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Anomalous Hall Effect in YBa2Cu3O7
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The temperature dependence of the normal state Hall effect and magnetoresistance in YBa2Cu3O7 is
investigated using the nearly antiferromagnetic Fermi liquid description of planar quasiparticles. We
obtain a direct (nonvariational) numerical solution of the Boltzmann equation and find that highly
anisotropic scattering at different regions of the Fermi surface gives rise to the measured anomalous
temperature dependence of the resistivity and Hall coefficient while yielding the quadratic temperature
dependence of the Hall angle observed for both clean and dirty samples.

PACS numbers: 74.25.Fy, 74.25.Ha, 74.72.Bk
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Eight years of experiments on increasingly pure sa
ples of YBa2Cu3O7 (YBCO) have demonstrated that
while angle-resolved photoemission spectroscopy exp
ments suggest that the planar quasiparticles posses
well-defined Fermi surface (FS), none of the spin [1] an
charge [2] properties are those of a Landau Fermi liqu
(FL). N. M. R. experiments show that there are stron
antiferromagnetic (AF) correlations between neighbo
ing Cu21 spins and that the spin-spin correlation fun
tion is strongly peaked atQ  sp, pd, while transport
measurements yield a planar resistivity which is a
proximately linear in temperature. The resistivity an
optical properties are consistent with a quasiparticle sp
trum for which the ImSsp, vd is linear in the maxsv, T d
(Ref. [3]), for p close to the FS, while the effective mas
enhancement is believed to be about 2. One of us
suggested that the above anomalies can be traced
strong magnetic interaction between the quasipartic
[4]. The resulting system is called a nearly antiferro
magnetic Fermi liquid (NAFL).

While the NAFL model has been shown to be co
sistent, both qualitatively and quantitatively, with man
experiments, including NMR, optical conductivity, resis
tivity, the superconducting transition temperature, and t
role played by impurity scattering [4], a major challeng
for the NAFL approach has been explaining anomalo
transport in an applied magnetic field, where experime
show that the Hall resistivity is a strong function of tem
perature, yet the cotangent of the Hall angle has a v
simple behavior cotQH  A 1 BT2. This has been ex-
plained in terms of spin-charge separation [5] and h
been considered as major support for that approach.

In this Letter we report on calculations based on t
NAFL model of the Hall conductivitysH and resistivity
r, using standard Boltzmann transport theory. Recen
Hlubina and Rice (HR) [6] explored this approach b
solving the Boltzmann equation (BE) using a variation
method [7]. Here we study the solution of the BE in
finite magnetic fieldB. We use the same band paramete
as HR and Monthoux and Pines (MP) [8],t  0.25 eV
and t0  20.45t. The hole concentration (doping) is
0031-9007y96y76(5)y811(4)$06.00
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either 0.25 or 0.15. Note that for the parameters chos
the Fermi velocity varies very little along the FS, an
therefore the presence of the van Hove singularities n
the Fermi surface plays only a marginal role. We assu
that the effectivemagneticinteraction betweenconduction
quasiparticles is given by [9,10]

V effsqd  g2xsq, vd 
g2A

vSF 1 vSFj2sq 2 Qd2 2 iv
,

(1)

where the spin fluctuation (SF) energyvSF 
T0 1 bT , g is the coupling constant, andj is the
magnetic correlation length in units of the lattice con
stant a. For optimally doped YBCO the dimensionles
parameter A ø 1.1, g  0.64 eV, T0 ø 110 K, and
b  0.55, and the energyvSFj2 ø 880 K is very nearly
independent of temperature [8].

In Boltzmann theory one seeks the displacementdfk 
fk 2 f0  2Fk ≠f0y≠e of the FS in an external field,
where f0 is the equilibrium Fermi distribution function.
The transport coefficients are found straightforwardly fro
j  e

P
k vdfk. We introduce the dimensionless quan

tities uk ; vkh̄yat, b  ByB0, where B0  h̄cyea2 ø
4300 T. We assume thatE  Ex̂ andB k ẑ. Then the
BE can be written as

Fk  eE

∑
ux 2 b

µ
uy

≠Fk

≠kx
2 ux

≠Fk

≠ky

∂∏
f0skdyIsk, T d ,

(2)

where the linearized collision term is given by

Isk, Td 
g2

t2

Z
de0

Z dk0

2p2juk0 j
nsek 2 ek0d

3 Imxsk 2 k0, ek 2 ek0d

√
Fk0

Fk
2 1

!
f0sk0d .

(3)

We solve Eqs. (2) and (3) numerically on a fine mesh
momentum space with typically200 3 200 points in the
Brillouin zone (BZ), taking into account the appropriat
© 1996 The American Physical Society 811
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umklapp processes [11]. We have verified that our resu
for the longitudinal and Hall conductivity practically do no
vary for mesh sizes larger than100 3 100. The difference
between the calculated Hall conductivity at mesh siz
100 and 200 is of order 1% at all temperatures, wh
the accuracy of our results for the longitudinal resistivi
is considerably better. Our principal results are given
Figs. 1–3. The input parameters in the figures are
specified above, unless stated otherwise.

As may be seen in Fig. 1 our calculated result for th
resistivity as a function of temperature is very similar
HR for the same doping value, and quantitatively it
even close to MP at lower temperatures. Unlike M
both HR and the present calculation show a nonline
ity in rsT d [see inset (a) in Fig. 1], which has not bee
observed in experiments, and which is due to normal F
like scattering: For sufficiently low temperatures, in th
model, the resistivity is proportional toT2 with crossover
to linear inT resistivity. As indicated in insets of Fig. 1
if the lifetime effects are neglected, the crossover te
perature is approximately equal to 200 K in this mode
However, a different choice of band parameters, or t
hole concentration, can shift the crossover temperature
much lower values.

Our results for the Hall conductivity (Fig. 2) are in
qualitative agreement with the experiments [12], fo
temperatures above the aforesaid crossover tempera
The inset of Fig. 2 compares the Hall resistivityrH with
experiment. More thanqualitative agreement cannot be
expected, since we have neglected any effects associ
with CuO chains and/or planar mass anisotropy, both
which influence the experimental results. Figure 3 is o

FIG. 1. The resistivity as a function of temperature at tw
doping levels (nh  0.25 solid line, nh  0.15 dashed line).
The dotted line shows the result of HR [6], the open circl
show the result of MP [8], and triangles the experimenta
obtainedraa (Ref. [12]). Insets: (a)sr 2 r0dyT , wherer0 is
the residual resistivity, as a function ofT, for vSFj2  880 and
970 K (dash-dotted line); (b)r as a function ofT 2.
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main result: It shows that cotQH obeys the simple form
A 1 BT 2 over the entire temperature range.

We now consider the physical origin of these resul
In a FL the temperature variation of the Hall ang
is the same as that of the resistivity, if one assum
a uniform (temperature) dependence of scattering alo
the FS. However, this is not the case for a NAFL
where the effective interaction (1) depends strongly on t
momentum transferq. As the calculations of HR and MP
show the quasiparticle lifetimetk is highly anisotropic,
because the scattering is very strong for pointsk and k0

such thatk 2 k0  q ø Q. As may be seen in Fig. 4,
there are only a small number of suchregions on the
FS, called “hot spots” by HR. Nevertheless, as HR ha
shown [6] forek ¿ T0 theaveragequasiparticle lifetime
is linear in the excitation energyek. In addition, thek
dependence oft is found to be large only away from ho
spots on the Fermi surface, in regions where the scatter
is no longer anomalous. It is the combination of the
features which is responsible for the peculiar temperat
dependence of both resistivity and the Hall angle.

For our orientation ofE, with B  0, FksB  0d ;
F

0
k can be written asuxyI0sk, T d, where I0 is given

by Eqs. (2) and (3), while in a weak fieldB one has
FksBd ø F

0
k 2 sbyI0d fuys≠F

0
ky≠kxd 2 uxs≠F

0
ky≠kydg.

The conductivity s0 and the Hall conductivitysH

are averages ofuxFk and uyFk around the FS;
since I0 possesses the symmetry of the crystal la
tice, the contribution ofF0

k to sH vanishes identi-
cally. Thus s0 is an average ofu2

xyI0 and sH is
an average of uysbyI0d fuy=xsuxyI0d 2 ux=ysuxyI0dg
around the FS. The integral overe0 in Eq. (3) can
be done analytically fork on the FS. It equals
pT fs2vk2k0d21 1

P
ns21dn svk2k0 1 npT d21g, where

FIG. 2. NAFL results for the Hall conductivitysH (inset
shows the Hall resistivity) as a function of temperature
B  1 T. The solid (dashed) line shows the calculated res
at doping level 0.25 (0.15), while the triangles show th
experimental results of Ref. [12].
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FIG. 3. Cotangent of the Hall angle as a function of tempe
ture. The solid and dotted lines show clean and dirty samp
respectively, at doping levelnh  0.25. The dashed line show
the clean result atnh  0.15. Inset: results at higher tempera
ture for vSFj2  880 and 970 K (dash-dotted line).

vq  vSF 1 vSFj2sq 2 Qd2, and can be approxi
mated by pT 2y2vk2k0svk2k0 1 pTd. When
T0 ø T ø vSFj2 we find, fork near the middle of a ho
spot, thatF0

k is independent ofk, F
0
k , uxy

p
TyvSFj2.

F
0
k becomesk dependent away from a hot spot and

given byF
0
k , uxs3ysTyvSFj2d2, wheres is the distance

along the FS betweenk and the center of the neare
hot spot. Experiment shows that for YBCOj , 2 in
temperature region100 , T , 300 K (Ref. [13]). This
means that the hot regions are fairly large: Under th
circumstances,k is never too far from a hot spot (se
Fig. 4). SinceFk must have a maximum somewhere
between two hot spots along the FS, thes dependence
of Fk is significantly altered: Fors ,

p
TyvSFyj we

now haveFk , sysTyvSFj2d2 over most of the FS. As
a results0 , 1yT , and r , g2sTyvSFj2d. As shown
in the inset of Fig. 1, a 10% change invSFj2 yields a
change of slope in resistivity of about 10%. Note that
far we have only included the fact thatj , 1 and that
the hot regions are symmetrically placed on the FS. I
important to note that the contribution of the equidista
regions from two adjacent hot spots is still,sTyvSFj2d2.
This is why one finds a nonlinearity inrsT d at lower
temperatures, which vanishes asT becomes larger than
T0 (see Fig. 1), and the hot spots spread ass ,

p
T .

Our result is also consistent with the anisotropy of t
self-energy found earlier [8].

The actual shape of the FS is of little relevance tos0,
provided it is large enough to allow for spin-fluctuatio
scattering atQ (Ref. [8]) and the Fermi velocity is finite
everywhere on the FS, while the Hall coefficient depen
strongly on details of both band structure and the effec
interaction. In general, the FS of several high tempe
a-
es,
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FIG. 4. The FS of YBCO (solid line) and the magnetic BZ
(dashed line). The hot spots are the thick regions near
intercepts of the two lines.

ture superconducting (HTSC) families is rather flat ne
hot spots, and curved away from them. SincesH involves
a gradient ofFk, it is plausible that in the regions where
I0 varies rapidly withs, this gradient is dominated by the
gradient ofI0; moreover, the curved regions of the FS wi
contribute to the Hall effect mostly through the change
ux . One easily finds that in the flat regionssHys0 are pro-
portional to≠Fky≠s , svSFjyT d2, while in the curved
regionssHys0 is proportional to=uxsvSFj2yT d2. There-
fore in both regions one findss0ysH , sTyvSFj2d2, in-
dependent of the specific behavior ofrsT d. This is indeed
the case, as clearly shown in the inset of Fig. 3, where
have plotted cotQH for two values ofj. The present the-
ory assumes thatT ø vSFj2; when this is no longer the
case, cotQH exhibits a deviation from the above behav
ior. We have verified by explicit calculation that, for both
hole concentrations, this occurs at approximately 700
(Ref. [11]), and is responsible for the very slight bendin
of the two lines at very high temperatures.

An important test of the soundness of our approa
is obtained by adding weak impurity scattering to th
collision term in the BE. Impurity scattering might
be expected toadd a temperature independent term
to I0, so that cotQH should be proportional toA 1

BT2, where the slopeB is unchanged from the clean
case. The results of our numerical calculations (Fig.
show that this is indeed the case:B is the same
in clean and dirty cases to within 1%. These resu
are consistent with a number of experiments [14–16
Another challenge for the NAFL model is the existence
a small orbital magnetoresistance (MR) in YBCO, whic
813
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Harris et al. find [17] does not obey the usual Köhle
rule. In calculations ofrsBd at several temperatures w
have verified this behavior [11]. Not to our surpris
the relative MR,Dryr, is found to have very strong
temperature dependence and is of orderQ

2
H , as is usually

the case in FLs. The values we find are somewhat hig
than those obtained experimentally [11].

In conclusion, we have shown that the energy and m
mentum dependence of the effective magnetic interac
in the NAFL model gives rise to an anomalous tempe
ture dependence of both resistivity and the Hall cond
tivity, which are qualitatively in agreement with transpo
measurements on fully doped YBa2Cu3O7. The anoma-
lous behavior originates in the hot spots which have
region of influence,dk ,

p
T : As long asx is sharply

peaked atq ø Q, with j , 1, this inevitably leads to the
quadratic temperature dependence of cotQH , despite the
fact that neithers0 or sH displays FL-like temperature
behavior. The sensitivity of our results toj provides a
natural explanation of the experimentally observed noti
able differences in the slope of resistivity for rather sm
variations inTc (Ref. [2]). In addition, since our result
depend for the most part on the symmetric placemen
the hot spots on the FS, and the existence of strong
correlations, we expect similar results will hold for oth
HTSCs.

There are several unresolved issues. We find a so
what lower resistivity with a somewhat higher slope and
more negative intercept than that measured at lower t
peratures. More importantly, the resistivity appears F
like up to temperatures of order 200 K, in contrast w
experiments. This discrepancy is not serious, since,
shown in Fig. 1, a relatively small change in band p
rameters or the hole concentration reduces the cross
temperature to the experimentally observedTc. The slope
depends strongly on the coupling constantg and the en-
ergy scalevSFj2, which are known only to within 10%
accuracy, while lifetime effects make the influence of t
hot spots much more prominent and therefore less
like [8]. There are several possible explanations for
large negative intercept, which leads to a weaker temp
ture dependence than is seen in experiment. These
clude small impurity scattering, spin-pseudogap effec
and normal fermion scattering, all seen experimentally
NMR measurements [1,9]. Imperfections which alter t
local magnetic order change the magnetic quasipart
interaction [8], and therefore affect the resistivity, whi
shifting cotQH only marginally. Indeed, only the highes
quality samples show small negative intercepts inrsT d
[18]. Our calculations show that, in addition to providin
a residual resistivity, impurities act to remove the nonl
earity seen in Fig. 1 (Ref. [11]). The spin pseudogap
fect, as well as superconducting fluctuations [19], produ
a curvature of the resistivity slightly aboveTc (Ref. [13]),
while normal fermion scattering [9] reduces the Hall co
814
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ductivity and somewhat increases the resistivity. We a
dress these issues elsewhere [11].
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