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We propose a system comprising the small-capacitance double Josephson junction shunted as
by a small resistancesRS ø RQ ; hy4e2d. We have calculated the dynamic and noise characteri
of the system as functions of a polarization charge on the central electrode. It has been
straightforwardly that the energy resolution of such an electrometer implying the “backaction
approaches the fundamental quantum limith̄y2 whenT ! 0. [S0031-9007(96)00173-1]

PACS numbers: 74.50.+r, 05.40.+j, 73.40.Gk
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The normal-state single electron tunneling (SET) tr
sistor has gained general recognition as a highly se
tive electrometer [1] which is used in delicate experime
with single electron charging [2]. Its operation is based
the gate modulation of the current of electrons tunne
one by one through two small-capacitance tunnel ju
tions. The superconducting state of the transistor op
up the possibility to exploit single Cooper pair tunneli
(SCPT) [3,4], in particular, a modulation of the critic
currentIc of the system by polarization charge of the
land Q0 with a period of the pair charge2e. In the I-V
characteristics (see the recent experiments [5] and [6])
dependenceIcsQ0d is, however, manifested in a modul
tion of the switching currentI0 s,Icd at which the onse
of voltage occurs. This is because the small tunnel ju
tions used in experiments usually have a high resista
R and a large stray capacitance of the leadsCL and hence
fall into the category of underdamped Josephson junct
which have a hystereticI-V characteristic [7]. In con-
trast toIc, the switching currentI0 is crucially sensitive to
temperature variations and the electromagnetic imped
seen by the double junction [5,8]. The dependenceI0sQ0d
can, therefore, hardly be used for electrometry.

Here we consider the system of two small superc
ducting junctions shunted by a small resistorRS which
changes dramatically the system dynamics, turning it
an overdamped mode of operation with a nonhyster
I-V characteristic. When the biasing current exce
the critical currentIcsQ0d, the finite dc voltage acros
the junctions arises and reacts to variations of polar
tion chargeQ0. We calculate dynamic characteristics
such a superconducting SCPT transistor, in particular
charge-to-voltage transfer function. Although in pract
the sensitivity of any SET electrometer is deteriorated
low-frequency fluctuations of the background charge i
chip substrate and oxide barriers of junctions, the de
mination of the intrinsic noise of the system presents
important study. Such a study of the SET transistor
the framework of the orthodox theory [3] has been ma
by Korotkov et al. [9] who have calculated the noise
the device in classical limit. The main goal of the pres
0031-9007y96y76(23)y4408(4)$10.00
-
si-
ts
n
g
c-
ns

-

he

c-
ce

ns

ce

-

to
ic
s

a-

work was to examine the noise in the SCPT transistor i
general case.

Figure 1 shows the schematic of the SCPT tra
sistor, where two small-capacitancesC1,2d Josephson
junctions,EC , EJ1,2 ¿ kBT , form inside a small supercon
ducting island which is polarized by the gate electro
via a small capacitanceC0 ø C1,2. The charging energy
EC ­ e2y2C, whereC ­ C1 1 C2 1 C0, and the Joseph-
son coupling strengthsEJ1,2 ­ sF0y2pdIc1,2, whereIc1,2

sIc1 $ Ic2d, are critical currents of individual junctions
and F0 ­ hy2e is the flux quantum. Both junctions ar
shunted by a common resistorRS which, in practice, is
supposed to be placed on the same chip. High resista
s¿RSd of the current sourceI is ensured by another
resistor (not shown), and the requirements imposed on
size are not stringent because we keep the capacitanc
on-chip leadsCL ¿ C1,2. We will omit the tunneling
of single quasiparticles in the junctions implying that
EC ø D (D is the superconducting energy gap) it ca
safely be suppressed by the parity effect [10,11]. A
though the normal resistance of the junctions need not
much larger thanRQ ; hy4e2 ­ 6.47 . . . kV, we assume
that the pregap (atV , 2Dye) quasiparticle resistance
is high, Rqp ¿ RQ , and then cotunneling of electron
through two junctions can be neglected. The Hamiltoni
of the system then reads

H ­ H0 1 HC 1 HR ,
where

H0 ­
sQ 1 Q0d2

2C
2 EJsfd cosfw 1 gsfdg , (1)
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FIG. 1. The equivalent circuit of the SCPT transistor whe
the Josephson junctions are denoted by crossed boxes.
signal source (not shown) is coupled to the island via sm
capacitance (included inC0).
© 1996 The American Physical Society
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EJ sfd ­ sE2
J1 1 E2

J2 1 2EJ1EJ2 cosfd1y2;

tangsfd ­ 2fsEJ1 2 EJ2dysEJ1 1 EJ2dg tansfy2d
(2)

is the Hamiltonian of the subsystem, island1 junctions
[4]. The overall Josephson phase across two junctio
f ­ w1 1 w2. The island charge operatorQ is a variable
conjugate to the operator of the semidifference phase,w ­
sw1 2 w2dy2, and they obey the commutational rule
fw, Qg ­ 2ie [4]. The gate sourceVg fixes the bias charge
Q0 ­ C0Vg whose variationsdQx are associated with an
input charge [9]. HR is a Caldeira-Leggett Hamiltonian
[12] of the electromagnetic environment consisting of r
sistorRS and capacitanceCLy2 connected in parallel. The
term HC ­ sF0y2pdfsIR 2 Id provides coupling of the
subsystem variablef to those of the environmentIR

(operator of the sum current flowing throughRS andCL)
and the sourceI.

The role of the shunt is crucial. We requireRS ø RQ

and this condition, first, makes the characteristic Josep
son oscillation frequencyvc ­ s2pyF0dIcRs smaller
than the other two basic frequencies in the system,EJyh̄
and ECyh̄, and, secondly, guarantees smallness of t
quantum fluctuations of the phasef [13]. Hence, vari-
ations off in Eq. (1) can be considered as adiabatic a
fluctuations as a perturbation. Moreover, small values
vc and a correspondingly large electromagnetic wav
length make it possible to fabricate the on-chip bias r
sistors of rather large size and to define that part of t
on-chip wiring which is not yet cut by these resistors an
hence contributes to capacitanceCL. The corresponding
McCumber parameter of the effective Josephson junctio
bc ­ vcRSCLy2, can be made#1, that eliminates the
hysteresis in theI-V curve if a self-inductanceL of the
shunt is small enough,vcL ø RS [7].

For fixed f and Q0 the Schrödinger equation for the
HamiltonianH0 [Eq. (1)] is reduced to that for the sole
junction, i.e., the Mathieu equation,

4
d2c

dx2
1 sl cosx 1 ´dc ­ 0 , (3)

wherel denotes the ratio of the Josephson and charg
energiesEJyEC . When the eigenvalué ­ EyEC lies
within the allowed band́ sndsk, ld, the solution is a Bloch
wave c

snd
k sxd where n ­ 0, 1, 2, . . . is the band index,

k ­ qy2e the Bloch vector, andq the quasicharge [14].
The ground state isn ­ 0 (we will omit this index) and
k ­ k0 ­ Q0y2e with x ­ w 1 g, and while tempera-
ture and perturbations are small the system remains in t
state. Averaging over the ground state allows two quan
ties important for further analysis to be calculated, the s
percurrentIs ­ kIc1 sinw1l ­ kIc2 sinw2l and the poten-
tial of the islandU ­ sF0y2pd k Ùwl, both of which are
2p-periodic functions off and 2e-periodic functions of
Q0. Making use of Eq. (2) and performing a trigonome
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-

h-

e

d
of
e-
e-
e

d

n,

ng

his
ti-
u-

-

ric transformation, we finally get

Issf, Q0d ­ I0
s kcosxl ­ I0

s
≠´

≠l

Ç
l­EJ sfdyEC , k­k0

, (4)

I0
s sfd ­

2p

F0

EJ1EJ2

EJsfd
sinf , (5)

whereI0
s sfd stands for the usualsl ! `d supercurrent of a

double junction while the factorkcosxl describes its
partial suppression by the charging effect (in the lim
cases ofl ø 1 andl ¿ 1 the expression for supercurre
has been earlier derived by Likharev [15]). The seco
equality in Eq. (4) is justified by differentiating Eq. (3
which has been first multiplied bycpsxd and integrated
over the period of 2p. VoltageU is expressed viásk, ld
in a way similar to that in Ref. [14] in the single-ban
approximation,

Usf, Q0d ­
e

4C
≠´

≠k

É
l­EJ sfdyEC , k­k0

, (6)

and its variations can be expressed in units of in
charge via the differential capacitance defined asCd ­
s≠Uy≠Q0d21 ­ 8Cs≠ 2´y≠k2d21. We have developed a
numerical method of solving Eq. (3) for arbitraryl and
computed the quantitieskcosxl ­ ≠´y≠l and ≠´y≠k as
functions of the Bloch vectork. The plots are presente
in Fig. 2.

When the bias current exceeds the critical curre
I . Ic ­ maxffIssf, Q0dg, the phase slowly varies (with
a rate of,vc). Using adiabaticity and first neglectin
fluctuations, we obtain for the classicalf the regular
Josephson equation of motionsbc ø 1d,

sF0y2pRSd Ùf 1 Issf, Q0d ­ I . (7)

As can be seen from Eqs. (2), (4), and (5), the super
rent Issfd is strictly of sinf shape when junctions ar
highly dissimilar,EJ1 ¿ EJ2. In this case the effective
Josephson couplingEJ ø EJ1, l ø l0 ­ EJ1yEC, and
Ic ­ Ic2kcosxl. Note that ifQ0 is not close to the val-
uess2m 1 1de, m ­ 0, 61, . . . , even for another extrem
case of similar junctions,EJ1 ­ EJ2 s,ECd, the super-
current, as is proved by calculation, can be fairly appro
mated by~ sinf. Then Eq. (7) is the resistively shunte
junction (RSJ) model equation which is integrated e
plicitly giving the hyperbolicI-V curve, i.e., dependenc
of the average voltage uponI, V ­ RSfI2 2 I2

c sQ0dg1y2.
The charge-to-voltage response function is

h ­
≠V
≠Qx

­ 2
RdI2

c2

2eI
gsk0, l0d , (8)

where Rd ­ ≠Vy≠I ­ R2
SIyV is the differential resis-

tance andg ­ ≠2´y≠k≠l. For practical use, Eq. (8) ca
be rewritten as

h ­ 2
p

4

√
RSIc2

V

! √
EJ2

EJ1

! √
RS

RQ

!
lgC21.

The numerical evaluation of maxkflgsl, kdg shows that it
gradually rises up to1.54 . . . (at k ! 1) whenl decreases
4409
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FIG. 2. The functionskcosxl ­ ≠´y≠l [the factor of the
Josephson current suppression Eq. (4)] and≠´y≠k (the volt-
age across a single Bloch junction normalized byey4C)
vs the Bloch vector k ­ k0 ­ Q0y2e for l ­ EJ yEC ­
0.02, 0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.3, 1.6, 2, 2.6, 3.2, 4, 6, and 10
[from bottom to top in (a) and in the order of decreasing t
amplitude in (b)].

to zero and forl ­ 1 it already approaches1.47 . . . (at
k ø 0.41). On the assumption thatEJ1 , EJ2 , EC , we
have an estimateh , sRSIcyV d sRSyRQdC21. At a suf-
ficiently low temperature, when thermal rounding of t
I-V curve is small, the prefactorRSIcyV can be increased
by reducingV. Thus the response of the SCPT trans
tor can reach and even exceed, for instance, the maxim
value characterizing the symmetric (C1 ­ C2 ¿ C0) or-
thodox SET transistorhSET , 2C21. Similar to the
asymmetricsC1 ¿ C2 ¿ C0d SET transistor, in which
the better responses,C21

2 d is achieved at the expens
of the smaller operating range for the dc charge b
DQ0 , 0.5sC2yC1de, the response of the SCPT transist
is also critical to variations ofQ0. For example, chang
ing of Q0 from 0.8e (optimum value forl ­ 1) to 0.6e
results in 2 times smaller value ofh.

Since there is no quasiparticle tunneling in the syste
the only source of noise is the environment represen
by the impedanceZsvd ­ sR21

S 1 ivCLy2d21. The
fluctuating part of the operator of its currentIR equals
4410
e

e

s-
um

s,
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m,
ed

If ­ IR 2 kIRl0, where statistical averaging is performe
over the equilibrium states of reservoir, and has a spec
density [16]

SIsvd ­ sh̄vypRSd cothsh̄vy2kBT d .

The operator2If now appears on the right-hand sid
of Eq. (7) as a small perturbation. By linearizing th
equation with respect to small fluctuationsff of the phase
f and solving it [7], we find two key noise figures
First, the spectral density of voltage fluctuationsVf ­
sF0y2pd Ùff at low frequencyv ø vJ , kBTyh̄, where
vJ ­ s2pyF0dV is the Josephson oscillation frequen
(see [7] and [13] for details),

SV s0d ­
2R2

d

pRS

√
kBT 1

I2
c

2I2
eV coth

eV
kBT

!
, (9)

and, second, the low-frequency spectral density of
island potential fluctuationsUf ­ s2ypdgRQIc2 sinfff,

SUs0d ­
1

4p

√
F0

2p

!2
g2RSI2

c2

eV
coth

eV
kBT

. (10)

The first term on the right-hand side of Eq. (9) is no
generated at frequencyv, while the second term as we
as whole expression (10) are noise generated nearvJ

those are converted down tov by the nonlinearity of the
supercurrent. The correlation betweenVf and Uf and,
hence, the cross spectrumSVU s0d turns out to be zero.

Introducing the energy of “output” noise, associat
with voltage fluctuationsVf in a unit frequency bandwidth

eV ; sdQxd2y2CDf ­ pSV s0dyCh2

and using Eq. (9), we can find the equivalent charge no
dQx ­ Vfyh in the output bandwidthDf determined by
the postdevice filter,

dQx

e
­ a

"√
kBT
2EC

1
eV
4EC

coth
eV
kBT

!
R2

Q

RS
CDf

#1y2

. (11)

This expression is obtained forI ø Ic; the numerical
factor isa ­ s8ypdIcIc1ylgI2

c2. The value ofa smoothly
approaches its absolute minimum>0.83 for a symmetric
transistor with l ! 0 and Q0 ! e. Strictly speaking,
in this limit the function Issfd in Eq. (7) is not of
sine shape and Eqs. (9) and (11) derived from the R
model are not quantitatively correct. These expressi
underestimate the noise because it is somewhat enha
due to parametric conversion from the higher harmon
of the Josephson frequencymvJ , m ­ 2, 3, . . . , down
to the observation frequencyv. However, for l ­ 1
the closely approximating minimum valuea > 0.97 is
already reached atQ0 > 0.8e, i.e., when Eq. (11) is
almost valid. We therefore deduce thatamin , 1 and this
value is approached forl , 1.

In the classical limit skBT ¿ eV d, our general result
(11) can be compared with a figure of the orthodox S
electrometer [9]. If we assume the similar junction c
pacitances of both devices and the equivalent tunne
resistances of the SET transistor to beR ; R1 ­ R2 ­
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l.
R2
QyRS $ RQ , we conclude that Eq. (24) of Ref. [9] give

approximately twice as large a value fordQSET
x as Eq. (11)

does. The classical noise characteristics of both dev
are therefore nearly similar. In thequantumlimit sT ­ 0d,
both dQx and eV go to zero according to Eq. (11) a
V ! 0. This is in contrast to the SET transistor whe
the noise floor is set by quantum noise due to cotunn
ing, seSET

V dmin , sRQy2Rdh̄ [see the rough estimate o
Eq. (28) of Ref. [9]]. Note that the energy sensitivityeV of
both devices in the considered regime of a low-freque
input signal can be made better thanh̄y2.

Finally, using Eqs. (9) and (10) we can find the poten
sensitivity e of the SCPT electrometer in the case of t
narrow band signal, accounting for the back fluctuat
effect (see such analysis for SQUIDs in [17] and Chap. 7
[7]). In this regime, the energy per unit bandwidth whi
the SCPT electrometer, as an amplifier, still resolves is

e ­ seV eU 2 eVUd1y2

­

"√
kBT
eV

1
I2

c

2I2
coth

eV
kBT

!
I2C2

d

2I2
c C2

coth
eV
kBT

#1y2

h̄ ,

(12)

where eU ­ pC2
dSUs0dyC, i.e., the backaction charg

noise which is associated with fluctuations of the island
tential sdQxdback ­ CdUf , and eVU ­ pSVUs0dyjhj ­
0, their correlation withVf . In the most interesting cas
of zero temperature, Eq. (12) yieldse ­ sjCdjyCdh̄y2.
In the range of ultimate performance,l , 1 and jQ0j #

0.8e, the capacitance ratiojCdjyC $ 1, and it can be made
close to unity whenjQ0j # 0.5e [see the slope of the
corresponding curves at smallk in Fig. 2(b)]. Thus the
SCPT electrometer can reach the ultimate energy res
tion emin ­ h̄y2, which is the minimum value (in contras
to e

min
V ­ 0) allowed by quantum mechanics for a phas

insensitive linear amplifier so that the SCPT electrome
is a quantum-limitedcryoelectronic device such as the d
SQUID [17].

In experiment the parameters of the SCPT electrom
could be the following. Assuming an Al-junction structu
with C1,2 , 0.2 fF andR1,2 , 3.5 kV, that corresponds to
EJ1 , EJ2 , EC , 200 meV, and choosing normal-meta
shunt withRS , 300 V, we conclude that the characterist
Josephson frequencysvcy2pd is about 5 GHzsøEJyh ,
ECyh , 50 GHzd and the McCumber parameterbc , 1 for
a relatively large value ofCL , 0.2 pF. This means tha
the sizes of both the shunting and biasing resistors ca
on mm scale (note that if a normal metal strip of resis
RS is rather straight and not too narrow, the self-inductan
of the shunt can be small, say,vcL , 30 V ø RS). Such
structure can be easily placed on one standard chip.
an operation temperature of about 10 mK, the maxim
charge-to-voltage ratioh , 200 mVye and the charge
sensitivity dQx , 5 3 1027eysHzd1y2, which corresponds
to eV , h̄. For a reliable pickup of the output signal a
additional cooled amplification stage might be desirab
In this case, in contrast to the case with an SET transis
es

l-

y

l
e
n
in

-

lu-

-
er

er

be
r
e

At
m

.
r,

no serious problems of impedance matching are expe
because of the low output resistanceRS.

In conclusion, we have calculated the dynamic and no
characteristics of the SCPT electrometer whose per
mance takes advantage of the electrostatic control of
Josephson supercurrent. We have shown that these
acteristics are almost similar to those of the SET coun
part. However, the coherent Cooper pair tunneling r
ically differs from electron (quasiparticle) tunneling b
cause the former occurs without dissipation of energy
junctions. The small powers,F0Ic , 1 pWd dissipates
in the large (mm size) resistor which can therefore be ea
cooled down to the mixing chamber temperature of 10–
mK. In contrast to this the self-heating effect in SET d
vices is essential [18], and the enhanced electron tem
ature of the electrometer island usually imposes a limi
sensitivity already atT , 50 100 mK. Hence, the SCPT
electrometer can be superior to the SET counterpart in h
precision charge measurements at lower temperature.
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