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Low Shear Viscosity of a Dense Ionic Micellar Solution
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We present a method for evaluating the low shear viscosity of a strongly interacting nonspherical
micellar solution. The contribution from hydrodynamic interaction was calculated according to the
Batchelor-Green equation with the effect of micellar shape and the hydration taken into account.
The Brownian contribution was calculated by modifying the method of de Schepper, Smorenburg,
and Cohen [Phys. Rev. Lett.70, 2178 (1993)] with the structure factor extracted from a small angle
neutron scattering experiment. The low shear viscosity agrees with the experimental results for hydrated
micellar volume fractionfm up to 0.4.

PACS numbers: 83.50.Fc, 03.40.Gc, 83.10.Ff
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The theoretical calculation of the steady shear visco
ity of suspensions has attracted rheologists since Eins
derived the equation for the dilute case [1], which is ge
erally accepted as being accurate to first order in the so
volume fractionf. Following Einstein’s work a number
of equations were developed [2], and several neglec
effects, such as solvation, polydispersity, particle shap
particle viscosity, and agglomeration, were taken into a
count [3]. As extensions of Einstein’s formula, most o
the expressions are for dilute suspensions.

Recently the calculation for concentrated hard sphe
systems started drawing rheologists’ attention. In a co
centrated system, one has to accurately evaluate the c
tributions both from the hydrodynamic interaction an
from the Brownian forces. Several authors have co
puted the pairwise or many-body hydrodynamic intera
tion [4] to estimate the zero shear viscosity. The resu
are comparable to experimental data up tof , 0.3. The
Brownian contribution was also estimated based either
the Smoluchowski equation or on the Fokker-Planck k
netic equation [5]. Again, most of the results are goo
for f , 0.3 only, except Brady’s work [5], which agrees
with experimental data reasonably well forf up to,0.6.
Although Brady’s work is based on the first principle
and shows reasonable agreement with the experime
results, it was incomplete. The author used the short ti
diffusion coefficient to replaceD0, the dilute limit diffu-
sion coefficient, but then applied Phung’s simulation r
sult [5] in the quantitative calculation. Additionally, the
formalism developed for hydrodynamic interactions w
not used in the calculation (the Batchelor-Green equat
was used) and the three-body collision was neglected (
Smoluchowski equation was within the pair space).

de Schepperet al. took a different approach [6]. They
calculated the Brownian contribution based on the an
ogy of the linewidth of the intermediate scattering fun
tion between a colloidal system and a dense atomic flu
The Brownian force is directly related to the linewidt
which is a function ofD0, the structure factorSsQd, or its
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Fourier transform, the pair correlation function. By evalu
ating SsQd with Percus-Yevick’s method, de Scheppe
et al. obtained a surprisingly good estimate of zero she
viscosity of a hard sphere system forf from 0.3 to 0.6.

The Brownian contribution to the steady shear viscos
can be written as [6–9]

hBsn, f, vd 
n2

2n

Z
drgsr , n, vdy

≠V srd
≠r

, (1)

where gsr , n, vd is the pair distribution function,v the
frequency,n the shear rate,f the volume fraction, and
V srd the pairwise potential. At zero shear limit and unde
the condition of mean spherical approximation (MSA
Eq. (1) can be expressed in terms ofSsQd and its derivative
S0sQd,

hBsf, vd 
kBT

60p2

Z `

0
dQ Q4

∑
S0sQd
SsQd

∏2 1
2vHsQd 2 iv

,

(2)

wherekB is the Boltzmann constant,T the absolute tem-
perature, andvHsQd the linewidth of the intermediate scat
tering functionSsQ, vd. At low frequency limit,vH sQd
is a function ofSsQd and the Enskog self-diffusion co-
efficient DE by vHsQd  fDEQ2ySsQdgdsQd. This ex-
pression is true for a dense fluid of spherical molecules
a hard sphere system [10]. The correction functiondsQd
accounts for the effect of the binary collisions on the se
diffusion process at differentQ. An approximate form of
vH [6] is

vH sQd 
D0Q2

x SsQdf1 2 j0sQsd 1 2j2sQsdg
, (3)

x 
1 1 fy2
s1 2 fd2

. (4)

D0  kBTy6h0Rh (h0 is the solvent viscosity andRh

the hydrodynamic radius) is the Stoke-Einstein diffusio
coefficient,x is the value of the pair correlation function
© 1996 The American Physical Society
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at contact when the system is at equilibrium, andjisxd is
the spherical Bessel function ofith order.

The advantage of this approach is that the essential qu
tity in the Brownian contribution,SsQd, is experimentally
obtainable. In fact, for many complex fluids systems,SsQd
and its corresponding pair correlation function can be re
ably obtained through scattering experiments, as oppo
to hard sphere system whereSsQd can be calculateda pri-
ori. This method provides an opportunity to extend th
viscosity calculation beyond the hard sphere limit.

We adopt this approach, with some modification,
evaluate the zero shear viscosity of a strongly interacti
ionic micellar system. Since we deal with a wid
concentration range, it is essential to take into accou
both the hydrodynamic interaction and the Brownia
forces. de Schepperet al. neglected the hydrodynamic
contribution completely, nevertheless, their calculation
valid for high volume fraction, where the Brownian effec
dominates the low shear viscosity [11].

The system we study is an ionic micellar solution.
represents a class of fluids of great practical importan
The micellar solutions were made by dissolving lithium
dodecyl sulfate [LiSO4sCH2d11CH3] surfactant (LDS) in
water. A LDS surfactant molecule consists of a hydroph
bic chain, a polar sulfate headgroup, and a Li1 counterion.
As the concentration exceeds critical micellization co
centration (8.9 mM at room temperature), LDS molecule
aggregate to form quasispherical micelles. As concent
tion increases, LDS micelles grow and gradually transf
into ellipsoids [12,13]. The micelle is composed of a hy
drophobic core made of dodecyl chains and a hydrophi
outer layer made of polar headgroups and undisasso
ated counterions. The micelle is often hydrated by a su
stantial amount of solvent molecules in the outer laye
The concentration range studied is from 1 to28 g dL21,
equivalent to hydrated micellar volume fractionfm from
0.01 to 0.4, determined from small angle neutron scatt
ing (SANS) experiments. (fm will be used from what
followed as the hydrated volume fraction, in order to b
distinguished fromf, the volume fraction of the solute).

SANS measurements were performed for LDS
deuterated water (D2O). PureD2O was used in order
to enhance the scattering contrast against the protona
alkyl micellar core. The scattering intensity distributio
function IsQd always shows a characteristic peak, sig
nifying strong intermicellar interactions. The intensit
IsQd can be formulated as [13]

IsQd  CN
≥X

bi 2 rsVm

¥2
PsQdSsQd , (5)

where C is the molar concentration of LDS,N the
aggregation number,bi the scattering length of theith
nucleus,rs the scattering length density of the solven
and Vm the dry volume of a LDS moleculesVm 
410 Å3d. The normalized intraparticle structure facto
PsQd is a function of the micellar size, shape, and th
scattering lengths density profile. A two-shell ellipsoi
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model was used to derivePsQd [12]. The inner region
is an ellipsoid with a minor radiusb, equal to the fully
stretched length of the dodecyl chain (b  16.7Å [14]).
The major radiusa, determined by the core volum
under compact packing constraints, increases with L
concentration. The outer layer of the micelle has
thicknesst. The degree of aggregationN (number of LDS
chains in a micelle) and the degree of hydration (num
of water molecules per LDS molecule) can be extrac
from SANS data fitting. From these two parameters,
average micellar diameters ( 2fsa 1 td sb 1 td2g1y3),
micellar shapeayb, and the hydrated volumefm can be
determined.

To evaluateSsQd we employed the generalized mea
spherical approximation (GMSA) theory reported prev
ously [13]. The Ornstein-Zernike equation can be solv
within the MSA limit to obtainSsQd. One adjustable pa
rameter, the effective micellar surface charge, is involv
This charge defines the strength of the intermicellar p
tential V srd. The role of counterions has been neglect
except for their contribution to the ionic strength.

Figure 1 shows a typical scattering intensity distrib
tion functions IsQd and extractedPsQd and SsQd for
5 g dL21 LDS in D2O. At this concentration the ag
gregation number is 80, the average diameter 49 Å,
effective charge 26, theayb ratio 1.47, and the number o
hydratedD2O molecules 10.

These structural parameters can be extracted fr
SANS data analysis at each LDS concentration.

FIG. 1. SANS spectrum and extracted structure factors
an ionic micellar solution made of lithium dodecyl sulfate
deuterated water at room temperature. Top: SANS inten
profile IsQd data (crosses) and fitted curve (solid line) f
5 g dL21 LDS in D2O. Bottom: Particle structure facto
PsQd calculated based on a two-shell model, and intermice
structure factorSsQd evaluated from GMSA theory.
701
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FIG. 2. Hydrated volume fractionfm (circles) and “dry”
volume fractionf (crosses) of ionic micelles as function o
LDS surfactant concentrationC.

concentration increases from 1 to28 g dL21, aggregation
number N increases from 62 to 100, corresponding
ayb ratios from 1.1 to 1.8, average micellar diamete
s from 45 to 51 Å, andks from 1.8 to 6.2 (k is the
inverse Debye screening length). The hydration numb
remains approximately 10 throughout the concentrati
range. Figure 2 illustrates the significance of hydratio
by comparing the hydrated volume fractionfm and solute
(dry) volume fractionf.

Having obtainedSsQd and fm, we determine the
parameterx in Eq. (4) using an equivalent hard spher
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method. The physical basis of the equivalent hard sph
is established through the second virial coefficient,2B2.
We writeB2 of an interacting system as [15]

2B2  6ps3sCHS 1 Cid , (6)

where CHS  8 represents the hard sphere contributio
andCi the contribution from long range interaction. Th
parameterCi can be written as

Ci  24
Z `

1

∑
1 2 exp

µ
2

V sxd
kBT

∂∏
x2dx , (7)

where x  rys is the reduced distance.Ci can be
calculated usingV srd extracted from SANS data analysis
SubstitutingCi into Eq. (6) and imposing it into a hard
sphere form (2B2  6ps3

eq), the equivalent hard spher
diameterseq can be obtained. Thus,x can be obtained
from Eq. (4) using the equivalent hard sphere volum
fractionfeq. OnceSsQd andx are known, the Brownian
contribution can be calculated using Eqs. (2) and (3).

We next calculate the hydrodynamic contributionhH

using the Batchelor-Green equation [4],

hH  h0s1 1 2.5fm 1 5.2f2
md . (8)

This equation is valid for spherical suspensions. F
nonspherical suspensions, viscosity increases with a
ratio. To account for the shape effect, we replace
coefficient 2.5 by the intrinsic viscosity,fhg  sh 2

h0dyh0fm, using the Jeffery equation [16],
fhg 
4b2

15

∑
14

p2s4p2 2 10 1 3ad
1

3b

p2sp2 1 1d fs2p2 2 1da 2 2g

1
6

sp2 1 1d s2p2 1 4 2 3p2ad
1

4p2 1 2 2 s4p2 2 1da
p2s4p2 2 10 1 3ad fs2p2 1 1da 2 6g

#
, (9)
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with b  p2 2 1 and a  lnfsp 1
p

bdysp 2p
bdgyp

p
b for axial ratio p . 1. We calculate

[h] at each concentration using the axial ratios extract
from SANS data.

Combining the Brownian and the hydrodynamic contr
butions, we obtain the relative viscosity as

hr 
hB 1 hH

h0
. (10)

Figure 3 shows the measured and calculated low sh
viscosity of the LDSywater system as a function o
hydrated micellar volume fractionfm. The calculation
for a hard sphere system is also shown. The effect of
long range interaction on rheological properties is signi
cant. We restrict the upper limit of LDS concentratio
d
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he
-

to 28 g dL21, which corresponds to a hydrated micella
volume fraction of 0.4. Beyond this concentration, th
structure factor can no longer be accurately evaluated
to a high axial ratio of micelle and due to a liquid cryst
phase transition (,35 g dL21).

In an ionic system, the idea of equivalent hard sphe
may be jeopardized ifks is less than 1, since the doubl
layer may subject to distortion under shear. In our ca
ks values are greater than 1, which makes the calculat
of x possible. As for using the Batchelor-Green equati
to calculate the hydrodynamic contribution, inaccura
may arise from the second order term which is deriv
based on a mean field theory. Another factor that m
affect the calculation is the polydispersity. It alters th
system compressibility leading to a slow down of th
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FIG. 3. Relative viscosityhr at low shear as a function of
hydrated micellar volume fractionsfm. The open circles are
experimental data, and the solid line is theoretical calculatio
The dashed line is a theoretical prediction for a hard sph
system.

particle diffusion at the short time limit [17]. Since we
are dealing with the low sheer viscosity, which is in th
long time limit, the polydispersity effect can be neglecte

In comparison with the work of de Schepperet al. on
hard sphere systems, this work aims at a much broa
class of fluids in a wide concentration range. Bo
Brownian force and hydrodynamic interaction are calc
lated, which is necessary for an interacting system [1
The Brownian force is calculated with the structure fa
tor determined from a scattering experiment. An equi
alent hard sphere concept is introduced to calculate
linewidth of the intermediate scattering function. The h
drodynamic interaction is estimated using the Batchel
Green equation with the particle shape factor taken in
account. This methodology, validated through the LD
system, has laid a foundation for studying the rheologic
properties of a complex fluid.
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