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Structural Investigations with the Dipolar Demagnetizing Field in Solution NMR
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(Received 14 February 1996)

We have established a simple Fourier-space relationship between the structure of heterogen
samples and the amplitude of multiple spin echoes which arise in solution NMR as a result of the dip
lar nuclear demagnetizing field. We have also developed a pulse sequence optimized for structure m
surements in two component systems. The new formalism predicts the behavior of multiple spin ech
well and gives a very good description of experimental data obtained from simply structured sampl
[S0031-9007(96)00386-9]

PACS numbers: 76.60.Lz, 61.20.–p, 76.60.Pc
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The effect of the dipolar nuclear demagnetizing field
generally neglected in nuclear magnetic resonance (NM
of liquids, since it is many orders of magnitude weak
than any applied magnetic fields. In experiments wh
lead to the production of spatially modulated nuclear m
netization, the dipolar demagnetizing field can, howev
cause a significant perturbation of the evolution of m
netization. In particular, in a conventional spin echo
periment [1], where a sequence of two radio-freque
(rf) pulses applied at times 0 andte normally produces a
single echo of the NMR signal at time2te, the dipolar de-
magnetizing field leads to the production of multiple sp
echoes (MSE) occurring at multiples ofte larger than 2
[2–7]. Signals equivalent to MSE also appear in tw
dimensional NMR experiments utilizing pulsed magne
field gradients. These signals give rise to unexpec
cross peaks in the resulting spectra [8–10].

Recently, it has been proposed that through manip
tion of the demagnetizing field MSE may be used to
tract structural information [10]. This is possible becau
in the presence of spatially modulated magnetization
demagnetizing field, experienced by a particular nuc
spin, results predominantly from the local magnetizat
found at a distance less than the spatial period of mod
tion [9]. By adjusting this period, structure may therefo
be probed at varying length scales. All the magneti
tion contributes to the NMR signal in such experimen
irrespective of the period of spatial modulation. Con
quently, there is no reduction in sensitivity on moving
finer resolution, and the achievable resolution is set by
mobility of the spin bearing molecules rather than by
rect signal to noise ratio considerations as in conventio
magnetic resonance imaging [10]. Mobility is importa
since the MSE result from dipolar interactions which a
not averaged to zero on the experimental time scale.
liquids, such as water, diffusion thus sets a lower limit
the resolution of the order of 10mm.

In this Letter we demonstrate how a simple and dir
relation between the structure under investigation
the amplitude of the MSE may be developed. We a
introduce a new experiment to create MSE betw
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two components with different resonance frequenci
Theoretical predictions are compared with experimen
results obtained by application of this sequence to a se
simple structures.

MSE are generated by the dipolar demagnetizing fie
Bdipsrd, when spatially modulated transverse magneti
tion evolves in the presence of longitudinal magnetizat
which is modulated with the same spatial frequency. Su
spatial modulation can be produced by the application
suitable combinations of rf pulses and pulsed magne
field gradients [2–10]. For times of evolutiont, such that
gBdipt ø 1, whereg is the magnetogyric ratio, the de
magnetizing field generates a small perturbation of the
cal magnetizationM to give

dMsr, td  Msr, td 2 Msr, 0d ø gMsr, 0d 3 Bdipsrdt .

(1)

MSE are produced by the resulting transverse magnet
tion components,dMx anddMy.

When the polarizing fieldB0 and the equilibrium mag-
netization vectorM0 obey the conditionB0 ¿ m0M0,
only the secular part of the demagnetizing field is re
vant [2]. In this case,Bdip is given by

Bdipsrd  2
m0

4p

Z 1`

2`

d3r0 3 cos2 urr 0 2 1
2jr 2 r 0j3

3 fMsr0d 2 3Mzsr0dẑg , (2)

whereẑ is a unit vector in the direction of the polarizin
field and urr 0 is the angle betweenr 2 r0 and ẑ. This
relation can be considerably simplified by Fourier tran
formation [2], which yields

Bdipskd  2
1
3

m0
3sk̂ ? ẑd2 2 1

2
fMskd 2 3Mzskdẑg ,

(3)

with

Bdipskd 
Z 1`

2`
d3r exps2ik ? rdBdipsrd (4)
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Mskd 
Z 1`

2`
d3r exps2ik ? rdMsrd , (5)

while k̂  kyk. Using Eqs. (1) and (3), we find tha
at time t the total transverse magnetization of the s
speciesj generated by the demagnetizing field,Bdip , is

dMS
j std 

Z 1`

2`
d3r sdMxj 1 idMyjd

 2
im0gjt

8p3

Z 1`

2`
d3k

3 M1
j skd

NX
l1

ajlM
p
zlskdLskd , (6)

where M1
j skd is the Fourier transform ofMxjsr, 0d 1

iMyjsr, 0d and Lskd  f3sk̂ ? ẑd2 2 1gy2. The sum in
the integral runs over theN different spins species, an
ajl is equal to 2y3 when the difference in resonan
frequenciesjVj 2 Vlj ¿ m0gjM0l . WhenVj 2 Vl 
0, ajl  1. This difference arises because in the form
case only thez component ofBdip produced by one spin
species generates a coherent effect on the evolution o
transverse magnetization of the other spins.

Inspection of Eq. (6) indicates that the magnitude of
MSE depends on the overlap of theMzlskd and M1

j skd,
and on the variation ofLskd within the region of over-
lap. Each of the magnetization components will sh
a variation with k, dependent upon the spatial mod
lation imposed by applied field gradients, and upon
distribution of magnetization at equilibrium,

PN
l1 M0lsrd.

The latter reflects the structure of the sample. In
periments focusing on MSE, pulsed magnetic fi
gradients are generally applied so that the longitud
and transverse magnetization of each spin species ca
written in the form M1

l srd  M0lsrd
P`

n2` an,leinkm?r

and Mzlsrd  M0lsrd
P`

n2` bn,leinkm?r. This im-
plies that M1

l skd 
P`

n2` an,lM0lsk 2 nkmd and
Mzlskd 

P`
n2` bn,lM0lsk 2 nkmd. Here km de-

scribes a fundamental frequency of spatial modulat
which would be produced, for example, by evolution
the transverse magnetization of speciesl, under a linear
gradient of strengthG which is applied in the direction
ŝ for a time, tG, so thatkm  glGtG ŝ. The values of
the coefficientsan,l and bn,l depend upon the particula
sequence of rf and gradient pulses employed. La
MSE can occur when the product ofan,j and b2n,l is
nonzero for one or more values ofn, since this will yield
a significant overlap ofMp

zlskd andM1
j skd in the integral

of Eq. (6).
The pulse sequence, shown in Fig. 1, has been desi

for structure measurements in samples containing nu
with two distinct resonant frequencies,V1 and V2. In
the period that extends up to the third selective pulse,
magnetization of the first component is sinusoidally m
4972
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FIG. 1. Pulse sequence used to measure a multiple spin e
at a time t after the last 90± selective pulse. The first 90±

pulse selectively rotates the magnetization of the compon
resonating at frequencyV1 into the transverse plane. Thi
magnetization is spatially modulated by the application of
linear magnetic field gradient pulse of strengthG and duration
tG along a direction̂s. The second selective pulse at frequen
V1 tips a part of the modulated magnetization back along thẑ
direction. The remaining transverse magnetization is stron
dephased by gradient pulses. The second gradient pulse ap
in the ŝ direction modulates the transverse magnetizat
generated by the selective pulse at frequencyV2. The two
hard 180± pulses refocus the effects of static magnetic fie
inhomogeneity not generated by the demagnetizing field. T
do not perturb the evolution of the MSE.

ulated along the direction̂s. The gradient pulse after th
third selective pulse imposes a helical modulation of t
same spatial frequency on the transverse magnetizatio
the second component. After the application of this
quence, the only nonzero terms in the Fourier expansi
area21,2  1 andb21,1  b1,1  1y2, so that the ampli-
tude of the MSE at timet is

dMS
2 std  2

im0g2t
24p3

Z 1`

2`

d3k

3 fMp
01sk 2 kmd 1 Mp

01sk 1 kmdg

3 M02sk 1 kmdLskd . (7)

We have assumed the difference in resonance freque
is large enough to makea21  2y3. This equation yields
some insight into the relation between structure and M
amplitude, for varying degrees of modulation. The MS
amplitude tends to zero askm is decreased to zero. Fo
larger values ofkm, such that neitherM01skd nor M02skd
have significant contributions fork values wherek ? ŝ $

km (condition 1), the MSE is exclusively generated by t
product of Mp

01sk 1 kmd and M02sk 1 kmd in Eq. (7),
which may now be written as

dMS
2 std  2

im0g2t
24p3

Z 1`

2`

d3k Mp
01skdM02skdLsk2kmd .

(8)

Even when this condition is not obeyed, the contributi
from the termM01sk 2 kmd can be eliminated by phas
cycling. As km is increased further to a level wher
Lsk 2 kmd ø Ls2kmd, for all values ofk whereM01skd
andM02skd are nonzero (condition 2), Eq. (8) reduces
an integral of the form

dMS
2 std  2

im0g2t
3

Lskmd
Z `

2`
d3r M01srdM02srd ,

(9)
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2 depends only on the direction of modulatio

and the overlap of the magnetization distributions.
this situation, the dipolar demagnetizing field is a simp
local function of the magnetization [2]. Clearly, Eq. (
implies that for largekm the MSE amplitude will be
zero whenM01srd andM02srd do not overlap. For value
of km between the two limits described above,dMS

2
depends on the variation ofLsk 2 kmd, in the region
where the product ofMp

01skd andM02skd takes significant
values.

All the above observations are consistent with the p
viously described behavior of the MSE seen in the c
related spectroscopy revamped by asymmetricz-gradient
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echo detection (CRAZED) experiments applied to s
ply structured samples [10]. In the CRAZED experime
a gradient pulse of durationtG is sandwiched betwee
two s90±dy rf pulses. The second rf pulse is followe
by a second gradient pulse of the same strength, bu
duration2tG. This sequence generates longitudinal a
transverse magnetization such that the only nonzero
efficients in the Fourier expansion area21,l  2a23,l 
b21,l  b1,l  21y2 for all N components. In the cas
of a two component system, the amplitude of the to
transverse magnetization of the second spin species
erated by the demagnetizing field at timet after the second
rf pulse is given by
dMS
2 std  2

im0g2t
32p3

Z 1`

2`

d3k

Ω
2
3

fMp
01sk 2 kmd 1 Mp

01sk 1 kmdg

1 fMp
02sk 2 kmd 1 Mp

02sk 1 kmdg
æ

fM02sk 1 kmd 2 M02sk 1 3kmdgLskd . (10)
m-
c-
with
s,
e

ld
tion
n-
ly
on

ing
ans-
iod

x-
ent
ted
ter
po-
er

f
-
ome
c-
ea-
ple

g-
The behavior of the MSE originating from the dema
netizing field of both components can be discussed a
the same lines as above. When condition 1 is fulfilled,
transverse magnetization,dMS

2 , created in Eq. (10) by th
action of the demagnetizing field of the first componen
half as much as in the experiment of Fig. 1, descri
by Eq. (8).

In interpreting structure measurements, it is usefu
normalize the measured MSE amplitude,SMSE. This can
be accomplished by measuring the ratio ofSMSE and the
signal,SDE, generated in a normal spin echo experim
carried out, for example, on the second component
M02srd takes only two valuesM02 and zero, the ratio o
signals for the experiment of Fig. 1 is

SMSEstd
SDE


g2m0t

24p3M02V2

Z 1`

2`
d3k

3 Mp
01skdM02skdLsk 2 kmd , (11)

whereV2 is the volume occupied by the second com
nent. Measuring this ratio also has the advantage of
tially compensating for pulse imperfections and poss
T2 relaxation effects.

An important consideration in making structure m
surements via MSE is the role of diffusion. In the an
ysis above, the averaging of the dipolar interaction
distances up to 10mm, as a result of diffusion on th
NMR time scale, has been exploited as the reason for
sidering the media continuous. If the dimensions of
structure under investigation are well above this size
mobility is unrestricted along the modulation direction
can be shown, using the formalism of Refs. [3] and
that the diffusion attenuation of MSE in the experimen
Fig. 1 is given by
-
ng
e

s
d
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t
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-
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-
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n-
e
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t
,
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SD
MSEstd  SMSEstd

e2k2
mD1t0s1 2 e2k2

msD11D2dtd
k2

msD1 1 D2dt
. (12)

Here the diffusion coefficients of the first and second co
ponents areD1 and D2, respectively. When the chara
teristic dimensions of the structure are commensurate
the range over which diffusion nulls dipolar interaction
accounting for mobility is more complicated and will b
the subject of further investigations.

Generation of MSE by the dipolar demagnetizing fie
has often been discussed in conjunction with radia
damping [8,11,12]. Although the two effects differ fu
damentally, they are both potentially relevant in high
polarized samples. The effect of radiation damping
the experiment of Fig. 1 is limited, since the dephas
induced by the gradient pulses ensures that the total tr
verse magnetization vector is small during the long per
when the MSE is forming.

In order to compare our theoretical model with e
perimental data, we measured MSE with the experim
shown in Fig. 1 in five simple structures. These consis
of two coaxial glass tubes, the outer one filled with wa
(component 1) and the inner one with acetone (com
nent 2). The internal radius of the glass wall of the inn
tube, a, its external radius,b, and the internal radius o
the outer tube,c, are listed in Table I for all five struc
tures. All the measurements were recorded on a h
built 11.7 T NMR microscope [13], equipped with a
tively screened gradient coils. Figure 2 shows the m
sured and calculated variations of the ratio of the multi
spin echo and direct echo amplitudes att  140 ms as a
function of km for the five samples of Table I. The ma
netization was modulated alonĝz, with tG  1 ms and
t0  17 ms.
4973
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TABLE I. Inner and outer radius,a andb, of the small tubes
and inner radius,c, of the large tubes used to build the fiv
structured samples.

Sample a (mm) b (mm) c (mm)

1 0.52 0.70 2.15
2 0.49 0.65 2.15
3 0.35 0.49 2.15
4 0.32 0.44 2.15
5 0.32 0.44 0.56

The sizes of the structures are all such that Eq. (12)
be used. The 3D Fourier transform, in cylindrical coor
nates, of a uniform magnetization distribution confined
a tube aligned witĥz, and of half lengthd and radiusa, is

Mskz , kr , ud  4pM0
a sinskzddJ1skrad

kzkr

, (13)

where J1 is the Bessel function of the first kind and
order 1. Substituting this expression into Eq. (11) with
modulation direction̂s  ẑ, taking the limitd ! `, and
using Eq. (12) yields

SD
MSE

SDE


m0g2M01e2k2
mD1t0s1 2 e2k2

msD11D2dtd
3k2

msD1 1 D2da

3
Z `

0

dkr

kr

µ
3k2

m

k2
m 1 k2

r

2 1

∂
J1skrad

3 fcJ1skrcd 2 bJ1skrbdg . (14)

The lines in Fig. 2 show the calculated ratio ofSD
MSEySDE

at t  140 ms for the five structures of Table I. The a
tenuation due to diffusion described in Eq. (12) is we
in our experimental situation: it exceeds 10% only
le
e

.

n,

.
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em.

,

FIG. 2. Experimental and theoretical ratioSD
MSEySDE for the

five samples of Table I. The MSE amplitudes were samp
at t  140 ms with t0  17 ms. The theoretical curves ar
computed from Eq. (14) usingD1  2.5 3 1029 m2 s21, D2 
2.1 3 1029 m2 s21, andM01  0.0389 A m21.
4974
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km . 15 mm21. The agreement between the experime
tal data and the theoretical predictions is good. This
achieved in the absence of any adjustable parameters.
sequence of the curves for the four samples where
outer tube is a standard 5 mm NMR tube (samples 1
is well reproduced, showing that structural changes o
few tens of micrometers can be probed in simple arran
ments. In all cases the ratio tends to zero as expected
large values ofkm. Systematically, however, the exper
mental values for the small sample (sample 5) are slig
lower than the theoretical ones, a similar trend appears
the larger samples forkm above10 mm21. This discrep-
ancy may result from the effect of rf field inhomogene
or sample misalignment.

In conclusion, this Letter further demonstrates th
structural characteristics can be probed by measuring m
tiple spin echoes generated by the dipolar demagne
ing field, and it establishes a simple relation betwe
the MSE amplitude and the structure under investigati
The formalism introduced here can easily be extende
more complicated structures and to other measuremen
quences. Work along these lines is currently in progre

P. R. thanks the Swiss Science Foundation for a sc
arship.
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