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Overlaps between RNA Secondary Structures
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A model for RNA secondary structure is studied that has a rugged energy landscape with
alternative local minima. Several features are observed that are qualitatively similar to the r
theory of spin glasses. Numerical results suggest that the overlap distribution remains broad an
self-averaging for long random RNA sequences at low temperatures. Significant ultrametric corre
are observed in the distances between triplets of states. Clustering algorithms are used to illust
hierarchical arrangement of low energy states in configuration space.

PACS numbers: 87.15.By, 75.10.Nr
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Biological macromolecules such as RNA and prote
have many alternative low energy configurations se
rated by high energy barriers. Ideas taken from the m
field theory of the Sherrington-Kirkpatrick (SK) spin glas
model [1,2] have proved useful to describe the thermo
namic properties of these molecules [3]. In the spin gl
phase the overlap distribution remains broad in the th
modynamic limit, and is non-self-averaging (sample
sample fluctuations remain in the thermodynamic lim
Theory also predicts that the local minima can be arran
in a hierarchy, and that the matrix of overlaps (or the c
responding distance matrix) will be ultrametric [4]. Th
suggestion is that many of these features are generi
rugged landscape problems and will occur in many diff
ent models. Here we investigate overlaps in a model
RNA secondary structure in the light of spin glass theo

Algorithms for secondary structure prediction in RN
[5–8] use recursive methods, which calculate the mi
mum free energy structure, the partition function, and
lated quantities for a molecule of lengthN in a time that
varies usually asN3. The full model uses parameters fo
the free energies of the stacking of base pairs and for
mation of loops of different sizes and types that are tak
from data measured on small RNA molecules. Here
simplify the parameters to a minimum. We are interes
in the thermodynamic behavior of long random sequenc
and the precise values of the energy parameters should
affect the conclusions.

We study random RNA sequences composed of A, C
and U bases with equal probability. Pairing is permitt
only between A and U and between C and G bases. E
pair contributes an energy of –1 unit, irrespective of
position in the structure, and there is no penalty for loo
The topological rules that determine which structures
allowed are the essential feature that creates the rug
landscape in this model. Leti, j, k, and l be the positions
of four bases in a sequence numbered from 1 toN , such
that i and j can form a pair andk and l can form a
pair. There are three nonequivalent possibilities for
order:i , j , k , l, i , k , l , j, andi , k , j ,

l. In the first two cases the two pairs are permitt
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to occur simultaneously. The third case is known a
pseudoknot, and is disallowed here and in most other w
on RNA. Any base pair must also satisfyj j 2 ij $ 4,
which guarantees that there are at least three unpa
bases in a hairpin loop. We wish to calculate the partit
function, which is a sum over all structures satisfying t
above rules.

Let Zij be the partition function for the section of cha
from basesi to j inclusive. Let´ij be the energy of the
bond between basesi andj, which is –1 if the pair is AU or
CG, and1` otherwise, and letaij ­ exps2´ijyT d, which
is either exps11yTd or zero. The full partition function
Z1N can be calculated recursively at any given tempera
T , beginning withZii ­ Zi,i21 ­ 1 for all i, and using the
following formula forj . i.

Zij ­ Zi,j21 1

j24X
h­i

Zi,h21Zh11,j21aij .

The time required isOsN3d. The recursions for calculating
the partition function when the full set of energy param
ters are used is more complicated [7], but is stillOsN3d.

Any given secondary structurea can be represente
as a sequence of integersba

1 , . . . , ba
N , such thatba

i ­ 0
if basei is unpaired in configurationa, andba

i ­ j and
ba

j ­ i if basesi and j are paired. The overlapqab

between two configurationsa and b is the fraction of
bases in the chain for whichba

i ­ b
b
i . The overlap dis-

tribution function isPsqd ­
P

a

P
b wawbdsq 2 qabd,

wherewa and wb are the equilibrium statistical weight
of statesa and b. It is possible to write a polynomia
time recursion for calculatingPsqd exactly for a given
chain, but both the time and the memory requireme
are of high order inN. This approach was only practica
for very short chains. There is, however, a way of a
proximately calculatingPsqd using the partition functions
Zij . This consists of obtaining a representative sample
structures for a given temperature, such that the proba
ity of a structure occurring in the sample is proportion
to its Boltzmann weight. If the number of structures ge
erated is fairly large, then the distribution of overla
© 1996 The American Physical Society
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between pairs of structures in the sample should b
good approximation to the fullPsqd.

The following method generates a structure at rand
with a probability equal to its Boltzmann weight. It i
possible to calculate the probability that baseN is paired
with any other baseh in the sequence, and the probabili
that baseN is unpaired. The state of baseN can thus be
assigned at random using these probabilities. If baseN
is unpaired,bN is set to 0. If basesN andh are paired,
bh is set toN and bN is set toh. This process can be
repeated until all thebi are assigned. At each stage
is necessary to consider an interval of the sequence s
that none of thebi in the interval is yet assigned, and suc
that it is already known that pairs are forbidden betwe
bases in the interval and those outside. In the above c
whereN is unpaired it is now necessary to consider t
interval from 1 toN 2 1. In the case whereN was paired
with h it is necessary to consider two new intervals fro
1 to h 2 1, and fromh 1 1 to N 2 1. Given a general
interval from i to j it is always possible to determin
the probability that the last base in the interval (i.e.,j) is
paired with any other baseh in the interval. We denote
this by ps j, h; i, jd. The probability thatj is unpaired,
given the intervali to j, is denotedps j, 0; i, jd. These
probabilities are given by

ps j, h; i, jd ­ ahjZi,h21Zh11,j21yZij ,

ps j, 0; i, jd ­ 1 2

j24X
h­i

ps j, h; i, jd .

Base j can now be either paired with some baseh
or left unpaired by generating a random number a
comparing with the probabilities above. The procedu
can be repeated in smaller and smaller intervals until
the bi are assigned. It is always necessary to consi
the last base in the interval, since the probability
forming a general pairh, k in an interval i, j is not
calculable from the known partition functions. This is a
exact method, which is guaranteed to generate states
their correct equilibrium probabilities, hence there is
need for approximate methods such as Monte Carlo w
simulated annealing.

Figure 1 shows overlap distributions averaged ov
many random sequences. AtT ­ 0.5 the width of
the distribution scales asN21y2 and Psqd becomes a
delta function in the thermodynamic limit, as would b
expected for a high temperature phase. AtT ­ 0.1 the
distribution is much broader and appears to narrow o
very slowly asN increases, suggesting thatPsqd may tend
to a nontrivial limit for largeN . The width ofPsqd was
plotted againstN on a log-log plot at several temperature
(not shown). ClearN21y2 behavior was observed fo
T ­ 0.5 and0.3. For T ­ 0.2, 0.1, and0.0 the width
decreased much less rapidly thanN21y2 but a stationary
value had not yet been reached for the maximum len
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FIG. 1. Mean overlap distributions atT ­ 0.1 and0.5 for
N ­ 100 (lowest of each set), 200, 400, and 800 (highest
each set).

consideredsN ­ 1200d. Note that the ground state i
multiply degenerate, thereforePsqd is broad at zero
temperature.

The meanq was measured for each sequence and
standard deviation of the means,dq, was obtained as
a measure of sample to sample fluctuations. Figur
showsdq as a function ofN . For normal thermodynamic
averagingdq should decrease asN21y2 for large N,
whereas if Psqd is non-self-averaging it should ten
to a constant. In Fig. 2, atT ­ 0.5 and0.3 dq is
decreasing at least as rapidly asN21y2, as indicated
by the broken line, whereas forT ­ 0.2, 0.1, and0.0
dq decreases only very slowly. These results sugg
the presence of a low temperature phase with non-s
averagingPsqd, with a transition temperature somewhe
around T ­ 0.2. However, from numerical evidenc
alone we cannot rule out the possibility thatdq continues
to decrease very slowly in the thermodynamic lim

FIG. 2. The standard deviationdq of the mean overlap shown
as a function ofN for temperatures between 0 and 0.5. T
broken line has a slope of21y2.
705
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even at low temperatures. In the SK model the sp
glass transition is signaled by a cusp singularity in t
magnetic susceptibility. We have looked for singularitie
in the RNA model using recursion formulas for variou
derivatives of the partition function, but this has prove
inconclusive. It is difficult to locate cusp singularitie
because they are easily masked by finite size effec
hence it is difficult to prove the presence of a pha
transition in this model, and the possibility remains th
there is no transition.

The other key feature of the replica theory of the S
model is that the valleys in the energy landscape
pure states) are predicted to be arranged in a hierar
cal way, so that the matrix of distances between the p
states is ultrametric. For any three pure statesa, b, and
g there is a triangle with sides equal to the distanc
dab , dbg , dag . The ultrametric property is that the two
longest sides of the triangle must be equal. In the RN
model the distance will be defined asdab ­ 1 2 qab ,
which is just the fraction of thebi variables that are dif-
ferent in the two structures. These distances satisfy
triangle inequalitydag # dab 1 dbg , for anya, b, and
g. We will let s denote the mean value of the differenc
between the longest and second longest sides of trian
in the measured data. The average is taken over many
angles per sequence and over many sequences. Value
s are shown as a function ofN at two representative tem-
peratures in Table I. It is found thats is quite small at all
temperatures, and always decreases asN increases.

However, there are two reasons whys should be small
that do not indicate a significant ultrametric structur
First, the width of the distribution ofd scales asN21y2

in the high temperature phase, hences must also scale
as N21y2 (see data in Table I forT ­ 0.5). Second,
the triangle inequality also limits the maximum siz
of s. In order to demonstrate that the real triangle
are closer to being Isosceles than would be expec
merely from the triangle inequality we generated rando
uncorrelated triangles in the following way. Groups o
six structuresa,b,g,d,m,n were considered, from which
three independent distancesdab, dgd, and dmn were
obtained. If these three distances satisfied the trian
inequalities, then they were included in the sample

TABLE I. Mean deviation from ultrametricitys per triangle,
and the ratio ofs for real and uncorrelated triangles shown fo
two temperatures.

T ­ 0.5 T ­ 0.1
N s sysunc s sysunc

50 0.058 0.80 0.058 0.73
100 0.042 0.84 0.055 0.67
200 0.030 0.87 0.048 0.62
400 0.021 0.89 0.044 0.55
800 0.015 0.90 0.040 0.52

1200 0.012 0.91 0.037 0.48
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uncorrelated triangles, otherwise they were rejected an
new group of six generated. The uncorrelated triang
have the same distribution of lengths of sides as
real triangles formed from triplets of states, but there
no correlation between the lengths of the two longe
sides other than that introduced by the triangle inequal
Table I shows the ratio ofs (for real triangles) tosunc
(for uncorrelated triangles). This is always less than
At T ­ 0.5 the ratio appears to increase towards 1 asN
increases. This means that the data are ultrametric o
in a trivial way: s is small mostly due to the narrow
Psqd and the triangle inequality (cf. example of trivia
ultrametricity in [9]). By contrast, atT ­ 0.1 the ratio
sysunc is smaller, and decreases withN . Thus there are
real ultrametric correlations that become more significa
with increasingN .

A large number of hierarchical clustering algorithm
[10] have been developed for the analysis of distan
matrices. Figure 3 shows a representation of the d
tance matrix for a set of 200 alternative structures
one single random RNA sequence of length 400. T
structures were obtained atT ­ 0, therefore they are
all degenerate ground states. The single link clust
ing method [10] was used to order the structures
that similar structures are consecutive. Clusters app
as blocks along the diagonal of the matrix; 20 gr
levels have been used, with darker shades indicat
smaller distances. A pattern of clusters is seen in Fig
with at least three hierarchical stages of division b
ing apparent at different grey levels. The structu
gradually disappears as the temperature is raised.
T ­ 0.5 there is just a black line along the diagona

FIG. 3. Matrix of distances between alternative structures
a random sequence ofN ­ 400 at T ­ 0. Darker shades
indicate shorter distances. A hierarchical pattern of clust
is visible.
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since all the off-diagonal elements are approximat
equal.

The pattern in Fig. 3 is what would be expected for
matrix that is approximately ultrametric [2,4,11]. In a
exactly ultrametric matrix all the elements in any of
diagonal block would be equal, and hence appear
same grey shade. In the figure, structure is appa
within the off-diagonal blocks, indicating some deviatio
from ultrametricity. It is possible that these deviatio
are finite size effects. On the other hand, the repl
theory of spin glasses only applies for the mean field
model. The RNA model studied here is neither me
field nor a spin glass, and we have no analytical the
for this model. We therefore have no reason to exp
exact ultrametricity. It may be that the deviations fro
ultrametricity are real deviations from the mean fie
theory, not finite size effects. Rammal and co-worke
[11,12] have considered ways of quantifying the deg
of ultrametricity in a distance matrix. More work alon
these lines may help to distinguish finite size effects fro
true deviations from the mean field theory.

Evidence for ultrametricity has been seen in nume
cal simulations of the SK model [13], in solutions of th
traveling salesman problem [14] and the graph bipa
tioning problem [15], in a lattice model with asymmetr
couplings [16], and in simulations of protein folding [9
This article gives another example. This model is ve
suitable for numerical work, since the partition functio
and related quantities can be generated exactly with
need to resort to Monte Carlo techniques. Even thou
this is not a mean field model many features have b
observed that are qualitatively similar to those of the me
field SK spin glass.
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