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We provide rigorous proofs which show that the main features of the Parisi solution o
Sherrington-Kirkpatrick spin glass, as applied to more realistic spin glass models, are not va
any dimension and at any temperature.
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The theoretical perspective provided by the Par
solution [1] of the infinite-ranged Sherrington-Kirkpatrick
(SK) model [2] has dominated the spin glass literatu
over the past decade and a half. This is partly becau
it represents the only example of a reasonably compl
thermodynamic solution to an interesting and nontrivi
spin glass model, and partly because of the novel, a
in some respects, spectacular, nature of the symme
breaking displayed in the low-temperature phase.
main qualitative features—the presence of (countab
many pure states, the non-self-averaging of their over
distribution function, and the ultrametric organization o
their overlaps, among others—have greatly influenc
thinking about disordered and complex systems in gene
[3,4]. A common working hypothesis is that the Paris
solution provides a theory of general spin glass mode
[3–5]. In particular, many authors have directly applie
its features to the study of both short-ranged mode
and laboratory spin glasses [6–9]. Support for this “S
picture”—that the main qualitative features of Parisi’
solution survive in non-infinite-ranged models—come
from both analytical [10] and numerical [11,12] work.

In this Letter, however, we prove that short-range
models such as the nearest-neighbor Edwards-Ander
(EA) model [13] have natural thermodynamic state
whose overlap distribution functions are self-averag
(i.e., do not depend on the realizationJ of the couplings).
Thus the standard SK picture is not valid. Furthermor
most of our arguments rely on little more than th
homogeneity properties of the disorder, and thus a
applicable to more realistic spin glass models such
models with long-ranged couplings or diluted RKKY
interactions [14].

We do not attempt to resolve in this paper the close
related issue of whether short-ranged spin glass mod
have many pure thermodynamic states at sufficiently hi
dimension and low temperature, or only a single pair. T
latter conjecture arises from a droplet model [15] bas
on a scalingansatz[15–17]. Rather, we assert thatif
there are many pure states, their structure and that of th
overlaps cannot be that of the SK picture [18].
0031-9007y96y76(3)y515(4)$06.00
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The SK picture.—The Parisi solution, as applied to th
EA model at fixed temperatureT , suggests that there
exist two related quantities which are non-self-averagi
(i.e., depend onJ ): (i) a staterJ ssd, which is a Gibbs
probability measure (at temperatureT) on the microscopic
spin configurationss on all of Zd, and (ii) a Parisi
order parameter distributionPJ sqd, which is a probability
measure on the intervalf21, 1g of possible overlap values.
These two are related as follows: If one choosess and
s0 from the product distributionrJ ssdrJ ss0d, then the
overlap

Q  lim
L°!`

jLLj21
X

x[LL

sxs0
x (1)

has PJ as its probability distribution. HerejLLj is the
volume of a cubeLL of side lengthL centered at the
origin in d dimensions.

In this picture the decomposition ofrJ into pure states
is countable(i.e., a sum rather than an integral):

rJ ssd 
X
a

Wa
J r

a
J ssd . (2)

If s is drawn from r
a
J and s0 from r

b

J , then the
expression in Eq. (1) equals its thermal mean,

q
ab

J  lim
L°!`

jLLj21
X

x[LL

ksxlaksxlb . (3)

ThusPJ is given by

PJ sqd 
X
a,b

Wa
J W

b

J dsq 2 q
ab

J d . (4)

Here, theWa
J ’s and q

ab

J ’s are non-self-averaging quan

tities, except fora  b or its global flip, whereq
ab

J 
6qEA (we assume throughout that there is no extern
field, although that plays no essential role). The avera
Psqd of PJ sqd over the disorder distributionn of the cou-
plings is a mixture of two delta-function components
6qEA and a continuous part between them.

The countability of the decomposition of Eq. (2) i
also employed to obtain the often-used result (see,
© 1996 The American Physical Society 515
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example, Refs. [3,6,19]) that the free energies of
lowest-lying states are independent random variables w
an exponential distribution.

Both rJ and PJ are infinite-volume quantities and s
must be obtained by some kind of thermodynamic lim
Naively, one might simply fixJ and attempt to take a se
quence of increasing volumes with, say, periodic bound
conditions. However, we argued in a previous paper [2
that the existence of multiple pure states is inconsist
with the existence of such a limit forfixedJ . Instead, there
would be chaotic size dependence, so that infinite-volu
limits can be achieved only through coupling-dependent
boundary conditions. We will see below that, nonethele
rJ and PJ can be obtained by natural limit procedure
which are coupling independent and which imply trans
tion covariance forrJ [21,22] and translation invarianc
for PJ . We ask whether this is consistent with the S
picture, which requires the following properties ofPJ and
its averageP: (1) PJ sqd is non-self-averaging. (2)PJ sqd
is a sum of (infinitely many) delta functions. (3)Psqd has
a continuous component (for allq between the delta func
tions at6qEA).

The answer is no; we will see thattranslation invari-
ance rules out non-self-averaging. This in turn makes the
absence of a continuous component inPJ inconsistent
with its presence inP. We conclude thatproperty (1)
is absent, and at most one of the remaining two prop
ties can be valid for realistic spin glass models. We will
consider below the implications of this result for other im
portant features of this picture, such as ultrametricity.

Construction ofrJ andPJ .—We first describe a limit
procedure to obtainPJ which does not involve the prior
construction ofrJ . Begin with the finite-volume Gibbs

distribution r
sLd
J sLd on the spin configurationssLd in the

cube LL with periodic boundary conditions. HereJ sLd

denotes the couplings restricted toLL. Let QsLd denote
the overlap ofssLd and a duplicates0sLd:

QsLd  jLLj21
X

x[LL

ssLd
x s0sLd

x . (5)

The distribution P
sLd
J sLd for QsLd is the finite-volume

Parisi overlap distribution function, whose average w
studied numerically in Refs. [11,12]. It was prove
in Ref. [20] that in the SK model, non-self-averagin
requiresP

sLd
J sLd to have chaoticL dependence asL °! `

for fixed J ; a similar result was suggested, though n
proved, for short-ranged spin glasses with many p
states. Because of this, we do not take a limit ofP

sLd
J sLd

directly but rather of thejoint distributionm̃L of J sLd and
QsLd. That is, by a compactness argument (which m
require the use of a subsequence ofL’s) one has a limiting
m̃, which is a probability measure on joint configuratio
sJ , qd (q being a realization ofQ) such that for any (nice)
functionf of finitely many couplings and ofq, the average
kfl for m̃ is the limit of the averages for̃mL.
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This gives us existence of ãm, which is a joint
distribution on the infinite-volume realizations ofJ and
q. Its marginal distribution forJ is the original disorder
distribution n, while its conditional distribution forq
given J is what we denotePJ . Because of the periodic
boundary conditions, the marginal distribution (und
m̃L) of J1, . . . , Jm, q is the same (for largeL) as of
Ja

1 , . . . , Ja
m, q (wherea is any lattice translation andJ a is

the translatedJ ) and thus one has translation invarianc
of the limit measurem̃. Translation invariance here
means that for anya, the shifted variablesJ a together
with Q have the same joint distribution as do the origin
J together withQ; becausen is in any case translation
invariant, this implies thatPJ  PJ a . In other words,
the overlaps do not care about the choice of origin.

The second and more fundamental procedure for o
taining PJ is first to constructrJ and then obtainPJ

as the distribution of theQ given by Eq. (1). The con-
struction ofrJ is as follows [21,22]. LetmL be the joint
distribution for J sLd and ssLd on the periodic cubeLL.
Then by compactness arguments, some subsequencemL

converges to a limiting joint distributionmsJ , sd. The
resulting conditional distribution ofs given J is what
we denoterJ ssd. m will be translation invariant (and
rJ will be translation covariant) because of the tran
lation invariance (on the torus) ofmL. Translation in-
variance means that the distributionm for sJ , sd is the
same as forsJ a, sad for any lattice vectora. In terms
of rJ , this means thatrJ a ssd  rJ ss2ad, so that, e.g.,
ksxlJ a  ksx2alJ ; thus we say thatrJ is translation co-
variant rather than invariant. Translation covariance
rJ immediately implies, via Eq. (1), translation invarianc
of PJ .

Before pursuing the rigorous implications of translatio
invariance, we discuss (on a nonrigorous level) seve
questions related to these constructions. Could differ
subsequences of cubes yield different limits? We belie
the answer is no, although we have no complete pro
because our procedure of consideringjoint distributions
(for J and q or for J and s) should avoid the kind of
chaotic size dependence discussed in Ref. [20]. Co
different deterministic boundary conditions yield differen
limits? Certain classes of boundary conditions must yie
the same limit (see Ref. [20]), but in general we cann
rigorously eliminate this possibility. However, we see n
mechanism for any such limit to violate the very wea
property of translation invariance forPJ . Could thePJ ’s
arising from our two constructions (one usingrJ and
one not) be different? Yes; in fact, they apparentlyare
different in some models [23]. Either way, since bo
PJ ’s are translation invariant, neither one can be no
self-averaging, as we now show rigorously.

Self-averaging ofPJ sqd.—To prove that translation in-
variance ofPJ sqd implies that it is self-averaging, take a
(nice) functionfsqd (like qk) and consider the function of
J , f̂sJ d ;

R
fsqdPJ sqd dq. By translation invariance,
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f̂sJ d  f̂sJ ad, but by thetranslation ergodicity[24] of
n, any translation-invariant (measurable) functionf̂sJ d is
equal to itsJ average,

R
f̂sJ dnsJ ddJ . Since this is true

for all f ’s, it follows thatPJ itself equals itsJ average.
We remark that this proof is valid for any mode

involving disorder whose underlying distribution is (lik
n) translation invariant and translation ergodic [25
For example, any analog of the Parisi order parame
distribution for spin glass models with site-diluted RKK
interactions will also be self-averaging (if it is translatio
invariant).

BecausePJ is self-averaging, we are forced to th
dichotomy that, for any temperature in any dimensio
either P s PJ d is a sum of one or mored functions
or else P has a continuous component. When the
is a unique infinite-volume Gibbs state (e.g., in t
paramagnetic phase) then of courserJ is that state and
P is a singled function at q  0. If there were only
two pure states (related by a global flip) [26], thenP
would simply be a sum of twod functions at6qEA.
But what if infinitely many pure statesra

J coexist inrJ ,

with infinitely many overlap valuesq
ab

J ? If the set of
overlap values werecountably infinite, then PJ would
necessarily be a sum ofd functions, butthe infinitely
many locations (as well as the weights) would n
depend onJ . We regard as implausible such a selecti
of preferredJ -independent values of the overlaps.
plausible alternative for multiple pure states and overla
is where the countable decomposition Eq. (2) is repla
by an integral andP is continuous.

Ultrametricity.—We briefly turn to the question o
whether ultrametricity of pure state overlaps [27] c
survive in short-ranged spin glasses, given thatPJ is self-
averaged. Clearly, this type of nontrivial ultrametrici
requires the existence of multiple pure states. As discus
above, we consider the case wherePsqd is continuous. We
now demonstrate that such an overlap distribution can
have an ultrametric structure, in the Parisi sense.

Let a, b, g1, g2, . . . denote pure states randomly s
lected from the continuum of such states [according
the integral replacement for Eq. (2)], and let their ove
laps as usual be denotedqab , etc. In the Parisi solution
these overlaps are such that, for anyk, the two smallest of
qab , qagk , andqbgk are equal. For nontrivial ultrametric
ity such as occurs in the Parisi solution, there would
positive probability that for somei and j the following
two strict inequalities occur simultaneously:

qagi , qbgi and qagj . qbgj . (6)

If ultrametricity holds, then the first inequality require
that qagi  qab, while the second inequality require
that qbgj  qab. Thus qagi  qbgj . But becausea,
b, gi , andgj are chosen randomly and independently, t
two variablesqagi  qbgj are also independent. Becau
each of these is chosen from acontinuousdistributionP,
l
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the probability that the two overlap values can be identi
is zero, and we arrive at a contradiction.

The only way to avoid the contradiction is if the tw
strict inequalities in Eq. (6)cannotoccur simultaneously.
This means that eitherqagk # qbgk for everyk or vice
versa, which implies that the pure states can be orde
into a one-dimensional continuum, and the ultramet
structure resembles a comb rather than the usual tree.

As discussed previously, self-averaging makes it i
plausible that the set of overlaps is countable. A cou
able set of overlaps would invalidate the above argum
and possibly rescue ultrametricity, but at the cost of d
stroying anything resembling the Parisi solution.

Decomposition into pure states.—What is the nature
of the decomposition ofrJ into pure states? The
possibility of a sum as in Eq. (2) (with a countable infinit
of self-averagedq

ab

J ’s) has already been ruled out a
implausible. Thus, in any reasonable scenario forrJ ,
there should be at most one pair of pure states (rela
by a global spin flip) withstrictly positive weight.

In other words, either (a)rJ is pure, (b) it is a sum
of two pure states related by a global flip, (c) it is a
integral over pure states with none having strictly positi
weight, or (d) it has one “special” pair of pure state
with strictly positive weight and all the rest with zer
weight. Case (a) occurs if the system is in a paramagn
phase, or any other in which the EA order parameter
zero. Case (b) would occur according to the Fisher-Hu
droplet picture [15], but could also occur if there existe
multiple pure states not appearing inrJ (“weak Fisher-
Huse”) [28]. Case (c) occurs if there areuncountably
many pure states in the decomposition ofrJ , all with
zero weight (“democratic multiplicity”). Case (d) (which
we regard as unlikely) occurs when one pair of pure sta
partially dominates all others, but accounts for only pa
of the total weight (“dictatorial multiplicity”).

What is the nature ofP s PJ d obtained fromrJ in the
three (nontrivial) cases (b)–(d) discussed above? Cle
case (b) implies thatP is a sum of twod functions at
6qEA, and no continuous part. If we assume in cas
(c) and (d) that varyinga and b through the continuous
portion of the pure states yields a continuously varyi
qab [but see the next paragraph for an example of ca
(c) where this assumption is violated becauseqab does
not vary but is fixed at0], then it follows that case (c)
corresponds to aP with no d functions while case (d)
corresponds to aP with d functions at 6qEA and a
continuous part. This latter case is theP predicted by the
Parisi solution, but note two crucial distinctions betwe
case (d) and the SK picture: (i) There is self-averaging,
one already obtains the continuous part ofP from a single
realizationJ , and (ii) thed functions at6qEA come from
a single special pair of pure states—not from countab
manyqaa ’s.

We remark that a case of democratic multiplici
occurs in a solution for the ground state structure in
517
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short-ranged, highly disordered spin glass model [2
We argued there that below eight dimensions, there ex
a single pair of ground states [case (b) above], wh
above eight, there are uncountably many. It is not hard
see that therJ for d . 8 corresponds to case (c) above
the states are chosen by the flips of fair coins for all
trees in the “invasion forest,” so all have equal (ze
weight. It appears that for thisrJ , Psqd is ad function at
zero. This shows that, in general, such aP does not rule
out the existence of many states.

In conclusion, we have proved that in short-rang
spin glass models a natural construction leads to a n
self-averaged thermodynamic staterJ whose Parisi over-
lap distribution PJ is translation invariant and henc
self-averaged. This demonstrates non-mean-field beha
for realistic spin glasses. The arguments, which are ma
matically rigorous, show more generally that translation
variance ofPJ is inconsistent with non-self-averaging.

In this paper we have shown that the SK picture in
most straightforward interpretation is incorrect (or at b
incomplete). Any thermodynamic theory of realistic sp
glasses will differ considerably from this picture. Th
question then is whether and how any aspects of m
field behavior can survive in such a theory. We w
address this issue in a separate paper.
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