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First-Order Symmetric Hyperbolic Einstein Equations with Arbitrary Fixed Gauge
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We find a one-parameter family of variables which recast the3 1 1 Einstein equations into first-order
symmetric hyperbolic form for any fixed choice of gauge. Hyperbolicity considerations lead us to a
redefinition of the lapse in terms of an arbitrary factor times a power of the determinant of the 3-metric
under certain assumptions, the exponent can be chosen arbitrarily, but positive, with no implication o
gauge fixing. [S0031-9007(96)00413-9]
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The issue of setting up a well-posed initial-val
formulation for general relativity has been studied w
the help of varied strategies, including special gau
and higher-order formulations [1]. Recently, a renew
interest [2] in the problem has arisen, in connection w
the numerical evolution of the Einstein equations aw
from an initial hypersurface. Although the relevan
of a manifestly hyperbolic formulation to the numeric
integration of the Einstein equations is not yet clear, i
believed that a code tailored in a hyperbolic formulat
would share properties of the exact system; namely
would guarantee uniqueness and stability of soluti
evolved from proper initial data. However, technic
issues, associated with the discretization of the equa
and the precision of the approximation, which m
concern numerical stability, are not necessarily ruled
by a pure theoretical hyperbolic development.

In regards to the manifest hyperbolicity of the Einst
equations, the relevance of gauge choices has long
a question open to consideration. The gauge free
of 3 1 1 general relativity is embodied by the lap
function and shift vector, which are completely arbitra
since their evolution is not determined by the theory.
general, a theory expressed in terms of equations on fi
which admit gauge freedom may not admit a well-po
formulation unless improper gauge choices are ruled
or the true gauge-invariant variables of the theory
found. A typical example is Maxwell’s theory; on the o
hand, it admits a hyperbolic formulation at fixed gau
and in terms of gauge-invariant variables as well; on
other hand, anomalous gauges can be found for which
resulting system does not have a well-posed initial-va
formulation.

Our intention is to give an explicit argument to rewr
the 3 1 1 Einstein equations into a manifestly we
posed form, without the need of resorting to a choice
gauge. It has certainly been known that general relati
in special gauges can be set in symmetric hyperb
form [3]. Furthermore, it has recently been shown th
for certain special first-order variables, general relativ
0031-9007y96y76(25)y4667(4)$10.00
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admits a symmetric hyperbolic formulation for arbitra
fixed gauge [4,5]. Here we extend the existing results
showing that, under certain assumptions, there is a o
parameter family of new first-order variables for gene
relativity which satisfies first-order hyperbolic evolutio
for arbitrary but fixed choice of gauge.

Several concepts of hyperbolicity (e.g., strict, stron
can assert the well posedness of a system of partial dif
ential equations (PDE’s). Among all different concep
symmetric hyperbolicity is especially appealing, for th
reason that most interesting physical systems admit a
mulation of this type [6]. Symmetric hyperbolicity i
based on the symmetry properties of the differential o
erator [7]; therefore, multiple eigenvalues, which usua
occur due to the presence of symmetries, play no role
opposed to the case of other types of hyperbolicity. T
reason for the well posedness in the symmetric-hyperb
case is that the energy norm (an integral expression
terms of the fields) at later times can still be seen to
bounded by the norm at the initial time, because of c
cellation of terms under integration by parts. The symm
try of the differential operator in the evolution equation
guarantees the cancellation.

In the following, we set up the problem of gener
relativity in the3 1 1 formulation due to Arnowitt, Deser
and Misner (ADM) in a noncanonical (though widel
used) choice of variables, i.e., the intrinsic metric a
the extrinsic curvature of the spatial hypersurfaces.
then redefine the variables in order to reduce the sys
to first order; the redefined variables depend on a se
parameters to be fixed by hyperbolicity consideratio
Finally, we use the argument of the cancellation of ter
under integration by parts in the energy norm to determ
the parameters. In the process, we find that the la
function must be redefined in terms of the determina
of the 3–metric, without any loss of gauge freedom.

In order to fix notation, we summarize some necess
points of the 3 1 1 formulation. The3 1 1 splitting
of the fully four-dimensional formalism consists of
spacelike foliation by the level surfaces of a functio
© 1996 The American Physical Society 4667
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tsxad. The unit normal form isna  2N=at, whereN
is the lapse function. The unit normal vector is given
na 

1
N sta 2 Nad, where Na is the shift vector. The

metric gab induces a 3-metric on the spatial surfac
by hab  gab 1 nanb. In a coordinate systemhx0, xij,
i  1, 2, 3, adapted to the surfaces (such thatt  x0), the
induced metrichab reduces tohij . The extrinsic curvature
of the 3-surfaces is defined byKab ; 1

2 £nhab, and is also
a 3-tensor.

The equations for the evolution of the intrinsic co
travariant metrichij can be taken as (from [8], with th
notation of Chap. 10 and App. E of [9])

Ùhij  2NKij 2 DiNj 2 DjNi , (1)

ÙKij  NfRij 2 2KikKj
k 1 KijK

2 ksssSij 2
1
2 hijsS 2 rddddg 2 DiDjN

1 NkDkKij 2 KikDkNj 2 KjkDkNi . (2)

The notations?d stands for£ta or simply ≠y≠t. Indices
i, j, k, . . . are raised and lowered with the 3-metrichij ;
the operatorDi is the covariant derivative with respect
the 3-metrichij [9]. For any 3-tensorUij , the notation
U stands for its trace with respect to the 3-met
U ; Uk

k. The matter tensorSij is the projection of
the four-dimensional stress-energy tensorT ab into the
spatial hypersurfaces, andr is the projection ofTab in the
direction normal to the surfaces. The results derived
this Letter do not depend strongly on the particular ma
source, but hold for any sources that admit a first-or
symmetric hyperbolic formulation on their own.

Equations (1) and (2) for the fieldsshij , Kijd are
supplemented by the constraints

C := 1
2 sR 1 K2 2 KijKijd 2 kr  0 , (3)

C i := DjKij 2 DiK 2 kJi  0 , (4)

whereJi is the mixed projection ofTab onto the hyper-
surface and the normal. IfC and C i can be shown to
be conserved as a consequence of (1) and (2), then
constraints need only to be imposed on an initial hyp
surface. This will be our point of view in the following.

Introduction of the parameters.—In order to show tha
there exists a one-parameter family of variables for wh
general relativity takes a first-order symmetric hyperbo
form, we first introduce a set of four parameters,a, b,
g, and ; we eventually require the parameters to sat
a set of three algebraic conditions that guarantee
hyperbolicity.

Two parameters,a and b, are used to redefine var
ables as follows:

Mij
k ; 1

2 shij
,k 1 ahijhrshrs

,kd , (5)

Pij ; Kij 1 bhijK . (6)

The definition (5) reduces the Einstein equations
first order. Note that the variableMij

k represents the
4668
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spatial derivative of the densitized 3-metric,Mij
k 

1
2 hash2ahijd,k , whereh is the determinant ofhij . Equa-
tions (5) and (6) can be inverted into

hij
,k ; 2

µ
Mij

k 2
a

3a 1 1
hijMk

∂
, (7)

Kij ; Pij 2
b

3b 1 1
hijP , (8)

with the notationMk ; hijMij
k .

A third parameter,g, is introduced in the evolution
equations to allow for a combination of (1) and (2) wi
the constraints (3) and (4). In this way, the princip
part of the evolution equations (1) and (2) can
modified. The constraints (3) and (4) will be assum
to be conserved by the resulting equations. Sinceg plays
a crucial role in the hyperbolicity of the system, in th
following we point out its exact place in the evolutio
equations.

The evolution equation forMij
k can be obtained by

first, taking a space derivative≠y≠xk of Eq. (1), and then
tracing and combining the resultant equation accord
to the definition (5). We also add the vector constra
C i with an appropriate—uniquely determined—facto
obtaining the following:

ÙMij
k 

1
2 ssss Ùhijd,k 1 as Ùhijhrs 1 hij Ùhrsdhrs

,k

1 ahijhrss Ùhrsd,kddd 2 Nd
si
k C jd. (9)

If Eq. (1) is used in the right-hand side of (9) to elimina
time derivatives in favor of space derivatives of the n
fields, the right-hand side becomes a combination of
fields hij , Mij

k, Pij , lapse, shift, and sources; first-spa
derivatives ofMij

k, Pij , lapse, and shift; and second
space derivatives of the shift. This equation is sho
explicitly below [Eq. (17)], correct to principal terms.

The evolution equation forPij is obtained directly from
Eq. (2), by the appropriate combination with its trace,
prescribed by the definition (6). We also add the sca
constraintC with a suitable factor:

ÙPij  ÙKij 1 bs ÙhijK 1 hij ÙhrsKrs 1 hijhrs
ÙKrsd

1 2NghijC . (10)
When Eqs. (1) and (2) are substituted appropriately
(10), the right-hand side becomes a combination of
fields hij , Mij

k , Pij , lapse, shift, and sources; firs
space derivatives ofMij

k, Pij , lapse, and shift; and
second-space derivatives of lapse. This equation is sh
explicitly below [Eq. (16)], correct to principal terms.

The fourth parameter, , is introduced in order to
redefine the lapseN by

N ; h2s3a11dey2Q , (11)
for an arbitrary functionQ. The lapse is thus redefine
without loss of generality; the gauge freedom is tra
ferred toQ, and the parameter remains to be specified
Notice that

N,k

N
; eMk 1 slnQd,k . (12)
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Since second derivatives of the lapse appear in (10),
redefinition allows for a modification of the princip
terms in (10).

Hyperbolicity imposed on the system.—We define the
“energy norm” of the system at timet as

Estd 
1
2

Z
S

hijhij 1 PijPij 1 Mij
kMij

k , (13)

where the integration is performed on the surfaceS

defined byt  const. The spatial symmetry of the syste
is guaranteed if the principal terms in the time derivat
of the energy [10] can be combined into total divergenc
since in this case their contribution to the energy estim
would vanish.

The time derivative of the energy, correct to princip
terms, is

ÙEstd 
Z

S

Ùhijhij 1 ÙPijPij 1 ÙMij
kMij

k . (14)

The evolution equations (1), (9), and (10) can be u
to trade time derivatives for space derivatives in (14).
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the principal terms can be eliminated under integration
parts, then the system becomes hyperbolic.

In the following we write the principal terms of th
evolution equations and find the conditions that
necessary to symmetrize the system.

The Ricci tensorRij is needed in terms of the ne
fields. Recall

Rij  G
k
ij,k 2 G

k
ki,j 1 Gk

ijG
l
kl 2 G

k
ljG

l
ki ,

with G
k
ij  2

1
2 hilhkl

,j 2
1
2 hjlhkl

,i 1
1
2 hklhirhjshrs

,l. In
terms ofMij

k, the connectionGk
ij takes the form

Gk
ij  2 2hlsiM

kl
jd 1 hklhirhjsMrs

l 1
2a

3a 1 1
d

k
siMjd

2
a

3a 1 1
hijhklMl . (15)

The principal part of (10) is then
ÙPij  NkPij
,k 1 N

µ
hklMij

k,l 2 2hlsiMjdk
l,k 1

2a 1 1
3a 1 1

hikhjlMk,l 1
2bsa 1 1d 2 a

3a 1 1
hijhklMk,l 2 2bhijMkl

k,l

∂
2 hikhjlN,kl 2 bhijhklN,kl 1 2Nghij

µ
2Mkl

k,l 1
a 1 1

3a 1 1
hklMk,l

∂
. (16)
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The principal terms of (9) are the following:

ÙMij
k  NlMij

k,l 1 N

µ
Pij

,k 1
a 2 b

3b 1 1
hijP,k

∂
2 2Nd

si
k Pjdl

,l 1 2N
b 1 1

3b 1 1
d

si
k hjdlP,l . (17)

In view of (16) and (17), the cancellation und
integration by parts in (14) takes place if the followin
algebraic conditions are imposed on the parametersa, b,
g, and :

2a 1 1
3a 1 1

2 e  0 , (18a)

b 1 1
3b 1 1

1 b 1 g  0 , (18b)

2sb 1 gd sa 1 1d 2 a

3a 1 1
2

a 2 b

3b 1 1
2 be  0 . (18c)

Condition (18a) has the effect of the cancellation
the fourth and seventh terms in (16), even before th
contribution to the energy is considered. This is done
this way, because the fourth term in (16) has no symme
counterpart in (17) with respect to its contribution
the energy, and, therefore, needs to be eliminated f
the system. Condition (18b) guarantees the cancellat
under integration by parts, of the sixth and ninth ter
in (16), together with their symmetric counterpart, i.
the fifth term in (17). Lastly, condition (18c) guarante
the symmetry of the fifth, eighth, and tenth terms in (1
with the third term in (17), which subsequently make
contribution to ÙE.
f
ir
n
ic

m
n,
s
,

)

With the assumptions thatQ . 0, that hij is positive
definite, that the algebraic conditions (18) are met by
four parametersa, b, g, and , and that the constraintsC
andC i are conserved, the fieldsshij , Mij

k , Pijd satisfy a
symmetric hyperbolic system of PDE’s, namely Eqs. (
(9), and (10), with the initial data constrained by (3), (4
and (5).

Notice that the conditions (18) leave free one of t
four parameters. Any one of the parameters can be ch
freely, within a real range that allows for real values f
the remaining three parameters as solutions of (18).
instance, ifa is considered as the free parameter, thena

can take values ins2`, 21y2d, while b must be chosen
as a root of the following quadratic equation:

3b2 1 2b 1
s3a 1 1d sa 1 1d 1 1

s2a 1 1d
 0 . (19)

A most interesting choice of variables isPij  Kij 2

hijK (proportional to the canonical ADM momentum), o
b  21. This choice ofb, in turn, fixesg  1, a 
21, and e  1y2. The redefinition of lapse become
N  Q

p
h, and the number of terms in the principal pa

in Eqs. (16) and (17) reduces considerably. Regard
the propagation of the constraints, forg  1 it can be
shown that the Bianchi equations imply a homogene
symmetric hyperbolic evolution system forC and C i .
It follows that the constraints are conserved. This c
was explored earlier by the authors, and has been fo
suitable for the development of a smooth Newtonian lim
[4] if certain gauge choices are imposed in addition to
4669
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well-posed formulation. Most remarkably, forg fi 1 the
evolution of the constraints is not symmetric hyperbo
nor strictly hyperbolic, and the validity of the assumpti
of the conservation of the constraints must be stud
carefully. The details will soon appear elsewhere.

Equation (18a) shows that the exponent of
p

h in the
redefinition of the lapse (11) is equal to2s2a 1 1d, being
thus any positive real number, but never zero. Thus,
not possible to have a set of variables of the form (5) a
(6) with symmetric hyperbolic evolution without relatin
the true lapseN to the 3-metric.

The system (1), (9), and (10) has a nontrivial s
of characteristics [11]. Using the notationja ; sy, jid
whereji has unit norm with respect tohij , it is immediate
to see thatja is characteristic iftaja  0 (for any a).
Furthermore, by essentially the same arguments a
[5], it can be shown that covectorsja satisfying either
jaja  0 or naja  0 are also characteristic (for an
a). There are no other characteristics ifa takes the value
21, as in [4]. Therefore, ifa  21, the characteristics
are null (with speedsNiji 6 N), or timelike and either
tangent tota (with zero speed) or tangent to the norm
direction na (with speed Niji). However, if a fi 21
the system may have other characteristics,in addition to
these,with speeds that may depend (nontrivially) on t
choice ofa. The details will also appear elsewhere.

In this work the choice ofNi and Q is arbitrary but
given. The gauge must be specified in order to integr
the equations. On the other hand, the hyperbolicity of
system holds independently of the choice of gauge. T
fact that gauge fixing is required is not troublesome;
variables themselves are not gauge-invariant fields.

In order to avoid confusion, we point out that by fixin
a gauge we understand a nondynamical specification
Ni and Q as a priori known functions for all time,
independent of the evolution of the new fields. In th
way, Ni and Q act as known sources. If the gaug
were specified dynamically (explicitly, or implicitly via a
equation) as a function of the new fields, then the princi
part of the evolution equations would be modified. T
results proven here do not guarantee the well-po
evolution of such a choice of gauge; in fact, it is n
hard to see that, in general, the well posedness would
hampered.

The system shown here shares, with other hyperb
formulations, the property of manifest first-order flu
conservative form, which makes it suitable for the a
plication of general numerical integration techniques [1
(no numerical applications of this formalism have be
4670
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]

investigated as of now). Aside from that, we find it ve
appealing for its remarkable simplicity and clarity.
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