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Diffusion of Periodically Forced Brownian Particles Moving in Space-Periodic Potentials
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The diffusion properties of overdamped particles moving in spatially symmetrical periodic potentials
subject to both symmetrical time-periodic driving and stochastic forcing are investigated [the typical
model formally readsÙx ­ 2V 0sxd 1 Ustd 1 Gstd, V sL 6 xd ­ V sxd, UsT 1 td ­ Ustd, kGstdl ­ 0,
kGstdGstdl ­ 2Ddst 2 td]. It is found that the diffusion rate can be greatly enhanced if the various
forcings are chosen in an optimal matching. In particular, we may get a diffusion rate larger than the
rate of free diffusion. [S0031-9007(96)00420-6]

PACS numbers: 05.60.+w, 66.30.Dn
i
.
[1
di
is
s

ne
t

ia
at
y
tie
m
he
m
h
ur
a
e
in
di
a

o

f

ic

-

s
ed
ain
ill
he
ate
by

a
at
he

ate

n
tial

can
is

ce-
tly
per

e
e

odic

act
he
be
n
ck
Recently, there has been great interest in studying
fluences of symmetrical forces on transport properties
particular, the works on the forced ratchets showed
4] that if a particle moves in an asymmetrical perio
potential and is forced by a symmetrical thermal no
and an also symmetrical force (which may be stocha
or deterministic) with long enough correlation time, a
current in a certain direction (according to the asymme
of the potential) may occur in absence of an appropr
bias or thermal gradients. In this case, the time-correl
force (the force breaks the equilibrium condition) pla
an important role in essentially changing the proper
of thermal systems. For the forced ratchets the asym
try of the potential is, of course, the key point for t
net macroscopic current. How do “nonequilibrium” sy
metrical correlated forces influence thermal systems w
potentials are symmetric? Are there some new feat
appearing in these symmetrical potential cases which
of fundamental significance for the relaxation process
In this Letter, we focus on Brownian particles moving
symmetrical periodic potentials, subject to time-perio
forcings and thermal noise. Specifically, we investig
the system

Ùx ­ 2V 0sxd 1 Ustd 1 Gstd ,

V sL 6 xd ­ V sxd, UsT 1 td ­ Ustd , (1)

kGstdl ­ 0, kGstdGstdl ­ 2Ddst 2 td ,

whereV 0sxd denotes the derivative ofV sxd with respect
to x. We are mainly interested in the influence
combined actions of the space-periodic potentialV sxd and
the time-periodic fieldUstd on the diffusion behavior o
the system.

A fundamental and well understood problem in phys
is the diffusion of free Brownian motion

Ùx ­ Gstd . (2)

Its exact solution in terms of probability distribu
tions with an initial state that is given byrsx, 0d ­
dsx 2 x0d can immediately be written asrsx, td ­
s1y

p
2Dt d exph2sx 2 x0d2y2Dtj. Hence, the diffusion
74 0031-9007y96y76(26)y4874(4)$10.00
n-
In
–

c
e
tic
t

ry
te
ed
s
s
e-

-
en
es
re
s?

c
te

f

s

rate reads

kDxstd2l 2 kDxs0d2l ­ 2Dt , (3)

with kDx2l := kx2l 2 kxl2. In practice, one often want
or even needs to control the diffusion rate with given fix
noise level (e.g., fixed temperature) by applying cert
deterministic forces. Obviously, the diffusion rate w
be reduced by introducing various attracting forces. T
problem of whether one can enhance the diffusion r
exceeding the diffusion rate of free Brownian motion
applying finite deterministic drivings has attracted only
little attention so far. However, this problem is of gre
theoretical significance and practical importance. T
most natural manipulation in this regard is to incorpor
certain time-dependent or space-dependent forces.

Indeed, a time-dependent forcingf Ùx ­ Ustd 1 Gstdg
alone will not suffice to produce the diffusion relatio
(3). As already mentioned with a space-periodic poten
only f Ùx ­ 2V 0sxd 1 Gstdg the diffusion process will be
obstructed by potential barriers, and the diffusion rate
be simply reduced with respect to (3). A further test
to combine both the time-periodic force and the spa
periodic gradient. We note that diffusion can be grea
accelerated if we incorporate the two forces by a pro
choice of the control parameters.

In order to show this we start from Eq. (1). For th
sake of simplicity and without any loss of generality w
consider a sinusoidal potential and a square wave peri
force

V sxd := 2 cossxd ,

Ustd :=

(
A for qT , t # qT 1

T
2 ,

2A for qT 1
T
2 , t # sq 1 1dT .

(4)

Even for the simple form (4) we cannot obtain an ex
expression for the diffusion rate. This would require t
explicit time-dependent solution of (1) which can only
approximated for smallD. On this account the Langevi
equation (LE) (1) is transformed into a Fokker-Plan
© 1996 The American Physical Society
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equation (FPE)

≠

≠t
rsx, td ­

≠

≠x
fsinsxd 2 Ustdgrsx, td 1 D

≠2

≠x2
rsx, td , (5)

and forD ø 1, T ¿ 1 we can now reduce this FPE to a master equation (ME)

ÙPi ­

(
2fR1srd 1 R1sldgPi 1 R1srdPi21 1 R1sldPi11, qT , t # qT 1

T
2 ,

2fR2srd 1 R2sldgPi 1 R2srdPi21 1 R2sldPi11, qT 1
T
2 , t # sq 1 1dT ,

(6)

where i ­ . . . , 22, 21, 0, 1, 2, . . .. Pi is the total probability contained in theith potential well, given by
Pistd :=

Rp12ip

p12si21dp rsx, td dx. Besides, the transition ratesR6sr , ld read

R6srd ­ R7sld ­
1

2p
exp

Ω
2

2 7 pA
D

æ
. (7)

Insertingfss, td :=
P`

n­2` snPnstd into Eq. (6) we obtain its exact time-dependent solution forqT , t # qT 1
T
2 as

fss, td ­ fss, 0d fF1ssdF2ssdgq exphfR1srds 1 R1sldys 2 R1srd 2 R1sldg st 2 qTdj , (8a)

and in complete analogy, forqT 1
T
2 , t # sq 1 1dT ,

fss, td ­ fss, 0dF1ssdq11F2ssdq exphfR2srds 1 R2sldys 2 R2srd 2 R2sldg st 2 qT 2
T
2 dj , (8b)
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F6ssd := exphsTy2d fR6srds 1 R6sldys 2 R6srd

2 R6sldgj .

The fluctuation follows from Eqs. (8a) and (8b) as

kDn2lt 2 kDn2lt­0 ­ fsf 0ss, tdg0
s­1 2 f 0ss, td2

s­1

2 hfsf 0ss, 0dg0
s­1 2 f 0ss, 0d2

s­1j

­ RsAdt ,

with RsAd := R1srd 1 R1sld

­ R2srd 1 R2sld , (9)

where the notation prime here represents the deriva
with respect tos. Note that Eq. (9) has exactly the sam
form as (3) with the diffusion rate changed from2D to
2RsAd. With RsAdyRsA ­ 0d ­ coshspAyDd . 1, we
can conclude that periodic modulation is preferable for
enhancement of the diffusion rate for the case ofD ø 1.
– r is

FIG. 1. Simulations of Eqs. (1) and (4) withT ­ 10 (the
sameT will be used for this figure, as well as for Figs. 2
4), A ­ 1.0. kDx2l is plotted vst for variousD’s.
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The given analysis is exact for the ME (6), wh
it only approximates the FPE (5) under the conditi
D ø 2 6 pA andT ¿ 1. In order to study the diffusio
rate in more general cases, especially looking tow
RsAd . D, we have to invoke numerical simulation
In order to integrate (1) numerically we produce wh
noise Gstd with the Box-Müller formula [5]. Note tha
the integration is realized by a single step Euler met
with time stepDt so that we have to multiplyGstd by
Dts1y2d [6]. Thus, in Figs. 1 and 2, we simulate Eq.
with V sxd andUstd given by (4). We plotkDx2l vs t for
variousD and variousA, respectively. Each data point
obtained by averaging over 104 integrations. The linea
dependence ofkDx2l on t is obvious, and shows typic
diffusion processes. In addition, we measure the qua
h := RsAdyD to describe the influences ofA and D on
the diffusion rate in a more quantitative manner.
FIG. 2. D ­ 0.2. kDx2l is plotted vst for various A’s. In
both Fig. 1 and this figure standard linear diffusion behavio
observed.
4875
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FIG. 3. h := RsAdyD is plotted vsD for variousA’s.

In Figs. 3,4 we ploth againstD, A for variousA, D.
Discussing these results in more detail, at first, we fi
h ! 1 for the caseD ¿ 1, or A ¿ 1. This result be-
longs to the fact that the system does not realize the e
tence of the space-periodic potential for largeD or A, i.e.,
that the diffusion rate should reach Eq. (3). Moreov
for D ø 1 the quantityh increases asA increases in the
vicinity of small A—note the good accordance with th
theoretical result (9). It is remarkable that some cur
are peaking at certain parameter values. This manif
the existence of optimalD’s (Fig. 3), andA’s (Fig. 4) for
the enhancement of the diffusion rate. Certainly, th
phenomena recall the effect of stochastic resonance
[7–16], whereby now this “SR” refers to the accele
tion of diffusion. That means a new diffusion mechani
with combined actions of noise, and certain properly c
sen finite deterministic forces can be much more effec
than that of free Brownian motion, since—as the m
important result—h may exceed unity in a large regio
around some optimal parameter regions. There is an
tuitive understanding of this higher efficiency: The op
mal matching of the periodic force and noise may dr
the probability peaks up to the potential hills during ea
a

FIG. 4. h vs A for variousD’s. In both Fig. 3 and this figure
one finds peaked response curves of the diffusion rate, and
diffusion rate can be much larger than that of free diffusion
optimal matching ofA andD.
4876
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FIG. 5. dx := xmax 2 xmin is plotted vsA for D ­ 0. The
high slope segments coincide with the peaks in Fig. 4.

time period. These peaks scatter at the potential barr
and are smashed into small pieces during the scatter
Finally, the probability diffuses very quickly into wide re
gions. For rather smallA andD, however, it is difficult to
push the probability up to potential hills, whereas for t
large A and D the Brownian particle simply passes ov
the hills. In both latter cases the scattering with poten
barriers is very weak, and the probabilities are kept m
centralized. Then the diffusion rates should remain sm
Without the spatial structure, such a scattering does
occur at all. Therefore, all three forces, spatially pe
odic gradients, time-periodic modulations, and stocha
stirrings are necessary, and only their optimal collect
actions generate the above features. Likewise, it is in
esting to see that theh 2 A curves are multipeaked fo
small D. The first and highest peak corresponds to
situation that the probability may be driven from a pote
tial basin to the nearest potential hill in a half period. T
second, third, etc. peaks correspond to the situation
the probability peak may be driven to the second, thi
etc. neighbor potential hills, respectively, in a half peri
(like higher harmonics).

In Fig. 5 we plotdx := xmax 2 xmin vs A for D ­ 0
and T ­ 10, wherexmax and xmin are the maximum and
the
tFIG. 6. h is plotted vsT for A ­ 1.5 and variousD’s. The
response curves are multipeaked; compare Fig. 4.
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minimum x’s in the asymptotic state. In the figure th
high slope segments correspond to an increase of
number of basins the system visits. These segm
coincide with the peaks of the response curves in Fig
That shows the close relationship between the anoma
enhancement of the diffusion rate and the relaxat
processes around potential barriers.

In Fig. 6 we ploth againstT for fixed A and various
D. Again we find multipeak behavior, in particular, fo
small D’s. The reason here is the same as the multip
structure in Fig. 4.

Finally, we would like to emphasize the great practic
importance of controlling diffusion rates. Periodic spat
gradients and time-periodic fields can be encountered v
commonly. Their realization in practice is often qui
easy so that the methods above are very applicable.
tems described by Eq. (1) are extensively investigated
science, such as in condensed matter physics for cha
particles moving in thermal surfaces with periodic pote
tials subject to certain time-varying fields, or in biolog
for finger movements [17], etc. Thus, the effects revea
in this Letter, the associated approaches for accelera
diffusion, and even the parameter regimes for effect
diffusion, may be of help for designing appropriate d
vices or for adjusting the stochastic processes to meet
ticular requirements.
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