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Diffusing Light Photography of Fully Developed Isotropic Ripple Turbulence
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The instantaneous height of the entire surface of a fluid executing high amplitude motion ca
obtained by photographing light that has been forced to diffusethrough the liquid. This technique
has been applied to resolve solitons and observe the frequency and wave-number spectra o
turbulence. Higher order correlations and various models of turbulence can be probed with this m
[S0031-9007(96)00368-7]

PACS numbers: 47.27.Gs, 47.20.Ky
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An abiding goal of the physics of continuum mechan
is to understand the fate of energy which is injected int
system so as to drive it far from equilibrium. Prior to i
dissipation into heat the energy throughput experience
competition between randomization and structure form
tion which in the limit of high amplitude is the problem o
turbulence. Capillary waves which propagate on the s
face of a fluid make these issues accessible to experim
tal investigation with a table-top apparatus. At low leve
of excitation structural symmetries akin to crystals w
dislocations [1], quasicrystals and quantum scars [2]
be seen. Here we report a new imaging technique wh
makes it possible to simultaneously measure at over6

points the position of a fluid surface whose variations
height are so large that the spectrum of ripple motion
fully developed wave turbulence. For vortex turbulen
[3,4] this limit has been demonstrated in nature [5] wh
laboratory work even at major facilities [6] has been lim
ited to measurements at a couple of points. The ac
sibility of capillary wave turbulence to controlled labor
tory measurements makes it possible to probe not only
power spectrum but also the transition to turbulence,
“Stosszahl ansatz,” motion on ultralong time scales a
collective modes of turbulence. These correlations pr
the foundations of our understanding of turbulence and
beyond the range of various dimensional and kinetic t
ories of vortex and wave turbulence [3,4,7–12].

For capillary waves knowledge of the surface heighz

as a function of position$r and timet uniquely character-
izes the motion. In order to quantitatively measurez s$r, td
for high amplitude motion we suspend in the water 0.0
concentration of polystyrene spheres [13,14] whose dia
eter (1mm) maximizes the scattering of visible light. Th
concentration is small enough so as not to affect the
cosity [15] but large enough so that light is scattered
strongly that it diffusesthrough the water [16]. Figure 1
displays a rendering of the surface when a cell conta
ing the fluid s16.5 3 19 3 3 cm deepd is parametrically
excited by vibration (at 50 Hz) perpendicular to the fr
surface at low and high amplitudes.

To obtain the photos from which Fig. 1 is construct
a flashlamp is used to illuminate the transparent bottom
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the cell for 6msec. The light then diffuses through th
water to the top surface where it is photographed w
a Princeton Instruments charge coupled device (CC
camera s1024 3 1024 pixelsd with 16 bits of dynamic
range (65 000 gray scales) focused on the surface
a lens. To minimize photon shot noise the signal w
binned into512 3 512 superpixels. The exiting intensit
is inversely proportional to the local depth so that dar
regions are highersz . 0d and the lighter regions ar
lower than the undisturbed surface heightsz  0d.

Quantitative information about the surface is obtain
by calibrating the transmission of light as a function
fluid depth [17]. For the CCD, experimental paramet
can be adjusted so that the change in intensity w
depth is 1500 gray scales per mm (the sensitivity
6 electrons per gray scale which are recorded with
quantum efficiency of 80%) and is linear within 10% ov
the measured range of heights. Deviations from linea
are corrected for, pixel by pixel.
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FIG. 1. Renditions of diffusing light photos of the surfac
of water at low (top) and high amplitudes of excitation. Th
photos record light that diffusesthrough the fluid, in contrast
with shadowgraphs which image the arrival of light fronts (an
caustics) on a diffusing plate above the system being prob
Displayed is a7.55 3 7.55 cm region of a photo which records
15.1 3 15.1 cm. The square patterns characteristic of lo
drive have an rms displacement of 0.17 mm and the turbul
state has an rms amplitude of 1.5 mm.
© 1996 The American Physical Society
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The diffusing light technique works when the transp
mean free path (the distance over which a ray sca
through a large angle) of the light is larger than the surf
displacementz but smaller than the fluid depth [17]. A
important feature of this new method of imaging is th
the local surface slope does not affect the amoun
light transmitted through a small aperture focused o
the surface. Changes in the solid angle of collected l
due to refraction are offset by changes in the surface
subtended by a fixed aperture.

In the absence of polyballs, light propagating throu
the water will suffer varying amounts of refraction as d
termined by the local curvature of the surface. The exi
rays form distinctive shadowgraph patterns on a diffus
glass plate locatedabovethe surface [2,18]. For ampl
tudesz , substantially smaller than those shown in Fig
these rays cross and form caustics and so prevent th
convolving of z from the shadowgraph. The higher t
amplitude, the worse is this catastrophe. The advan
of the diffusing light technique is demonstrated by
smoothness of the renditions in Fig. 1 and is also ill
trated by Fig. 2 which shows a topographical reconst
tion of the instantaneous state of a nonpropagating so
[19]. The surface slopes (i.e., Mach numbers) in this s
range from11 to 21, yet no distortions are apparent;
fact, cross sections taken along the length of the cha
accurately match the hyperbolic secant profile charact
tic of this high amplitude self-localized motion [20].

Figure 3 displays the power spectrum of the motion
obtained by averaging the Fourier transforms of many p
tos taken under the same conditions as Fig. 1 (botto
Note that the harmonic response characteristic of low d
levels transitions to a broadband spectrum at high am
tude. The high amplitude or wave turbulent motion is ch
acterized by a peak at the wave number6.4 cm21 (which
corresponds to the primary parametric response at 25
half the drive frequency) where energy is injected into
fluid. The energy then cascades to shorter waveleng
o
igh
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FIG. 2. Perspective of a high amplitude nonpropagating s
ton on the surface of water reconstructed from a diffusing l
photo. The soliton is localized along the length of the ch
nel. Note the different scales for the length and width of
channel.
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higher wave numberk where the energy per unit wav
number is proportional to a power of “k.” This is the in-
ertial region of the turbulent motion. At still higher wav
numbers the spectrum merges into the noise. The trian
lar points in Fig. 3 show the power spectrum contained
a 45± segment of the Fourier transform of a single pho
Since it closely approximates the average, we conclude
the wave turbulence is isotropic. Parametric excitation
waves differs from wind generated waves [21] in that the
is no preferred direction.

The power law for the spectrum in the inertial regio
can be derived in parallel with Kolmogorov’s law o
vortex turbulence. IfEk denotes the ripple energy per un
area betweenk and 2k then the rate at which nonlinea
interactions cause energy to rollover (or cascade) to
range (2k,4k) is given by

dEk

dt

É
1

ø G2vkE2
kys 2 4mk2Ek , (1)

where s is the surface tension andm is the kinematic
viscosity. The nonlinear coefficient of interaction [22]
given by

G2  8p4y13 . (2)

For capillary waves the dispersion law bends upward

v2  ssyrdk3, (3)

wherer is the fluid density. According to this so-calle
decay spectrum two capillary waves can interact to cre
a third wave. For this reason the lowest order nonline
term, as in Eq. (1), which describes the change in
spectrum of ripples due to scattering, is quadratic in t
r-

z;
e
or

li-
t
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FIG. 3. Spectrum of surface height motion as a function
wave number as obtained from Fourier transforms of Fig
The triangles display the power in a 45± sector of the Fourier
transform as obtained from a single photo. The straight line
a slope of24.2. For reference the frequency as determined
the dispersion law is plotted on the top axis.
4529
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energy. In addition to the cascade driven by this nonlin
term, energy can be lost due to linear viscous damp
Turbulence results when the reversible nonlinearities b
out the linear (viscous) damping, or

1yt1 ; G2vkEkys ¿ 4mk2. (4)

The dashed line in Fig. 3 indicates the threshold wh
must be exceeded for the turbulent state to be realized
follows from Eq. (4) when “¿” is replaced with a factor
of 10. The motion clearly meets this criterion.

The form of Eq. (1) is dictated by the three ripple i
teraction, dimensional considerations, and the locality
interactions ink space [7,8]. In a steady state charact
ized by an energy throughput “q” the energy rollover is
independent ofk so that when (4) applies:

Ek ø fqsyG2vkg1y2. (5)

In the continuous limit (5) implies that the spectrum
surface motion obeys

z 2svd ø q1y2s1y6yr2y3v17y6, (6)

z 2skd ø q1y2r1y4ys3y4k15y4, (7)

where power spectra ink and v are connected by th
relationZ `

0
z 2skddk 

Z `

0
z 2svddv  kz s$rd2l , (8)

where k l denotes the average value and the total ene
density of ripple motion is

E  s
Z

k2z 2skddk . (9)

Turbulent physical systems with energy densities t
follow powers ofk andv include vortex motion induced
by tides [5], Alfvén waves in the solar wind [23], an
surface gravity waves in a stormy sea [24]. Even
distribution of wealth in widely disparate economi
follows such a law which was originally referred to
a Pareto distribution [25].

Another criterion for turbulence, which in fact distin
guishes it from chaos, is that turbulence involves ma
modes. That is, there must be many modes activ
within the bandwidth due to the nonlinear rollover ra
1yt1svd. If the number of excited modes per unit fr
quency isNsvd then turbulence occurs when also

Nsvdyt1svd ¿ 1 . (10)

[The density of capillary modes available for excitati
is N0svd  Sv1y3y3pssyrd2y3 where S is the surface
area.]

An independent measurement of the frequency dep
dence of the ripple motion was obtained with a photodio
focused onto a 200mm diameter spot on the surface. U
ing continuous illumination, data were acquired at a sa
pling rate of 4 kHz with 16 bits of resolution. The pow
spectra (again) show that as the amplitude of excita
is increased motion at harmonics of half the drive tran
4530
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tion into a broadband turbulent power spectrum [26] t
extends for almost one decade in frequency with an ex
nents23.2d that is close to that of Eq. (8). The data ind
cate thatz 2svd is fdvydkg21z 2skd as taken from Fig. 3.
The similar structure of the spatialk and temporalv spec-
tra shows that the breadth of the spectrum is due to a la
density of excited modes. That is, we are measuring
bulence and not chaos.

Attempts to derive a kinetic equation [7–9,11,12,27]
the nonlinear evolution of normal modes make a num
of fundamental assumptions which can now be tes
for the turbulent state. These include smoothness of
underlying distribution, retention of the leading order in
multiple time scales expansion, and a Stosszahl ansa
a lack of statistical correlation between energy in differe
modes. This cross correlation is defined by

kz 2svidz 2svjdlykz 2svidl kz 2svjdl 2 1  Pij , (11)

wherePij  0 for i fi j when the modes are uncorrelate
Figure 4 showsPij for i  300 and 25 Hz. The degree
of correlation is significant especially the (unexplaine
bump in the turbulent regime at around 400 Hz. Whet
this peak is due to the excitation of a collective mode
turbulence will be answered by future investigations.

As the amplitude of sinusoidal excitation of water
increased its surface motion, fork andv, displays a tran-
sition to broadband motion characteristic of wave turb
lence. Wave-number spectra have been obtained by d
measurement without the need to invoke strong assu
tions such as the “Taylor hypothesis” [6]. Although th
power spectrum (Fig. 3) defines the turbulent state,
versatility of the new imaging technique enables one
look beyond Fourier decomposition and probe assum
tions which underlie various theoretical approaches to
bulence (Fig. 4).
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FIG. 4. Cross correlation between motion at different freque
cies. The peak in the deviation from the Stosszahl ansat
400 Hz in the turbulent state is unexplained. Shown arePij
for, i  25 Hz at low drive andi  300 Hz at high drive. The
peaks are structure and not noise.
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Future work will aim to search for collective mode
in turbulence that are akin to second sound (He4) [28]
or zero sound (He3) [29], and increase the range of th
inertial region (and eliminate the effects of boundari
by studying ripples on a levitated drop. An excitin
challenge is to develop new means of analyzing data (
Fig. 1) to reveal off-equilibrium structures.
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of Engineering and Geophysics and NASA Micrograv
Research. Valuable discussions with M. Barmatz, P
Roberts, T. Erber, B. Denardo, A. Larraza, R. Hille
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We are especially indebted to Dave Pine for valua
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