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Quantum-Limited Electrometer Based on Single Cooper Pair Tunneling
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We propose a system comprising the small-capacitance double Josephson junction shunted as a whole
by a small resistanc&®s < Ry = h/4e?). We have calculated the dynamic and noise characteristics
of the system as functions of a polarization charge on the central electrode. It has been shown
straightforwardly that the energy resolution of such an electrometer implying the “backaction noise”
approaches the fundamental quantum lifi2 when7 — 0. [S0031-9007(96)00173-1]

PACS numbers: 74.50.+r, 05.40.+j, 73.40.Gk

The normal-state single electron tunneling (SET) tranwork was to examine the noise in the SCPT transistor in a
sistor has gained general recognition as a highly sensgeneral case.
tive electrometer [1] which is used in delicate experiments Figure 1 shows the schematic of the SCPT tran-
with single electron charging [2]. Its operation is based orsistor, where two small-capacitano&;,) Josephson
the gate modulation of the current of electrons tunnelingunctions,E¢, E;;, > kgT, form inside a small supercon-
one by one through two small-capacitance tunnel juncducting island which is polarized by the gate electrode
tions. The superconducting state of the transistor openga a small capacitanc€, << C;,. The charging energy
up the possibility to exploit single Cooper pair tunneling Ec = ¢2/2C, whereC = C; + C, + Cy, and the Joseph-
(SCPT) [3,4], in particular, a modulation of the critical son coupling strength&;,, = (®y/27)I.;,, wherel.;
currentl. of the system by polarization charge of the is-(I.; = 1.,), are critical currents of individual junctions
land Qy with a period of the pair chargge. Inthel-V  and ®, = h/2e is the flux quantum. Both junctions are
characteristics (see the recent experiments [5] and [6]), thehunted by a common resist®&;s which, in practice, is
dependencé.(Qy) is, however, manifested in a modula- supposed to be placed on the same chip. High resistance
tion of the switching current, (<I.) at which the onset (>Rg) of the current sourcd is ensured by another
of voltage occurs. This is because the small tunnel juncresistor (not shown), and the requirements imposed on its
tions used in experiments usually have a high resistancgize are not stringent because we keep the capacitance of
R and a large stray capacitance of the le@@sand hence on-chip leadsC; > C;,. We will omit the tunneling
fall into the category of underdamped Josephson junctionsf single quasiparticles in the junctions implying that at
which have a hystereti¢-V characteristic [7]. In con- Ec < A (A is the superconducting energy gap) it can
trast tol.., the switching currenk is crucially sensitive to safely be suppressed by the parity effect [10,11]. Al-
temperature variations and the electromagnetic impedandhough the normal resistance of the junctions need not be
seen by the double junction [5,8]. The dependelaé@,)  much larger thamRy = h/4e? =6.47...kQ, we assume
can, therefore, hardly be used for electrometry. that the pregap (aV < 2A/e) quasiparticle resistance

Here we consider the system of two small superconis high, R,, > Rp, and then cotunneling of electrons
ducting junctions shunted by a small resis®y which  through two junctions can be neglected. The Hamiltonian
changes dramatically the system dynamics, turning it intf the system then reads
an overdamped mode of operation with a nonhysteretic H=Hy+ Hc + Hg,
I-V characteristic. When the biasing current exceedgyhere
the critical current/.(Qy), the finite dc voltage across (0 + 00)?
the junctions arises and reacts to variations of polariza- ~ Ho = — -~ ~ E;(¢)code + y(g)], (D)
tion chargeQ,. We calculate dynamic characteristics of
such a superconducting SCPT transistor, in particular the _l_
charge-to-voltage transfer function. Although in practice Co C. 1| C
the sensitivity of any SET electrometer is deteriorated by vict L @

: ) V IIR /

low-frequency fluctuations of the background charge ina \/ S
chip substrate and oxide barriers of junctions, the deter- 9 U Cz, Icz CL
mination of the intrinsic noise of the system presents an T

;rr:ﬁp?rtant stuliiy.f tﬁUCh tﬁ SdIUd){hOf the3SIET t?nSIStorénFlG. 1. The equivalent circuit of the SCPT transistor where
e framework of the orthodox theory [3] has een madgy,q Josephson junctions are denoted by crossed boxes. The
by Korotkov et al.[9] who have calculated the noise of signal source (not shown) is coupled to the island via small
the device in classical limit. The main goal of the presentapacitance (included i@).
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with ric transformation, we finally get
d
E/(¢) = (EJ, + Ej, + 2E; Eja cosp)'%; 1,(¢.Qp) = 1%cosy) = 17 = )
2) OA IA=E,()/Ec. k=ky
tany(¢) = —[(Enn — En)/(En + Ep)]tan(¢/2) () — 27 EjEp sing . 5)
Dy E;(d)

is the Hamiltonian of the subsystem, islangunctions o
[4]. The overall Josephson phase across two junction&/herel;(¢) stands for the usu@h — =) supercurrent of a

& = @1 + ¢,. The island charge operat@is a variable ~double junction while the factoXcosy) describes its
conjugate to the operator of the semidifference phase, partial suppression by the charglng effect (in the limit
(¢1 — ¢2)/2, and they obey the commutational rule Cases ohxk1 _andA > 1 the expression for supercurrent
[¢.Q]=2ie [4]. The gate sourc, fixes the bias charge has b_een earlier depyed .b.y L|kharfev [15]). .The second
Qo = CyV, whose variationss 0, are associated with an eql_Jallty in Eq. (4) is jUStI.er.d by dlfferentlat_lng Eqg. (3)
input charge [9]. Hx is a Caldeira-Leggett Hamiltonian Which has been first multiplied by~(x) and integrated
[12] of the electromagnetic environment consisting of re-0ver the period of z. VoltageU is expressed via(k, A)
sistorRs and capacitance; /2 connected in parallel. The in @ way similar to that in Ref. [14] in the single-band
term He = (®y/27)p(Ix — I) provides coupling of the a@pproximation,

subsystem variablep to those of the environmenfy e Jde

(operator of the sum current flowing througl and C;) U, Qo) = 7=~ . (6)
4C 9k A=E Ec, k=k

and the sourcé =E;(¢)/Ec, k=ko

The role of the shunt is crucial. We requikg < R, and its variations can be expressed in units of input
and this condition, first, makes the characteristic Josepttharge via the differential capacitance definedCas=
son oscillation frequencyw. = (27/®o)I.R, smaller (9U/3Q0)"' = 8C(d%¢/ak*)~'. We have developed a
than the other two basic frequencies in the systepyi ~ numerical method of solving Eq. (3) for arbitrasy and
and Ec/h, and, secondly, guarantees smallness of th€omputed the quantitie@osy) = dz/dA and de/dk as
guantum fluctuations of the phasge [13]. Hence, vari- funqtlons of the Bloch vectok. The plots are presented
ations of¢ in Eqg. (1) can be considered as adiabatic and" Fig. 2. _ N
fluctuations as a perturbation. Moreover, small values of When the bias current exceeds the critical current,
. and a correspondingly large electromagnetic wavel > I = max[/,(¢, Qo)], the phase slowly varies (with
length make it possible to fabricate the on-chip bias re2 rate of~w.). Using adiabaticity and first neglecting
sistors of rather large size and to define that part of thductuations, we obtain for the classicdl the regular
on-chip wiring which is not yet cut by these resistors andJosephson equation of moti¢f. < 1),
hence contributes to capacitanﬁg._ The corresponding (Po/27Rs)d + I(d,00) = 1. 7)
McCumber parameter of the effective Josephson junctio
B. = w.RsCr /2, can be made=1, that eliminates the
hysteresis in thd-V curve if a self-inductancé& of the
shunt is small enoughy.L < Rg [7].

For fixed ¢ and Qy the Schroédinger equation for the
Hamiltonian Hy [Eq. (1)] is reduced to that for the sole

nAs can be seen from Egs. (2), (4), and (5), the supercur-
rent I,(¢) is strictly of sinp shape when junctions are
highly dissimilar,E;; > Ej,. In this case the effective
Josephson coupling:; = Eji, A = Ag = E;/Ec, and

1. = I.,{cosy). Note that ifQ, is not close to the val-

junction, i.e., the Mathieu equation ues(2m + 1)e,m = 0, *=1,..., even for another extreme
T ’ case of similar junctionsE;, = Ej, (~E¢), the super-
d? _ current, as is proved by calculation, can be fairly approxi-
4 dx + (Acosy + &)y =0, (3 mated by sing. Then Eq. (7) is the resistively shunted

) _ junction (RSJ) model equation which is integrated ex-
where A denotes the ratio of the Josephson and chargingjicitly giving the hyperbolicI-V curve, i.e., dependence
energiesk;/Ec. When the eigenvalue = E/Ec lies  f the average voltage updnV = Rs[12 — 12(Q0)]"/>.
within the allowed band")(, A), the solution is a Bloch  The charge-to-voltage response function is -

wave 4" (y) wheren = 0,1,2,... is the band index, oV R
k = g/2e the Bloch vector, andj the quasicharge [14]. n = = — 222 (ko Ao) s (8)
The ground state is = 0 (we will omit this index) and 90« Zel

k = ko = Qo/2e with y = ¢ + y, and while tempera- where R, = 9V /aI = R3I/V is the differential resis-
ture and perturbations are small the system remains in thtance andg = 9>¢/9koA. For practical use, Eq. (8) can
state. Averaging over the ground state allows two quantibe rewritten as

ties important for further analysis to be calculated, the su- 7 (Rl E R
percurrentl; = (I.; sing1) = (I, Singp,) and the poten- n=- (%) (E—Jz> (R—S>AgC_1.
tial of the islandU = (®q/27){¢), both of which are 71 Q

27 -periodic functions of¢p and Z-periodic functions of The numerical evaluation of mgg(A, k)] shows that it
Qo. Making use of Eqg. (2) and performing a trigonomet- gradually rises up td.54... (atk — 1) when\ decreases
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0.8 I = Iz — ({Ig)o, Where statistical averaging is performed
over the equilibrium states of reservoir, and has a spectral
0.71 density [16]

v
OB_V Si(@) = (w7 Rs) cothiw /2ksT) .
0.54

The operator—I; now appears on the right-hand side
0.4 of Eq. (7) as a small perturbation. By linearizing this
0.3 equation with respect to small fluctuatioss of the phase

¢ and solving it [7], we find two key noise figures:
0.21 First, the spectral density of voltage fluctuatioris =
0.11 (Po/2m)p; at low frequencyw < wy,kgT /I, where

w; = 27 /dy)V is the Josephson oscillation frequency

<COS >

O T oo o (see [7] and [13] for details),
2R3 12 Y%
Sy(0) = —= | kgT + =% eV coth— |, 9
v(0) 7Rs ( B 22 e kBT> 9)
and, second, the low-frequency spectral density of the
island potential fluctuation&; = (2/7)gRpl.2Sing ¢,
2 2
1 (D g2RsI5 eV
Sy(0) = ppe (277> oy cotthT . (10

The first term on the right-hand side of Eq. (9) is noise
generated at frequenay, while the second term as well
as whole expression (10) are noise generated agar
those are converted down t by the nonlinearity of the
supercurrent. The correlation betwe&p and Uy and,
hence, the cross spectrusyy (0) turns out to be zero.

k Introducing the energy of “output” noise, associated
with voltage fluctuationd’; in a unit frequency bandwidth

FIG. 2. The functions(cosy) = de/aA [the factor of the

Josephson current suppression Eq. (4)] arddok (the volt- ey = (80,)°/2CAf = wSv(0)/Cn*
age across a single Bloch junction normalized by4C) : . . .
vs the Bloch vectork = ky = Qo/2¢ for A = E,/Ec — and using Eq. (9), we can find the equivalent charge noise

0.02,0.1,02, 0.4, 0.6, 08, 1, 1.3, 1.6, 2, 2.6, 3.2, 4, 6,and 10  9Qx = Vy/7 in the output bandwidttA /' determined by
[from bottom to top in (a) and in the order of decreasing thethe postdevice filter,

amplitude in (b)]. 2 1/2
5Qx kBT eV eV RQ
— = + th — CA . 11
e “[(2}50 4Ec *° kBT>RS cAf D

to zero and forA = 1 it already approaches47... (at  This expression is obtained far = I.; the numerical

k = 0.41). On the assumption that;, ~ Ej» ~ Ec,we  factorisa = (8/m)I.I.1/Agl%. The value ofa smoothly

have an estimatg ~ (Rsl./V)(Rs/Ro)C~!'. Atasuf- approaches its absolute minimus0.83 for a symmetric

ficiently low temperature, when thermal rounding of thetransistor withA — 0 and Q) — e. Strictly speaking,

I-V curve is small, the prefactdtsl./V can be increased in this limit the function I,(¢) in Eq. (7) is not of

by reducingV. Thus the response of the SCPT transissine shape and Egs. (9) and (11) derived from the RSJ

tor can reach and even exceed, for instance, the maximumodel are not quantitatively correct. These expressions

value characterizing the symmetri€ (= C, > Cy) or-  underestimate the noise because it is somewhat enhanced

thodox SET transistorysgr ~ 2C~'. Similar to the due to parametric conversion from the higher harmonics

asymmetric(C; > C, > Cy) SET transistor, in which of the Josephson frequenoyw,;,m = 2,3,..., down

the better responsé~C, ') is achieved at the expense to the observation frequency. However, forA = 1

of the smaller operating range for the dc charge biasthe closely approximating minimum value = 0.97 is

AQy ~ 0.5(C,/Cy)e, the response of the SCPT transistoralready reached ap, = 0.8¢, i.e., when Eq. (11) is

is also critical to variations 0f,. For example, chang- almost valid. We therefore deduce that, ~ 1 and this

ing of Qo from 0.8 (optimum value forA = 1) to 0.6e  value is approached for ~ 1.

results in 2 times smaller value af. In the classicallimit (kgT > eV), our generalresult
Since there is no quasiparticle tunneling in the system(11) can be compared with a figure of the orthodox SET

the only source of noise is the environment representedlectrometer [9]. If we assume the similar junction ca-

by the impedanceZ(w) = (Rs' + iwC;/2)"!. The pacitances of both devices and the equivalent tunneling

fluctuating part of the operator of its currefif equals resistances of the SET transistor to Re= Ry = R, =
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Ré/RS = Ry, we conclude that Eq. (24) of Ref. [9] gives no serious problems of impedance matching are expected
approximately twice as large a value ®93ET as Eq. (11) because of the low output resistane
does. The classical noise characteristics of both devices In conclusion, we have calculated the dynamic and noise
are therefore nearly similar. In tigiantumimit (7 = 0), characteristics of the SCPT electrometer whose perfor-
both 60, and ey go to zero according to Eq. (11) as mance takes advantage of the electrostatic control of the
V — 0. This is in contrast to the SET transistor whereJosephson supercurrent. We have shown that these char-
the noise floor is set by quantum noise due to cotunnelacteristics are almost similar to those of the SET counter-
ing, (e}"")™" ~ (Ry/2R) [see the rough estimate of part. However, the coherent Cooper pair tunneling rad-
Eqg. (28) of Ref. [9]]. Note that the energy sensitivityof  ically differs from electron (quasiparticle) tunneling be-
both devices in the considered regime of a low-frequencgause the former occurs without dissipation of energy in
input signal can be made better thiaf2. junctions. The small powe~®I. ~ 1 pW) dissipates
Finally, using Egs. (9) and (10) we can find the potentialin the large (mm size) resistor which can therefore be easily
sensitivity e of the SCPT electrometer in the case of thecooled down to the mixing chamber temperature of 10—-20
narrow band signal, accounting for the back fluctuatiormK. In contrast to this the self-heating effect in SET de-
effect (see such analysis for SQUIDs in [17] and Chap. 7 irvices is essential [18], and the enhanced electron temper-
[7]). In this regime, the energy per unit bandwidth which ature of the electrometer island usually imposes a limit to
the SCPT electrometer, as an amplifier, still resolves is sensitivity already aI’ ~ 50-100 mK. Hence, the SCPT
electrometer can be superior to the SET counterpart in high
precision charge measurements at lower temperature.
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