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We study the WKB method away from the short-wave limit. Incorporating the correct phase
due to reflection at a classical turning point, in place of the usual choicepy2, can greatly improve
the accuracy of the WKB wave function in the classically allowed region. For a repulsive1yx2

potential this leads to far more accurate WKB wave functions that the usual Langer modification
potential. [S0031-9007(96)00463-2]

PACS numbers: 03.65.Sq
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The WKB wave function for a particle of massm
moving with total energyE in a potentialV sxd is [1,2]

csxd ­
1p

jpsxdj
exp

"
6

i
h̄

Z x

x0

psx0d dx0

#
, (1)

where psxd is the local momentum, psxd ­p
2mfE 2 V sxdg. It is, in general, a good approx

mate solution of the Schrödinger equation,

2
h̄2

2m
d2c

dx2 V sxdc ­ Ec , (2)

as long as the (local) de Broglie wavelengthlsxd ­
2p h̄ypsxd varies sufficiently slowly. This condition i
always violated at a classical turning pointx0, because
lsx0d ­ `. The monotonically decreasing real wa
function on the classically forbidden side of the turni
point should be associated with the oscillating wa
functions on the classically allowed side via the famo
connection formula [1,2]
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(3)

The phasefy2 in (3) corresponds to a reflection coef
cient exps2ifd in front of the wave reflected at the tur
ing point, relative to the incoming wave traveling towar
the turning point. Thephase lossf due to reflection
0031-9007y96y76(26)y4869(5)$10.00
s

at an isolated classical turning point is equal topy2 in
the semiclassical limit of short waves [1,2]. In the long
wave limit, e.g., for a free particle reflected by an infinite
steep wall, the reflection coefficient is21 and the phase
loss isp rather thanpy2. In between the limits of long
and short waves, the phase loss is, in general, a non
tegral multiple ofpy2. We demonstrate in the follow-
ing that the WKB approximation can be highly accurat
away from the short-wave limit, provided that the phas
losses due to reflection at the classical turning points a
accounted for correctly. Popovet al. [3] have recently
discussed in some detail how the ratio of theamplitudes
appearing on both sides of the connection formula (3
should be modified when the conditions of the short-wav
limit are not fulfilled, but the phase loss is taken aspy2.
This Letter focuses on how to modify the phase loss
which plays a crucial role in improving the WKB approx-
imation in the classically allowed region.

First consider the potential

Vgsxd ­
c
x2

­
h̄2

2m
g

x2
. (4)

How close the wave functions are to the semiclass
cal limit depends not on energy, but only on the di
mensionless parameterg ­ 2mcyh̄2, which is lsl 1 1d
for the 3D centrifugal potential, but can, in general
be any non-negative real number. The solution of th
Schrödinger equation which is regular at the origin
is csxd ~

p
kx Jnskxd, k ­

p
2mEyh̄, where Jn is the
© 1996 The American Physical Society 4869
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Bessel function of ordern ­
p

g 1 1y4. Asymptotically

csxd ~

µ
1 2

gsg 2 2d
8skxd2

∂
cos

∑
kx 2

µ
n 1

1
2

∂
p

2

∏
2

g

2kx
sin

∑
kx 2

µ
n 1

1
2

∂
p

2

∏
1 Osssskxd23ddd .

(5)

The classical turning point for the potential (4) isx0 ­
p

gyk, and the integral
Rx

x0
psx0d dx0 can be calculated

analytically. The asymptotic behavior of the WKB wa
function (3) is

cWKB ~

µ
1 2
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∂
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(6)

In the standard WKB method the phasef in (6) is taken
to bepy2, and the asymptotic phases in the leading t
of the exact wave function (5) and in the WKB wa
function (6) are reconciled by subjecting the poten
(4) for the WKB calculation to theLanger modification
[1,2,4,5],

g °! g0 ­ g 1
1
4 , (7)

which amounts to replacinglsl 1 1d by sl 1 1y2d2 when
g ­ lsl 1 1d. This gives the right argument of sine a
cosine in (6), but the coefficients proportional to 1ykx
and1yskxd2 are changed, so only the leading term of
agrees with the exact expression (5).

However, we also obtain the correct arguments
sine and cosine in the asymptotic expansion (6) of
WKB wave function, if we leave the potential intact a
interpret

f ­

µ
n 1

1
2

2
p

g

∂
p ­

p

2
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√s
g 1

1
4

2
p

g

!
p

(8)

as the phase loss due to reflection at the classical tur
point. The asymptotic expansion of the WKB wa
function is then identical to the exact wave function (5)
to and including terms of order1yskxd2, and the deviation
is of the order1yskxd3. The WKB wave function base
on the true potential and the phase loss (8) approa
the exact wave function more rapidly by 2 orders in 1ykx
and is a far better approximation at finite distances. T
is illustrated in Fig. 1. The phase (8) is independ
of energy; it approachespy2 in the semiclassical limi
g ! `, and it approachesp in the anticlassical (long
wave) limit g ! 0.

Now consider a smooth potential step

Vasxd ­
V0

1 1 exps2xyad
, V0 . 0 . (9)
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FIG. 1. Accuracy of WKB wave functions in the classical
allowed region for the potential (4) withg ­ 2 sl ­ 1d. The
absolute values of the difference between the WKB wa
function and the exact wave function as a function ofkx are
shown in a doubly logarithmic plot. The dashed curve sho
the result for the standard WKB wave function based on a ph
loss py2 due to reflection and the Langer-modified potenti
the solid curve shows the result for the wave function obtain
with the phase loss (8) and the true potential without Lan
modification. The straight lines indicate proportionality to 1ykx
and1yskxd3, respectively.

Asymptotically comparing the WKB wave function (3) i
the classically allowed region,x ! 2`, with the exact
solution [2] of the Schrödinger equation (2) in the ener
range0 , E , V0 leads to the following phase lossf in
the WKB wave function [6]:

f ­ d 1 2ka

∑
2ln2 2 ln

µ
1 1

k2

k2

∂
2 2

k

k
arctan

k
k

∏
, (10)

with

d ­ 2arg
Gs22ikad

Gska 2 ikadGs1 1 ka 2 ikad
. (11)

The constantsk and k in (10) are the asymptotic wave
numbers in the classically allowed and forbidden regio
respectively,

k ­ kV0

q
EyV0, k ­ kV0

q
1 2 EyV0 ; (12)

kV0 ­
p

2mV0yh̄ is the asymptotic wave number in th
allowed region at the top of the barrier, and1ykV0 defines
a scale for lengths. The phase (10) is illustrated in Fig
for various values of therelative diffusenessa ­ kV0 a.
In the limit of small a we obtain the phase loss due
reflection by a sharp step,f ­ 2arctanskykd. For a very
diffuse step, assumingka ¿ 1, ka ¿ 1 yields a phase
loss f ! py2. Note, however, that for any value ofa,
ka is always small sufficiently close to the long-wave lim
E ­ 0, andf always approachesp in this limit.
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FIG. 2. Phase lossf due to reflection by the potential step (
as given by (10) for various values of the relative diffusen
a ­ kV0 a.

For a particle oscillating between two turning pointsx1

and x2, the WKB quantization condition is obtained b
requring the total phase during one period of oscillation
be an integral multiple of2p : s1yh̄d

H
psxd dx 2 f1 2

f2 ­ 2pn, wheref1 is the phase loss due to reflection
the turning pointx1 andf2 is the phase loss atx2. This
leads to the well known formulation of the quantizati
condition,Z x2

x1

psxd dx ­

µ
n 1

m

4

∂
p h̄, m ­

f1 1 f2

py2
. (13)

TheMaslov indexm stands for the total phase loss duri
one period in units ofpy2. Allowing the phase losse
to be nonintegral multiples ofpy2 corresponds to allow
ing nonintegral Maslov indices in the quantization co
dition (13).

The phase losses due to reflection by a centrifu
potential (8) and by the smooth potential step (10) may
used to apply the concept of nonintegral Maslov indi
)
ss

to

t

n

g

-

al
be
s

to the quantization of the radial Woods-Saxon potent
which is, e.g., used in the description of atomic clust
[7],

V
sld
WSsxd ­

h̄2

2m
lsl 1 1d

x2
2

V0

1 1 expfsx 2 Rdyag
,

x . 0 . (14)

The inner and outer turning points,x1 andx2, respectively,
are close to but not exactly equal to the turning points
the centrifugal potential or the Woods-Saxon step alo
In the present application of the quantization condit
(13) we take the phase lossf1 at the inner turning poin
to be the energy-independent value (8), and the phase
f2 is taken as the energy-dependent value (10)—note
k andk are given by (12) withE replaced byV0 1 E ­
V0 2 jEj. Since the right-hand side of the quantizati
condition (13) now depends on energy, the positions
the eigenvalues are determined as the intersections of
sides of the equation. Energy eigenvalues obtained in
way are given in Table I and compared with conventio
WKB results and exact energies. In this example
present results show a maximum error of 0.0002, wh
is 2 orders of magnitude better than the standard W
results.

Next we consider the radial harmonic oscillator,

V sgd
v sxd ­

h̄2

2m
g

x2
1

m
2

v2x2, (15)

g ­ lsl 1 1d ,

for which the standard WKB method in conjunctio
with the Langer-modified centrifugal potential is know
to reproduce the energy eigenvalues exactly [5]. T
integral

Rx2

x1
psxd dx between the classical turning poin

x1 andx2 can be calculated analytically,Z x2

x1

q
2mfE 2 V

sgd
v sxdg dx ­

µ
E

2h̄v
2

1
2

p
g

∂
p h̄ .

(16)
ntial
TABLE I. Energies of the bound states in the radial Woods-Saxon pote
(14) with potential parameterskV0 ­ 1, a ­ 0.5, R ­ 30, and l ­ 1. The
exactquantum mechanical results are compared with thepresentresults obtained
via (13) with the phase lossf1 given by (8) andf2 given by (10), thesimple
WKB results in which both phase losses are taken aspy2, and the standard
WKB results obtained with theLanger-modifiedpotential and phase losspy2 at
both turning points.

n Eexact
n yV0 E

present
n yV0 E

simple
n yV0 E

Langer
n yV0

0 20.978 154 16 20.978 342 91 20.983 832 28 20.982 849 62
1 20.935 566 13 20.935 668 66 20.942 353 08 20.940 377 33
2 20.872 035 11 20.872 105 68 20.878 939 02 20.876 023 79
3 20.787 953 62 20.788 007 23 20.794 257 53 20.790 436 83
4 20.683 864 91 20.683 908 52 20.689 006 09 20.684 312 53
5 20.560 515 33 20.560 552 91 20.563 991 38 20.558 463 81
6 20.419 012 95 20.419 047 03 20.420 319 99 20.414 016 62
7 20.261 312 74 20.261 345 08 20.259 897 45 20.252 931 55
8 20.092 487 16 20.092 516 98 20.087 760 52 20.080 543 43
4871
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In the standard WKB method the centrifugal potential
subjected to the Langer modification (7), whereby

p
g be-

comes l 1 1y2, and the right-hand side of Eq. (16)
equated tosn 1 my4dp h̄ with a Maslov indexm ­ 2.
This immediately gives the correct quantum mechan
energy eigenvalues,

E ­ s2n 1 l 1
3
2 dh̄v . (17)

In the procedure we are proposing, the centrifugal pot
tial remains intact—there is no Langer modification—
the integral (16) contains the correct expression for

p
g,

viz.
p

lsl 1 1d. The right-hand side of (16) is equate
to sn 1 my4dp h̄, but we now take the phase loss d
to reflection at the centrifugal barrier to be (8) rath
than py2; at the outer turning point we use the pha
loss due to reflection by a quadratic potential, wh
can be derived via parabolic cylinder functions and
equal topy2 at the energies where we expect the eig
values to be [6]. Thus the total Maslov index ism ­
1 1 2fl 1 1y2 2

p
lsl 1 1dg 1 1, and the energies ar

again given by (17).
It is, of course, desirable to have a model-independ

prescription for calculating the phase loss without ref
ence to exact wave functions. For this, we must use
some way the information on how the wave function d
cays in the classically forbidden region, because this de
mines its logarithmic derivative at the turning point, whe
it is matched to the wave function in the classically
lowed region. One way of constructing an approxim
wave function regular at the classical turning point is
insert the WKB wave function in the right-hand side
the Lippmann-Schwinger equation,

csx0d ­
2m
h̄2

Z `

x0

sx 2 x0d fV sxd 2 V sx0dgcsxd dx ,

(18)

where the classically forbidden region isx . x0. The
derivative of (18) is

c 0sx0d ­ 2
2m
h̄2

Z `

x0

fV sxd 2 V sx0dgcsxd dx . (19)

If the potential were to vanish identically on the clas
cally allowed side of the turning point, then the matchi
condition would be

f ­ 22arctan

µ
1
k

c 0sx0d
csx0d

∂
. (20)

Inserting the decaying WKB wave function as given
the left-hand side of (3) into Eqs. (18) and (19) a
matching the logarithmic derivative according to (2
defines one way of obtaining an approximate value for
phase lossf on the basis of the WKB wave function
alone. This gives the correct valuep for k ! 0 and
should be useful for long waves.

We applied this procedure numerically to a few p
tentials,Vnsxd ­ jxjny2 sh̄ ­ m ­ 1d. The phase loss is
4872
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FIG. 3. Phase loss due to reflection by the potentialsVnsxd ­
jxjny2. The exact results (thick solid lines) are compar
with the approximate phase losses (dashed lines) derived
equation (20) using the WKB wave functions in the classica
forbidden region in the integrands of (18) and (19). The act
integral h̄21

Rx2
x1

psxd dx is shown as a thin solid line in eac
panel, and its intersection withfyp defines the ground state
energy for the respective potential.

shown in Fig. 3 together with the “exact” phase, whic
was derived by comparing WKB and exact wave fun
tions atx ­ 0. The ground state energy is given via (1
ff1 ­ f2 ­ fg by the intersection of the action integra
h̄21

Rx2

x1
psxd dx with fyp. The energies obtained usin

the approximate phases are listed in Table II together w
the exact energies and the results obtained in stand
WKB quantization withf ­ py2. The present approx
imate procedure gives ground state energies uniform
within about 6% of the exact values, whereas the stand
WKB result is 18% off forn ­ 4 and becomes rapidly
worse asn increases. Note, however, that better resu
have been obtained in the traditional WKB forn ­ 4 by
including complex-coordinate turning points [8].

The examples above show that the WKB ansatz m
be an accurate approximation of the quantum mechan
wave function away from the semiclassical limit of sho
waves, if the potential is sufficiently smooth so that t
condition of applicability is violated only near the class
cal turning points. The key to obtaining accurate wa
functions in the classically allowed region is correctly a
counting for the phase loss due to reflection at the class
turning points. For a repulsive1yx2 potential as occurs
in the radial Schrödinger equation, the correct phase
is an energy-independent constant, and it can be inco
rated into the WKB ansatz as easily as the standard ch
py2. Compared with the standard WKB wave functio
based on a phase losspy2 and a Langer modification of the
e

TABLE II. Ground state energies in the potentialsVnsxd ­
jxjny2 sh̄ ­ m ­ 1d. The exact results are compared with t
results obtained in first order WKB quantization using t
present method based on the (approximate) phase losse
Fig. 3 and using the standard procedure based on a phase
py2 at each reflection.

n 4 5 6

Exact 0.530 181 0.551 149 0.572 40
Present 0.560 664 0.586 680 0.610 3

Standard 0.433 573 0.414 535 0.400 4
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potential, the present WKB wave functions based on
correct phase loss and the true centrifugal potential
proach the exact wave function more rapidly by 2 ord
in 1ykx.
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