pacome occupied by a tree during the next time step with
size for which our considerations are valid is thereforeprobability(a — 1)dt/t. From Egs. (2) and (3) we find
given by the condition T(k) « k@D and spax & £ 1712, With Egs. (4) and
T (Kina ) (5) we obtain the size distribution of forest clusters
kmaxf[ [T (kmax) — T]P(7)dT < 1. 3)
0

n(s) o s72+l/(ozfl).

After time ¢, an initially empty string ok < k.. Sites ) "
is occupied bym(t) = k [} P(r)dr trees on an average. The forest density = > _, sn(s) cannot be_ Iarger than
For not too small values of, fluctuations around this 1. @nd consequently(s) assumes a normalization factor
mean value are relatively small. The probabiliB(m) sl @Y o fle,
to find m trees on a string ok < k.. Sites therefore With Eq. (6) we find § o sy.,, Which leads with
satisfies forl < m < k Eq. (1) tol — p = f/*. These results represent SOC
-1 1 behavior, and the values of the exponents depend on
Piclm) = [(dm/dt)=, ] = (kP (i) ] 4) «a, i.e., they are nonuniversal. The analytic results are
where 1, is the time after which the initially empty confirmed by simulations. Figure 1 shows the collapsed
string is occupied byn trees. Letn(s) be the number curves for the size distributionn(s) of fires for L =
of clusters ofs trees, divided by the number of sités 10000 and « = 3, for different values off, confirming
n(s) is identical to the probability that a string ef+ 2 the relations forn(s), for sm.x, and the normalization
neighboring sites is occupied byneighboring trees, with factor«f!/«. Figure 2 shows the density of empty sites
one empty site at each end, as a function off, confirming the relatiod — p o« f/,
s+ (i) P(r) decays exponentially fastP(r) = exp(—7P)
n(s) = Ps+2(s)/< ) =~ 2P,.a(s)/s%. (5) for large 7. This situation also comprises the original
§ forest-fire model. The exponents are obtained from case
For small s, there are deviations from this law due to (i) by taking the limit « — . In addition, there oc-
the discreteness of the lattice. Remember that the resutur logarithmic corrections. With Egs. (2), (3), and (5),
Eq. (5) is valid only fors < smax = kmax — 2. Forlarger we find T(k) = [In(k)]"/2, smax[IN(smax)]"/# = 1/f, and
s, clusters are struck by lightning with a nonvanishingn(s) = s~2/In(1/f). For 8 = 1, these results have al-
probability before they can grow to larger clusters, andready been analytically derived and confirmed by simula-
therefore Eq. (5) does not hold any more. tions in [14].
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10° : : : : . by the power lawsn(s) « s 2. Figure 3 shows the size

distribution of fires for P(7) = 1/Ty, To = 100, L =
10000, and f = 0.00001. In addition to the mentioned
power law, there is a peak at large fires, indicating that
large segments of the system burn down together.

The special case lim_oP(Ty — 7) =« 7* for a > 0
or —1 < a < 0leads ton(s) o« s 3te/(+a),

(iv) Last, let us consider the case of deterministic
tree growthP(7) = 8(Ty — 7), which is also the coarse-
grained version of situation (iii). Here it is easy to un-
derstand how synchronization arises: If two neighboring
sites happen to be both occupied by a tree, they burn down

) during the same fire. Consequently, both trees regrow si-
ole multaneously and burn down simultaneously for all future
max times. So the system consists essentially of synchronized
FIG. 1. Scaled size distributionsn(s)/f!~"/* of fires as blocks which turn to trees and burn down simultaneously.
function of s/smax. The parameters afe = 10000 anda = 3,  Neighboring blocks join, if the block which grows first
for 1/f = 100000 (solid line), 50000 (dotted line),25000 s not struck by lightning before its neighbor grows. So
(dashed line)12500 (long dashed line;250 (dot-dashed lin€), 1o umpber of blocks decreases with time, and their mean
3125 (solid line), and1562.5 (dotted line). The straight line has .~ . . ’ .
the slope—0.5. size increases. In the stationary state, thg mean bI_ock size
is so large that each block is struck by lightning imme-
diately after it grows, so that neighboring blocks cannot
(iii) All trees grow within a timeTy, i.e., P(r > Tg) =  join any more. This stationary state is periodic with a
0 and fg"P(r)dr = 1. In this casekm.x IS essentially periodT,. In the limit /7o — 0, the block size becomes
given by kna.x = 1/fTy. The large-scale dynamics of very large, and eventually the whole system is synchro-
this system can be obtained by performing a scalaized and fires ever{, time steps. Figure 4 shows the
transformation: kn.x sSites form together a big site number of blocks as a function of time fdr = 10000,
which becomes occupied exactly aft&p steps, and f = 0.005, andT, = 50, starting with a random state.
the lightning probability for this coarse-grained system Generalization to higher dimensions is straightforward:
iS kmaxf o« 1/To. This is a model with deterministic It is clear that the caseP(r) = §(To — 7) leads to
tree growth, which shows synchronization and will besynchronization of large blocks of the system in any
considered in the next paragraph. Before, let us take dimension. On the other hand, it is known that the system
look at the short-scale dynamics: The size distributioris SOC for P(7) = p expg(—p7). Therefore, it can be
of clusters smaller tham.,x is obtained in the same expected that when varying(7) the critical exponents
way as before. If lim_z, P(7) # 0, «, we findn(s) = change their values, and that finally the system becomes
s 73 and consequently 1™ s2n(s)/p « In(1/fT,). Since synchronized. However, the calculations performed in
we know (Eq. (1)) thats « 1/fTy, we conclude from this paper cannot be applied to higher dimensions. In
Eq. (6) that most fires are large and are not describedontrast one dimension, fire can now burn regions which

sn(s)/fH/a

10°

1-p
sn(s)/n(1)

10°

10°
K FIG. 3. Normalized size distribution of fires foP(7) =

FIG. 2. Density of empty sites as a function off for 1/100, Ty = 100, L = 10000, andf = 0.00001. The smooth
L = 10000 anda = 3. The solid line has the slopel/3. line is the theoretical result Eq. (5), which is valid f0r sy, -
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10000 : , ; , The results of this paper might have implications for
excitable media [15] (e.g., spreading of diseases, auto-
catalytic chemical reactions, and propagation of electrical
activity in neurons or heart muscles). These systems es-
sentially have three states which are called quiescent, ex-
cited, and refractory. If there is an excitation, it spreads
to the quiescent neighbors. After excitation, a region is
refractory to further stimulation and needs some time to
recover its quiescent state. The model discussed in this
paper describes an excitable medium in the limit where
excitation spreads fast on the scale of the refractory time,
and where spontaneous excitation is rare. In cases where
1 10 100 1000 10000 100000 this limit can be realized experimentally, such a system
time steps should show either synchronization or SOC, depending
FIG. 4. Number of synchronized blocks as a function of time©" whether the transition fr(_)m the refractory t.o the quies-
for L = 10000, f = 0.005, and T, = 50. cent state and from the quiescent to the excited state are
deterministic or stochastic.
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