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Random Bonds and Topological Stability in Gapped Quantum Spin Chains
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Using an asymptotically exact real space renormalization procedure, we find that the dimerized
spin-1/2 chain is extremely stable against bond randomness. For weak dimerization or, equivalently,
strong randomness, it is in a Griffiths phase with short-range spin-spin correlations and a divergent
susceptibility. The string topological order persists. We conjecture that random integer spin chains in
the Haldane phase exhibit similar thermodynamic and topological properties.

PACS numbers: 75.10.Jm, 75.30.Hx, 75.50.Ee

Extensive theoretical work on random gquantum magvalence bond solid. Its excitation spectrum and thermo-
netic systems has been carried out since the late 197@ynamic properties will certainly depend on the distribu-
[1-4]. Systems that behave critically in the absence ofion of J;, yet the perfectly topologically ordered ground
randomness are unstable against weak randomness astdte is completely unaffected by randomness.
flow to the random singlet (RS) phase [1,3]. In the RS Without randomness, the spin-1 chain and dimerized
phase, spins far apart in space form weakly bound singledpin-1/2 chains exhibit similar physical properties [13].
pairs in a more or less random manner. The low temperafFhey both have a nondegenerate ground state with an
ture thermodynamic properties of these systems are doméxcitation gap, and, more importantly, they both have
nated by the weakly bound pairs and are universal [1-3Jstring topological order [13]. Hida has shown that they
For instance, the susceptibility of the undimerized randontan be continuously connected to each other without
antiferromagnetic Heisenberg &XZ spin-1/2 chain di- closing the gap or removing the topological order; i.e.,
verges a$T log”> 7]~ ! at low T, independent of the details they are in the same phase [13]. Itis natural to expect that
of the randomness [3]. Universal power law behavior hashey also behave similarly in the presence of randomness.
also been found in disorder averaged spin-spin correlation In this paper we study the random bond dimerized
functions [3]. Experiments, however, seem to find powerspin-1/2 chain in detail. Using the asymptotically exact
law divergent susceptibilities with nonuniversal exponentgeal space decimation renormalization group introduced
[5]. It is of interest to study if there exist relevant per- by Dasgupta and Ma [1] and extended by Fisher [3], we
turbations at the RS fixed point that drive the system tofind that enforced dimerization is a relevant operator at
ward a state exhibiting the nonuniversal behavior foundhe RS fixed point that drives the system to a random
experimentally. dimer (RD) phase. The low temperature thermodynamic

A related issue is the effect of randomness on spimproperties of the RD phase am@nuniversal For weak
chains that have an excitation gap in the absence dimerization, the spectrum of the RD phase is gapless and
randomness [6]. The most prominent examples of sucthe susceptibility diverges gg ~ 7~ !7¢ with 0 < a <«
chains are integer spin chains in the Haldane phase [7]. and dependent on the bond distribution (in agreement
Other examples include dimerized spif2lchains [8] with the behavior found experimentally and qualitatively
and spin chains with spontaneous dimerization [9]. Allsimilar to the RS thermodynamics), but the averaged
of these systems have topologically ordered [10] groundpin-spin correlation function remains short ranged. Thus
states. One might think that strong enough randomnedser weak dimerization the RD phase is an example
will inevitably destroy the topological order of the ground of a Griffiths phase. More importantly, we find that
state. However, Haldane has suggested [11] that thetbe string topological order isot destroyed by random
exists a class of random perturbations for which the théonds. We conjecture that these results also apply to
topological order in the ground state of integer spin chainsandom bond integer spin chains in the Haldane gapped
is stable, regardless of the strength of the perturbationgphase. Comparison will also be made with spontaneously
We will show that the analog of this prediction for random dimerized spin chains which behave very differently upon
bond dimerized spin/2 chains is correct. introducing disorder.

An explicit example that provides strong support to Consider the model Hamiltonian
Haldane’s above conjecture can be found in the random o
version of the AKLT model [12]: H =) JL[SESf + 88/ + ASiSigl, ()

H =) J[Si - Six1 + (1/3)(S; - Six1)*], 1
Z o o @) whereS;* are spin-}¥2 operators/; are (random) positive

where J; > 0. The exact ground state of this random coupling constants, andl = A = 1. Here we will con-
model is identical to that of the pure model [12], i.e., acentrate on the casés= 0 (XX) andA = 1 (Heisenberg
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chain), since it has been shown that, for the case of rant J;/2J, + 0(1/J3). The effect of this decimation pro-

dom bonds, the Ising coupling is irrelevant wh&n< 1  cedure is to get rid of the strongest bond (and also its

[3]. We assume that the distribution functions of the coutwo neighbors) in the system, generate a weaker bond

plings J; depend on whether is even or odd, which are between the spins neighboring the decimated ones, and

P.(J,Jy) andP,(J, Jy), respectively. Herd is the cutoff lower the overall energy scale. This procedure becomes

in the distribution function corresponding to the strongestasymptotically exact in the low energy limit [3]. The

bond in the system. As Fisher [3] has shown, in the abnew energy cutoff is then lowered €@ = max{J} [14].

sence of dimerization, i.e., wheB.(J,Jy) = P,(J, Jo), Following Fisher and anticipating that the bond distribu-

the low energy, long-distance behavior of Eq. (2) is uni-tion will become broad on logarithmic scales at low en-

versal, and the&XX and Heisenberg chains behave in es-ergy [3], we transform to logarithmic variables and define

sentially the same way. I' = —log(Q2/Joy) and{ = log(Q/J), so that botH™ and
Following Fisher [3], we introduce a decimation renor- { are positive and a largét and a larget correspond to a

malization group procedure in which we pick the bondlower energy scale and a weaker bond, respectively. The

in the system with the largedt sayJ, between spins 2 recursion relations now become

and 3. Since this is such a strong bond, spins 2 and 3

are likely to form a singlet pair and become unimpor- bLau=L+G—-b+k=0+4+«k, (3)

tant at low energies (on scales much smaller thigh

The major physical effect of the existence of spins 2where we used the fact thgt = 0 sinceJ, = Q. The

and 3 is to generate an induced coupling between thetonstani = 0 for theXX chain and lo¢2) for the Heisen-

neighboring spins 1 and 4. For thex chain, 4,4 =  berg chain. The flow equations for the bond strength dis-
T14(STS§ + 8183) whereJyy = J1J3/J> + 0(1/J5) and  tribution functionsp,. (£, Q) and p,(£, Q) in terms of £
for the Heisenberg chai#f,—4 = J14S1 - S4 whereJy, = | are then

ape,o(f, F)/ar = ape,o/ag + [Pe,o((), F) - po,e(o, F)]Pe,o

+ p0e(0,T) f ] 46 A8 peo(C Dpeol@ TS — & — & — K). (4)

When k = 0 (XX chain), these flow equations are identical to those encountered in the transverse field Ising model if
we identify the even bonds as the bonds between Ising spins and odd bonds as the transverse fields [4]. In order to find
fixed point solutions of the renormalization group (RG) flow, it is necessary to rescale variables. Following Fisher [3,4],
we introduce the rescaled variable= ¢/I" and the new distribution functio®, ,(n,I") = I'P,,(J, Q). The flow
equations forQ are

r aQe,o/ar = Qe,o + (1 + n)aQe,o/an + [Qe,o(os r) - Q0,€(07 F)]Qe,o

+ Qo,e(o’ F)] dnlanQe,o(nl)Qe,o(772)3(77 B/ K/F) (5)
As Fisher has shown [3,4], the flow equations (5) have ohlyc; hence, theXX and Heisenberg chains will behave
one generic fixed point [15] similarly.
0. = 0, = 0*(n) = ¢ "0(x). 6) The relevant perturbation corresponds to diféerence

in the distributions for even and odd bonds. Therefore,
This fixed point distribution corresponds to the randomwe find that dimerization is aelevantperturbation near
spin-1/2 chain without dimerization, a model studied ex- the RS fixed point, with eigenvalue1.
tensively before [3]. Going back to the original variable For weak dimerization, the system barely knows that
¢, we find the fixed point distribution corresponds to there is a small difference between even and odd bonds
_ —¢/T. in the early stages of the RG flow. Both distributions
p¢) = (1/De ’ 0 initially flow toward the RS fixed point solution with a

i.e., the width of the distribution on the logarithmic scale small relevant perturbation reflecting the dimerization:
grows linearly with the logarithim of the energy scale

I'. For small deviation away from the fixed poi@, = 0,(I) = Q" + 8I'(n — e ™, (8)

o* + g. andQ, = o* + q., there is only oneelevant 0,() = Q* — 8T(y — 1)e ™
eigenperturbation [4] behaving as,(n,T) = g..,(n)T'* ¢ ’

with eigenvaluer = 1, and the eigenvectorig. = (n —  where 6 characterizes the strength of the dimerization
)e™" andg, = —(n — 1)e~". The relevant perturba- (distance from criticality). In generald depends in a

tion, like the fixed point distribution, is independent of complicated way on the shape of the original distributions
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and at what energy scale it is defined. As the flow awayerges likey ~ 7¢~!, and the specific heat goes to zero
from the RS point continues, the even (odd) bonds gelike C, ~ T%. The averaged spin-spin correlation func-
much weaker than the odd (even) bonds if originally thetion is short ranged, with the correlation length (distance
even (odd) bonds were only slightly weaker than the oddetween spins§ ~ |8|~” ~ |8|72. The existence of a
(even) bonds. The relevant perturbation grows linearlydivergent magnetic susceptibility away from the critical
with T and becomes 0O(1) asT" = I'y ~ 1/|8|. The point is characteristic of a Griffiths phase. The divergent
flow equation for the density of spins not yet decimated asusceptibility arises from magnetically active gapless ex-
energy scald’ is [3] citations. For the RS phase discussed by Fisher2 [3], the
. . averaged spin-spin correlation function decays A&° at
on(I)/oT = =20(n = 0,T). 9) long dqistange sopthe system is critical and g[ne expects a
Using the RS fixed point distribution Eq. (6) in Eq. (9), divergent susceptibility. The Griffiths phase in the ran-
we find thatn ~ 1/T'? [3,4] so when the relevant per- dom dimerized spin-42 chain is exactly analogous to the
turbation becomes large, the density of active spins iriffiths phase that appears in the random transverse field
n ~ §%. The corresponding length scale which is the  Ising chain [4]. If the initial dimerization is large, the flow
typical distance between the remaining spins.Lis~  begins far from the RS phase, the bond distribution of the
I3 ~ 1/82%. At this stage the existence of dimerization stronger bonds does not flow to a power law, and the gap
becomes dominant and under RG most of the bonds dediloes not close up. When this happens, thermodynamic
mated are odd bonds. properties depend strongly on the initial distribution and
The fact that a small difference in the bond distributionsthe susceptibility remains finite.
grows as one lowers the energy is physically easy to see. The dimer phase has a novel kind of topological order
Assume the odd bonds are slightly stronger than the evetiiat measures the dimerization of the chain. The “string-
bonds in general. Then, in the decimation procedure, itopological correlation function” is [13]
is slightly more likely that an odd bond gets decimated.
When that happens, typically two intermediate strength Tij = (WolS} ex;{iw > S,i}S}I\I’()}, (11)
neighboring even bonds also disappear, amiieh weaker i<k<j
even bonds generated. Hence, the width of the even bondvhere |¥) is the ground state.T;; is similar to the
distribution grows faster than the odd bond distribution,topological correlation function for the spin-1 chain [10].
and its overall strength also decreases faster. Thus, in theor a completely dimerized ground staf; = —1/4 if
low energy limit, the system can be viewed as a trivially; is a left spin of a dimer ang is the right spin of a
soluble collection of uncoupled spin pairs (isolated odd(possibly different) dimer. This is because every spin
bonds). We refer to this phase as the RD phase. betweeni and j in the completely dimerized model is
After renormalization the distribution of odd bonds paired up with another spin betweénand ;. T;; =0
takes the formp, () ~ (1/To)e ¢/ @(¢). In terms of  otherwise. Therefore, this special topological correlation
the original variables the odd bond distribution is function is long ranged although there is only short-range
_ ~l+a _ spin-spin correlation, a situation similar to the special
Pold) = (a/00) (/o) O =7/, (10 kind of off-diagonal long-range order (ODLRO) in the
where()y = Joexp(—I'p) ande = §. fractional quantum Hall effect (FQHE) [18].

This effective independent pair Hamiltonian with a For a general spin/R chain with randomness, we
power law bond distribution is identical to that introducedintroduce a topological order parameter

by Clark and Tippie [16] to explain the low-temperature T = lim (G - Toiiia) (12)
thermodynamics of the random spin chains. Here we have i H2ITL T A2 127
derivedit using RG from the realistic model. [We note \yhere the overbar stands for average over randomness. In

in passing that dimerization does exist in some memberge apsence of dimerizatiof, vanishes. For a random
of the R (TCNQ), compound family [5] studied experi- sysiem, 7 measures the probability that the two end

mentally, in the absence of disorder [17]; thus the randomy,ins survive decimation until the dimerization becomes
dimer model studied here may be relevant to some of theggrge, and the low energy physics becomes that of the
systems in the presence of randomness.] The leading tergompletely dimerized chain. This probability is just the

perature dependence of thermodynamic properties can Rgare of the density of spins at the dimerization crossover
determined by assuming that all spins connected by bondsgzale. Therefore, for smadl, T scales like

with energy greater than the temperature have paired up 28

into singlets, and all spins connected by bonds with en- T~ —[6["sgn(d), (13)
ergy less than the temperature are essentially free. Thigith 8 = v = 2, and sgn(8) is + if even bonds are

is a good approximation for broad bond distributions. Instronger and- if odd bonds are stronger. In the absence
this way, the specific heat and susceptibility in the lowof randomnessg is found to bel /12 [13].

temperature limit can be easily calculated. As the tem- The topological order described here is not a sponta-
perature goes to zero, the the spin susceptibility (in anyeous order like the spontaneous magnetization of a ferro-
direction, with possible direction dependent prefactors) diimagnetic Ising chain in the absence of magnetic field; it is
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dynamicallyenforcedby the Hamiltonian. Its sign is de- is unstable against randomness [21]. The relevance of the
termined by the sign of the dimerization, unlike the spontarandom dimer model studied here to the experiments [5]
neous magnetization which can take any direction allowedleserves further investigation. Experimentally there has
by the symmetry. In this sense itis more like the magnetibeen some work on effects of hole doping in the spin-1
zation of an Ising chain in theresencef a magnetic field. chains [22]. The effect of hole doping is probably differ-
The existence of the topological order simply reflects theent from random bonds because it introduces unconfined
fact that the Hamiltonian favors singlet pairs to be formedtopological defects into the system [21].

over even bonds, if the even bonds are stronger in general. We are extremely grateful to Daniel Fisher, Duncan
In the absence of odd bond couplings, the ground state idaldane, S. Sachdev, and Z. Soos for stimulating dis-
a trivial collection of singlet pairs over even bonds and thecussions. We acknowledge support from NSF Grants
dimer or topological order is perfect. In the presence ofNo. DMR-9224077 and No. DMR-9416906.
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