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Degenerate Bose Liquid in a Fluctuating Gauge Field
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We study the effect of a strongly fluctuating gauge field on a degenerate Bose liquid, relev
the charge degrees of freedom in doped Mott insulators. We find that the superfluidity is dest
The resulting metallic phase is studied using quantum Monte Carlo methods. Gauge fluctuations
the boson world lines to retrace themselves. We examine how this world-line geometry affec
physical properties of the system. In particular, we find a transport relaxation rate of the ord
2kBT , consistent with the normal state of the cuprate superconductors. We also find that the d
excitations of this model resemble those of the fullt-J model. [S0031-9007(96)00461-9]

PACS numbers: 74.20.Mn, 67.90.+z, 74.25.Fy
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Much attention has been focused on the normal s
of the cuprate superconductors, which exhibit non-Fer
liquid behavior over a wide range of temperatures.
instance, the resistivity is linear in temperature up to 1
K in optimally doped La22xSrxCuO4. Optical conductiv-
ity measurements show a Drude peak with a scattering
1yttr of the order of2kBT . The Hall resistivity is sup
pressed relative to the classical valueBynec with a 1yT
temperature dependence. The magnetoresistance is
anomalous in that it violates Köhler’s rule [1]. Anders
[2] emphasized the role of antiferromagnetic correlati
in these doped Mott insulators, and introduced the i
of a resonating-valence-bond (RVB) state, which poin
to spin-charge separation at low energies. In a ga
theoretic formulation [3,4], charge and spin are represe
by bosonic holes (“holons”) and neutral spin-half fermio
(“spinons”) interacting via a fluctuating U(1) gauge fiel

In this Letter, we study the bosonic holons as a tw
dimensional Bose liquid in the presence of a fluctuat
perpendicular magnetic field. Physically, the interact
of a boson with the transverse gauge fielda describes the
motion of a vacancy in a spin background with fluctuat
quantization axes [4]. The fluxFr due to this gauge field
represents the chirality of the spins around the plaquetr.
We treat the gauge field in a quasistatic limit (which
justify below) where we consider an annealed average
static flux distributions which scatter the bosons elastica
(In contrast, Wheatley and co-workers [5] emphasized
dissipative part of the scattering.) In the regime of stro
gauge fluctuations, the boson world lines attempt to ret
themselves [6,7], so that this system can be regarde
a bosonic analog of the Brinkman-Rice problem [8,
We find that superfluidity is destroyed even when th
is significant exchange among the bosons. This resul
a degenerate Bose metal with interesting charge dyna
such as a Drude peak in the optical conductivity, consis
with the experimental scattering rate of2kBT .

We believe that our results for the boson model
relevant to the charge dynamics of thet-J model where
electrons hop (with matrix elementt0) under a constrain
of no double occupancy and with a nearest-neighbor
0031-9007y96y76(24)y4801(4)$10.00
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exchange energyJ. In the gauge theory for the uni
form RVB state in this model [3,4], gauge fluctuations
weak coupling are described by the correlatorDsk, vnd 
kja'sk, vndj2l  sxk2 1 gjvnjykd21, wherex is the or-
bital susceptibility of the spinon fluid,g is the Lan-
dau damping coefficient,vn  2pnyb, and b  1ykBT .
These fluctuations are overdamped with a relaxation ti
which diverges as1yk3. We believe that this separation o
time scales between the holons and the gauge field h
at long wavelengths in general. This leads us to study
quasistatic limit, i.e.,Dsk, vnd ! Dsk, vn  0d dn,0, as a
minimal model for holon dynamics. The flux distributio
is then spatially uncorrelated:kFrFr0 l  sb2ybxd dr,r0,
whereb is the lattice spacing. AlthoughkF2l decreases
with temperature, the typical flux through a plaquette
of the order of a flux quantum (F0  hcye) in the tem-
perature range where the cuprates are normal:TyJ .

TcyJ . 0.1. A simple estimate using a Fermi gas giv
kF2l1y2 , s3TypJd1y2F0 . 0.25F0. A more detailed cal-
culation giveskF2l1y2.0.5F0 for T . 0.3J [10]. Such
strong fluctuations mean that the holons should be ins
sitive to the detailed value ofkF2l, and we will work with
a large but constantkF2l.

To be precise, we study in this paper the mod
described by the imaginary-time action:S  SB 1 SG ,
whereSB is the boson action for the HamiltonianHB, and

HB  2 t
X
kijl

seiaij b
y
i bj 1 H.c.d 1

U
2

X
i

nisni 2 1d ,

(1)

SG 
1

2bL2

X
k

D21sk, 0djask, 0dj2 
X

r

F2
r

2kF2l
, (2)

with Uyt ¿ 1 on anL 3 L lattice. The partition func-
tion Z for N particles is obtained by summing ove
all periodic configurations of boson world lineshxastdj
(0 , t , b, a  1, . . . , N) and all flux distributions:

Z 
Z

D a
NY

a1

Z D xa

N!
e

2SG fag2i
P

a

R
b

0
a?dxa 2 S0

Bfhxjg
,

(3)
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whereS0
B is the action for the world lines in the absen

of a magnetic field. The path integration includes wor
line configurations where the final boson positions,xasbd,
are related to the initial ones,xas0d, by a permutation of
the particle labels,a. In other words, exchange may giv
rise to world-line loops containing more than one bos
Performing the annealed average over the Gaussian
distribution, we obtain an effective action for the boso
alone:Seff  S0

B 1 S2 with

S2 
1

2b

X
aa0

Z b

0

Z b

0
D̃sssxastd 2 xa0st0dddd Ùxa ? Ùxa0dtdt0,

(4)

where D̃sxd  L22
P

kfi0 Dsk, 0deik?x is proportional to
the Green’s function of the lattice Laplacian. Thek  0
contribution is excluded because it represents a glo
change of gauge fora.

The nonlocal current interactionS2 can be bet-
ter understood in terms of the winding of the bos
world lines around the plaquettes of the lattice. F
instance, on an infinite plane, the phase factor
Eq. (3) is exps22pi

P
r wrFryF0d where wr is the

total winding number of all the world lines aroun
plaquetter. Averaging over the flux distribution give
S2  s2p2kF2lyF

2
0 d

P
r w2

r . To be more careful, we
should restrict ourselves to distributions with zero to
flux:

P
r Fr  0, which means that we should replaP

r w2
r by

P
r w2

r 2 s
P

r wrd2yL2 in the above formula
This winding-number sum has been termed the “Amper
area” of the world-line configuration [7]. We see th
in the presence of strong gauge fluctuations, the parti
function is dominated by paths with zero Amperean ar
These are “retracing paths” where each traversal of a
on the lattice is retraced in the opposite direction at so
point in time [8,9] [Fig. 1(a)], and so their contribution
Z is unaffected by the average over the gauge field.
the other hand, averaging causes destructive interfer
for nonretracing paths.

It is in fact more efficient to enumerateS2 in terms of
winding numbers. To do so under the periodic bound
conditions of a torus, we have to extend the definition
wr . This can be done for world-line configurations whi
do not have a net wrapping around the torus in eit
spatial direction. A suitable definition [i.e., one whic
preserves Stokes’ theorem,

H
asxd ? dx 

P
r wrFr, in
m-
.

e
he
ur

to
the
FIG. 1. (a) Projection of a world line onto thex-y plane
shows a retracing path. (b) A wrapping path. (c) Deco
position of (b) into a reference path and a nonwrapping path
4802
.
x

al

l

n

n
.
k
e

n
ce

y
f

r

the case of zero total flux] iswr  F̃21 H
fa0

rsxd 2

a0
Rsxdg ? dx, wherea0

rsxd is the vector potential atx due
to a test fluxF̃ placed at plaquetter, andR is an arbitrary
reference plaquette. Geometrically, this picksR to be on
the “outside” of any loop on the torus.

We now turn to world-line configurations which have
net wrapping around the torus. These configurations
signals of superfluidity. Indeed, the superfluid densityns

(per site) is given by [11]ns  kW2ly4bt, whereW 
sWx , Wyd are the total numbers of times the world line
wrap around the torus in thex and y directions, respect-
ively. In our problem, these paths pick up the rando
Aharonov-Bohm phases which thread the torus, and
should be suppressed after averaging over the ga
field. For instance, Eq. (4) givesS2  sW2

y y2bd 3P
kxfi0,ky 0 Dsk, 0d , W2

y kF2lL2yF
2
0 for a straight-line

path which wraps around the systemWy times in they
direction. In general, one can evaluateS2 for a world-line
configuration with total wrapping numbersW  sWx, Wyd
by decomposing it into a reference straight-line path w
the sameW and a set of world lines with no net wrappin
[Figs. 1(b) and 1(c)]. Terms in Eq. (4) involving th
nonwrapping part only can then be evaluated as abo
while terms involving the wrapping reference path mu
be evaluated using Eq. (4) directly. Thus we see that
wrapping configuration would give a positive contributio
to S2 of orderW2L2, and so should be strongly suppress
in the partition function. We therefore argue that, f
fixed kF2l, superfluidity is destroyed at all temperatur
asL ! `.

To establish the existence of this degenerate Bose m
and to characterize this phase, we have performed a p
integral quantum Monte Carlo simulation [12] of th
effective action withUyt  4 at 25% boson filling with
periodic boundary conditions.S2 is evaluated using the
prescription described above. Note thatS2 is real so that
there is no sign problem in the path integration. Ea
Monte Carlo step involves the reconstruction of the wo
lines, hxastdj, for all the particles (a  1, . . . , N) in an
interval of imaginary time. To ensure quantum exchan
we insist that each accepted configuration differs from
previous one by a pair exchange. Since we are intere
in the regime of strong flux fluctuations, we use a fin
grained discretization in the time direction (Dt # 0.1yt)
so that deviations from a retracing path can be samp
correctly. A reasonably large number of imaginary-tim
points is also desirable for our analytic continuation of t
dynamical quantities of interest. These factors limit o
simulations toT . 0.1t.

We have measured the superfluid fraction atT  ty6
for a range of flux variances and for system sizes up
8 3 8 lattices (Fig. 2). In the absence of gauge fields,
system has a Kosterlitz-Thouless transition atTKT . t so
that the superfluid fraction is nearly unity atT  ty6.
We find a thresholdkF2lc beyond which the superfluid
density is exponentially small (see Fig. 2).
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FIG. 2. Superfluid fraction as a function of flux variancekF2l
and system sizeL at bt  6 (tDt  0.05). Inset: a scaling
plot suggests that superfluidity vanishes atkF2lc , 1yL.

Although our system has no superfluid response, it m
still have diverging correlation lengths and diamagnetic
sponse asT ! 0, as in the classical analog of this proble
where the gauge field screens the vortex-antivortex bind
potential and the Kosterlitz-Thouless phase is destro
Such divergences do not happen for strong gauge fluc
tions. As already mentioned, boson paths are retracin
this limit and so the system has no linear response to e
nal magnetic fields. Indeed, the diamagnetic susceptib
is too small to measure in our simulation. This insensi
ity to external fields is consistent with the observation t
the Hall resistance is suppressed from its classical va
and that the magnetoresistance violates Köhler’s law [

Another consequence of the retracing of paths is
the system might form dense aggregates. Feigelmaet
al. [13] showed that this phase separation might occu
the dilute limit. However, we have not found eviden
for inhomogeneity or strong density fluctuations in o
regime of moderate density and strong on-site repulsio

We now turn to the transport properties of this syste
We use kF2l  0.5F

2
0 to ensure that we work in th

regime of strong gauge fluctuations, where the world-l
configuration has zero Amperean area. Using the ga
invariant currentjstd 

P
afxast 1 Dtd 2 xastdgyDt,

we have measured the current correlation function to
accuracy of (0.3–0.9)%. Through analytic continuat
and the Kubo formula, the ac conductivityssvd is related
to the current correlation function by

2
1

L2
kjxstdjxs0dl 

Z `

2`

ve2vtssvd
1 2 e2bv

dv

p
(5)

for t fi 0. We have performed this analytic continuati
numerically using maximum entropy techniques [14]. U
ing the kinetic energykKl, we can check, to an accurac
of 3%, the sum rule

R`
0 ssvddv  2pkKly4L2. For

the lowest temperatures (T , 0.4t), we worked at fixed
Dt andbtyL2 because the imaginary-time motion of t
bosons appears diffusive in this problem.
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FIG. 3. Optical conductivity for a6 3 6 lattice at bt 
9,6,4,2,1,0.5. Inset: kinetic energy, proportional to spec
weight. Dashed line denotes Brinkman-Rice band edge.

We find thatssvd consists of a single Drude-like pea
(Fig. 3). Since this peak exhausts the sum rule, its spec
weight is proportional to2kKl. As T decreases,kKlyN
drops below the band edge of22

p
3t for the single-

particle problem [8] and approaches remarkably close
24t per particle (Fig. 3, inset). In terms of the boso
paths, we find that the world-line loops span increas
number of periods in imaginary time as the temperat
is lowered belowT  0.5t. As T is reduced further,
these world-line loops may retrace each other, allow
larger loops and hence a lower kinetic energy. T
should be contrasted with the Brinkman-Rice result [8] f
nondegenerate particles (T ¿ t) where the weight under
ssvd decreases ask2Kl , T21.

Furthermore, the width ofssvd gives a transport
scattering rate consistent with1yttr  z kBT with z 
1.8 2 2 (Fig. 4), whereas, in the Brinkman-Rice regim
1yttr would saturate at aconstant of order t (as one
begins to see at the highestT in Fig. 4). The resistivity
r, given by the peak height, is consistent with a line
e
e-

n

-

FIG. 4. Transport: Resistivity (solid symbols) and scatter
rate (hollow symbols) as a function of temperature. Scatte
rate is deduced using the half-height ofssvd.
4803
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temperature dependence ofre2yh  s1y2pn0dkBTyt for
T , 2t (Fig. 4), wheren0 is the boson number densit
We estimate a statistical error of 5% forr by examining
fluctuations due to deviations in the current correlat
function [15]. (There are also systematic errors due
the smoothing of structures.) There appears to b
systematic deviation from the linear-T behavior below
T  0.3t. This deviation is stronger forr than for1yttr .
The difference can be attributed to theT dependence o
the Drude weight discussed above.

Our resistivity agrees, to within a factor of 2, wi
Jaklič and Prelovˇsek [16] who provided an approxima
diagonalization of thet-J model on4 3 4 lattices and
found a Drude peak with width2kBT . They also found
a broad background, and interpreted it with a frequen
dependent scattering rate. This is absent in our bo
model, and may be due to the absence of fermion deg
of freedom or our neglect of gauge-field relaxation.

Finally, we examine the dynamic structure fac
Ssq, vd, related to the density correlation function by

1
L2

knqstdn2qs0dl 
Z `

0
se2tv 1 e2sb2tdvdSsq, vd dv,

(6)
where nqstd 

P
a eiq?xastd. This should be relevant t

electron energy loss experiments. The loss of long-ran
phase coherence means that the structure factor doe
have sharp phonon peaks as in the superfluid phase.
fixed q, Ssq, vd has a broad peak as function ofv. For
q in the (p , p) direction, these peaks coincide remarka
with features found in the exact-diagonalization study
Eder, Ohta, and Maekawa [17] at a similar hole den
o

.

er

I.

. B
FIG. 5. Dynamic structure factor. Solid lines: our results f
a 6 3 6 lattice at bt  6 with t  0.9t0. Dashed lines:t-J
model with 4 holes in an 18-site cluster witht0yJ  2.5 [17].
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(Fig. 5), after a moderate rescaling tot by a factor of 0.9.
On the other hand, our results differ from those of Ed
et al. in the (p, 0) direction. These authors found tw
peaks in the structure factor whereas we find only one.

In summary, we have studied a degenerate Bose sys
which is metallic due to elastic scattering with rando
gauge fields. We have demonstrated that many feature
this model, such as the longitudinal transport time, inde
mimic the behavior of the fullt-J model and the norma
state of the cuprate superconductors.
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