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Berry’s Phase and a Possible New Topological Current Drive
in Certain Weak Link Superconducting Systems
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We examine the consequences of Berry’s phase for the dynamics of Josephson junctions and junction
arrays in which moving vortices are present. For both a large annular Josephson junction and a 2D
junction array, Berry’s phase produces a new current drive in the superconducting phase dynamics of
these weak link systems. This Berry phase effect is shown to be physically inequivalent to a known
effect in junction arrays associated with the Aharonov-Casher phase. [S0031-9007(96)00361-4]

PACS numbers: 74.50.+r, 03.65.Bz, 74.20.—z

Ao and Thouless [1] recently drew attention to thefilms—for a detailed presentation, see Ref. [3]. Through-
relevance of Berry’'s phase [2] for the dynamics ofout this Letter we assume (I) = 0, (2) ans-wave BCS
vortices in type-Il superconducting films. They arguedsuperconductor whose gap phase= ¢(r — ry(7)) con-
that Berry’s phase would cause the Magnus force to adfins a moving vortex singularity with trajectory(z), (3)
on a moving vortex. Their work led one of us to examinea clean superconductor so that there are no pinning cen-
the nondissipative force which acts on a moving vortexters for the vortex or scattering centers for the SC elec-
within the context ofs-wave BCS superconductivity [3]. trons, and (4) adiabatic vortex motion so that phase slip
It was found {nter alia) that vortex motion does generate voltages are small compared to the energy level spac-
a Berry phase in the BCS ground state, that this Berryng of the quasiparticle states bound to the vortex core
phase enters as a topological term in the condensa(@E ~ A%/eEf in volts).
effective action known as a Wess-Zumino (WZ) term, The SC dynamics is described via the Bogoliubov
and that the WZ term leads to the Magnus force actindtHamiltonianH,[ry] which depends parametrically on the
on the moving vortex [4]. Reference [3] also remarkedvortex positionry. Vortex motion produces an adiabatic
that situations could be envisioned in Josephson junctiongme dependence in the Hamiltonid,[ry(z)] which can
and 2D Josephson junction arrays in which Berry’s phaséee treated using the quantum adiabatic theorem. Explicit
might also lead to physical effects. calculation shows that if¥(z)) is the many-body state

In this Letter we examine the consequences of Berry'sf the SC electrons which at = 0 equals the BCS
phase for two classes of weak link superconductingground state in which a single vortex is present@0),
systems: large annular Josephson junctions (AJJ) and 2., |¥(0)) = |BCS ry(0)), then the many-body state at
Josephson junction arrays (JJA). We argue that, whenevéme ¢ equals the BCS ground state with the vortex
these systems contain a moving vortex, Berry’s phasat ry(s) multiplied by a phase factor which contains a
will modify the electric current density passing throughnonintegrable Berry phadé:
the weak links. This modification, in turn, will cause t
a new current drive to appear in the superconducting |¥(z)) = ex;{il“ — (i/ﬁ)] E()(T)dTi||BCS; ro(1))

(SC) phase dynamics of these weak link systems which 0

is a generic consequence of the topology and motion oand

the vortex. In the case of a JJA, we also show that 1 B

our Berry phase effects are physically inequivalent to r= —fdzx dtps<—6t¢ + —A0>. 1)
known effects associated with the Aharonov-Casher (AC) 2 h

phase. The structure of this paper follows a progressivelere Ey(z) is the energy ofBCS ry(z)), and Aq is the
development of the Berry phase effects occurring in alectromagnetic scalar potential induced by the moving
type-Il film to successively more complicated weak link vortex.

systems. First, we review the type-ll results, then we The dynamical significance of" follows from its
examine the simplest possible weak link system—a singlappearance in the condensate effective actifn=
Josephson junction. We then extend the single JJ analysis — A" + S,. This effective action is defined via
to the case of a 2D JJA. This Letter marks the first timethe ground-state—to—ground-state transition amplitude,
Berry's phase has been connected to dynamical effecexd —iS./h] = (BCS ro(T)|¥(T)). Itis the presence of
in weak link systems [5]. A detailed presentation of thisT" in the phase of¥(T)) that leads to its appearance in
work will be reported elsewhere [6]. S.. We will not require the explicit form of, and S»;

We begin by summarizing the manner in which Berry’sthey have been calculated in Refs. [3,7], and the interested
phase enters into the dynamics of vortices in type-lireader is referred to those papers for further details.
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Berry phase contributions to low energy effective actionexistence of at least one closed lo6pin P for which
are well known [8], and such contributions are knownthe associated Berry phase is nonzero. In the usual linear
as WZ terms,Swz = —hl'. WZ terms are topological JJ (LJJ), no such closed loop exists. In this case, the TB
in origin and occur whenever the line bundle structureis topologically equivalent to the unit interval= [0, 1].
inherent in the quantum adiabatic theorem is twistedAll closed loopsC in I will originate at some point
[9]. Swz describes a topological coupling between thep,, move to a pointp; along the unique contou€,
vortex and the SC electrons. A variation 8§z with  which connects these two points, then returrpgoalong
respect tory(z) gives the forcefp acting on the vortex —C;. Consequently, however much Berry’'s phase may
due to this coupling. Detailed calculation shows thattwist in traversingCi, this twist is removed on the return
fp equals the Magnus force of classical hydrodynamicsalong—C,. Thus, in a LJ3J, the ground-state Berry phase
fp = —pyhro X 2/2. Here,z lies along the vortex axis, I'(i) = 0 for all closed loops inP. Consequently, no
and & is Planck’s constant. We will refer tdy as WZ term appears i8,(i), and Berry’s phase is irrelevant
the Berry-Magnus (BM) force. A supercurrent densityfor the dynamics of a LJJ. This conclusion dosd,
psevy causes the Lorentz forcé;, = p,hvy X 2/2, to  however, apply to an AJJ [11]. The essential difference
act on the vortex. For extreme type-ll films, the totalis that the TB of an AJJ is ringlike, and thus topologically
nondissipative forcd,, acting on the vortex is the sum equivalent to the unit circle'. S! allows closed loops
of the Lorentz and BM forces. This completes our reviewC,, which wind n times around the unit circle. It is easy
of the type-Il film results; we go on to examine their to show using Eq. (1) thdt(i) = —n@ N, for C,. Here,
extension to certain weak link systems, beginning withN, is the mean number of SC electrons in superconductor
a single Josephson junction. i. Thus, in an AJJ, Berry's phase is nonintegrable and

AJJ—In a Josephson junction, two superconductorphysically relevant. As we saw above, Berry's phase
(say, 1,2) are coupled through a weak link via thecauses a WZ term to appear #3(i), and it is through
Josephson effect. Throughout this paper, all weak linkshe WZ term that it can influence the SC dynamics of the
are assumed to be tunneling barriers (TB). As is wellAJJ. Note that, becausg(i) is proportional toN, the
known [7], the actionSy; governing the SC electrons has WZ term is an extensive quantity. This is quite necessary,
the form S;; = S, (1) + S,(2) + S. + S,. S,(i) is the given its appearance in the SC effective action.
BCS action of an isolated superconductor, and 1,2; To bring out the dynamical significance of the WZ
S. describes the capacitive coupling of electric chargegerms inSy;, we consider a current-biased AJJ. Associ-
across the TB; and, describes the Josephson couplingated with the bias currertis the current density(a) =
of the gap phase of each superconducatgracross the (psevr)ii(a). o parametrizes a position along the circu-
TB [10]. We restrict ourselves to large JJ's becausdar TB, fi(«) is the unit vector which is normal to the TB
they allow localized regions of magnetic flux (vortices) at positiona, andvy is the velocity of the bias supercur-
to appear inside the TB. We assume unit thickness in theent which, for simplicity, is taken to be space-time inde-
z direction so that the SC dynamics is 2D. Under thesgendent. The low energy degree of freedom of a JJ is the
assumptions, the TB maps onto a 1D regii R%, and gauge invariant phase differencg(a,t) = ¢s(a,t) —
vortex motion is restricted t®. Finally, we assume the ¢ (a,t) — 27/ o) f%A - dl. The actionS, governing
SC electrons respond adiabatically to a moving vortex irthis low energy dynamics was first derived for a LJJ in
the TB. This is expected to be true for most kinds ofRef. [7]. A similar analysis can be done for an AJJ,
vortex motion since the phase slip voltages produced byhough care must be taken to track the consequences of
a moving vortex are typically of ordér01-0.1 mV [11],  the WZ terms present i5,(i). A detailed analysis [6]
while the smallest spacing between single quasiparticlehows that the WZ terms modify the current density in the
energy levels for which transitions are not forbidden byTB. One can see this by examining the current drive term
the Pauli principle (a’ = 0) is equal to the BCS gap, S., in S,. One finds that the current density which cou-
A~ 1mV. ples toy contains a modificatiom jz(¢) due to Berry’'s

To begin, focus on superconductéor and assume a phase. Specifically,
moving vortex is present in the TB. Just as with the

type-ll film discussion above, vortex motion causes the S.y = f dt Rda<£>ﬁ(a)
Bogoliubov Hamiltonian ofi to develop an adiabatic 2e
time dependence. This continues to be true even though X [ psevri(a) + Ajg]y(a). )

the vortex now resides in the TB amibt in i. This

raises the question of whether a Berry phase appeatdere, R is the inner radius of the TB, andjz(r) =

in i's ground state. The crucial issue is whether this—pery(z). Because of the scalar product, we see that
Berry phase is nonintegrable. If it is, then it will be Ajz enhances the bias current densjty) in the half-
dynamically relevant since it cannot be removed bycircle behind the vortex, and reduces it in the half-circle
single-valued phase transformations of the instantaneowhead of the vortex. The total current passing through
energy eigenstates [2]. Nonintegrability requires thethe TB, however, is still equal té. This Berry phase
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modification of the charge flow through the TB is a JJA will respond adiabatically to a moving vortex under
generic consequence of the topology and motion of théhe conditions usually encountered in the flux-flow regime

vortex. of the array.
The equation of motion foy is found by varyings, As with an AJJ, vortex motion produces a noninte-
with respect toy. One finds [6] grable Berry phase in the BCS ground state of each of

. 2 o . . the grains. From Eq. (1), it is easy to show that any
¥y — Viy + siny = B — Bi(a) - (ro/vr), (3) closed loopC,(i) which encirclesi n times produces
where length and time intervals are measured in units oi Berry phasel'(i) = —n7N,(i). Here, N(i) is the
the Josephson penetration length and inverse Josephsorean number of SC electrons in Thus a WZ term
plasma frequency, respectivel\3 = I/I., and I. is appears in each of the BCS actiofig(i), and, conse-
the critical current of the junction. As expected, wequently, they will also appear in the array actiSa.
obtain a biased sine-Gordon equation [10], although th&he low energy degree of freedom of each of the weak
Berry phase modification of the current density producedinks is again the gauge invariant phase difference across
the second term on the right-hand side of Eq. (3). Inthelinky;; = ¢; — ¢; — (27T/¢0)f A - dl. One can
analogy with the type-Il discussion we will refer to the apply the analysis of Ref. [7] to’HA to obtain the ac-
familiar current drivegB in Eq. (3) as the Lorentz drive tion SUA which governs the phase dynamics of the JJA,
since it originates from the bias curreit The new though one must again be careful to track the effects of
current drive will be called the Magnus drive since itthe WZ terms. One finds, assuming only nearest neigh-
is a consequence of Berry’s phase. It is clear frombor coupling of the grains, thayJA is equal to a sum in
Eq. (3) that, when|ry| < vz, the Lorentz drive is the which each weak link contributes the phase action found
dominant driving force, with perturbative corrections in the AJJ discussiofi,, but withy — v, ; [6]. Justas in
coming from the Magnus drive. However, whap| >  the AJJ discussion, the WZ terms cause a modification of
vr, the Magnus drive is dominant and should lead tothe current density passing through the weak links. This
noticeable corrections to solutions of Eq. (3) which onlymodification causes the Magnus current drive to appear in
include the Lorentz drive. One effect which may bethe equation of motion foy; ;,
sensitive to the Magnus drive is the critical value of the ) . . .
external bias currenB, at which vortex bunching first Vi — V1Y T SINYij = f = B, - (ro/vr). (4)
occurs [11,12]. Wherg = ., v develops oscillations In Eq. (4) we have assumed a uniform bias curr@nt
in the region behind the vortex. These oscillations lead /1. passes through the array. The appearance of the
to an attractive interaction between vortices which causeMagnus drive in Eq. (4) is again a consequence of the
the bunching. Because Berry’s phase increases the curremipology and motion of the vortex. As with the AJJ, the
density behind the vortex, one expects that a smalleregime|ry| < v7 will be dominated by the Lorentz drive,
external bias currem®” < B, will be capable of initiating  while the Magnus drive will dominate wheig| > v7.
the necessary oscillations iy. A careful numerical A numerical analysis of the phase dynamics of a JJA in
analysis of Eg. (3) is planned which will allow us to the presence of the Magnus drive is clearly necessary.
test the validity of this conjecture. This concludes our The preceding discussion has considered the lattice
discussion of a single JJ. In the next section we expantimit of the array’s SC dynamics; the continuum limit
our Berry phase analysis to include a 2D JJA. (CL) is also of interest. Ifl is the length scale over
2D JJA—A JJAis a lattice whose siteésare occupied which vy, ; varies, the CL of the array’'s SC dynamics
by SC grains. Nearest neighbor grains are coupledorresponds tol > ao. Thus y;; varies little from
through a weak link via the Josephson effect. The wealgrain to grain in this limit. (Note that;y + 0 in this
links are assumed to be small TB’s, and, for simplicity, welimit.) In the CL, it is reasonable to coarse grain the
assume a square lattice (lattice constaf)t The sites of array’s SC dynamics. One finds [6], perhaps not so
the dual lattice are the equilibrium positions for a vortex,surprisingly, thatSy;, transforms under coarse graining
and the TB's provide the paths by which a vortex movesinto the action appropriate for a type-Il filmSya —
from one dual lattice site to another. Consequently vorteX;a = So + Swz + S», where
motion is restricted to the spad® which is the union B
of the dual lattice sites, and the collection of TB's. Swz =[ dzxdtﬁs<— d,p + eA()).
The actionSy;, which governs the dynamics of the SC 2
electrons in the array is a straightforward generalizatiorQuantities with tildes correspond to coarse grained av-
of the action for a single JJ.Sj;4 is a sum over the erages. Sy arises from the coarse graining of the WZ
BCS actions, (i) of the grainsi, and the actions.{i,j)  terms present itfy;». The presence of the WZ term in
and S,{i, j) which describe the capacitive and Josephsor$;;, causes the BM forcéz = —p h(rg X 2)/2 to act
coupling of nearest neighbor graidsand j across the on a vortex, just as in the type-Il film case. We point out
weak link(i, j). Based on estimates similar to those giventhat this BM force is physically distinct from the Magnus
in the AJJ discussion, we assume the SC electrons in farce introduced in Ref. [13], and which is a consequence
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of the AC phase [14]. It is important to recognize theexpression forn [16], it is possible to reproduce the

physical nonequivalence of these two forces, so we willChenet al. results(®@y ~ 1°) using reasonable values for

close by contrasting their origins and consequences. the subgap conductivity [6]. Finally, since the BM force
Fundamentally, the AC phasEac is a consequence dominates the ACM force, one expects the Hall angle will

of electrodynamics and topology, and it appears in thée (effectively) insensitive to variations 6f, ~ 1 mV,

wave function of a quantum vortex [14]. In the JJA whenCy, ~ 1 fF.

scenario of Ref. [13], a nonvanishingac requires a We are happy to acknowledge interesting discussions

nonfluctuating electric charg@, to be present on each with Dr. X.-M. Zhu, Dr. P. Ao, and Dr. R. Wortis. We

grain. This requires the grain self-capacitar@@eto be thank Dr. Zhu and Dr. Ao for sending us a preprint of

sufficiently small, and the application of a gate voltageRef. [17], and the International Atomic Energy Agency,

V,(i) to each grain. On the other hand, Berry’s phaseJNESCO, and ICTP (Trieste) for support. F.G. thanks

I'p is a consequence of adiabatic quantum dynamics an@. Howell, 1ll, for constant support.

topology. For the systems we considélz appears in Note added. -Since this work was submitted, a preprint

the BCS ground state wave function of each grain. Ahas appeared [17] which also argues that Berry phase

moving vortex is sufficient to produce a nonzdrg in  effects will occur in JJA’s, though it concludes that the

large AJJ's and JJA’s. Furthermore, the vortex in theBM force will not be active in arrays.

Berry phase scenario is classical, not quantum. Thus, for

an array, the physical independence of these two phases

is clear: (1) One is inherently an electromagnetic effect,

the other is not; (2 ac appears in the wave function

of a quantum vortex, whilé&'s appears in the many-body [1] P. Aoand D.J. Thouless, Phys. Rev. L&), 2158 (1993).

wave function of a SC grain; and (3) the experimental [2] M.V. Berry, Proc. R. Soc. London 892, 45 (1984).

circumstances necessary to proddte- in an array are 13} F- GaltarBIPhyrs]. Rev. Bl, 90:1 %19?5)' force” i

physically inequivalent, and more restrictive than those [4] Eﬁ%ﬁi@ gg,]rvgegtulsowi?%e){ytp:-lll\l/ilsaggtjusre?:;g fcl)sllc?vf/)t

necessary to generalg. These substantial fundamental '

. . . o . the terminology introduced in Ref. [3].
differences manifest also in quantitative differences, as WE[5] For thermodynamic manifestations of Berry's phase in su-

now show by considering the Hall effect in a perfectly perconducting networks, see R. Rammal, Physica (Ams-
ordered array in the CL. terdam)152B, 37 (1988).

The forces acting on an array vortex will be the coarse [6] F. Gaitan and S.R. Shenoy (to be published).
grained (1) Lorentz forcd p,hvy X 2/2), (2) Magnus  [7] U. Eckern, G. Schon, and V. Ambegaokar, Phys. Rev. B

force (—ary X 2), and (3) dissipative force—nr,). For 30, 6419 (1984).
the BM force, ey = psh/2. The AC-Magnus (ACM) [8] A. Shapere and F. WilczelGeometric Phases in Physics
force has the form [13]fac = —(Qf/eV)hi'o X 22, (World Scientific, River Edge, NJ, 1989).

[9] M. Stone, Phys. Rev. 33, 1191 (1986); B. Simon, Phys.
Rev. Lett.51, 2167 (1983).
?10] We ignore damping effects due to quasiparticles as they

where V is the grain volume and); = CyV, is the
electric charge induced on the grain by the applied voltag
V. Thus,anc = CoVgh/2eV. For steady state vortex do not alter our results in a significant way. Their

motion, the total force on the vortex is zerp; vy X inclusion would, however, produce the missing dissipative
2/2 — arg X 2 — nro = 0. Solving this equation for terms in Eq. (3).

ro determines the Hall angl®y, tan®y = —xo/yo =  [11] A.V. Ustinov et al., Phys. Rev. Lett69, 1815 (1992), and
a/m. From this expression we can compare the size of  references therein.

the Hall angles produced by the BM and ACM forces.[12] Vortex bunching requires a dissipative term proportional
To obtain a comparison that is independent of a model 10 Y.« to appear in Eq. (3).

for n, we evaluate the rati® = tan®5/tan®;¢ =  [13] B.J. van Wees, Phys. Rev. Le@i5, 255 (1990); R. Fazio

b5.eV/CoV,. For typical array values &, ~ 10*7 m~3, et al., Helv. Phys. Acta5, 228 (1992).
e“i {nglgm3 Co ZpIO fE Vy~ | mV/)E(Sone findskR ~ [14] Y. Aharonov and A. Casher, Phys. Rev. Lef3, 319
i) ) 8 )

4 . (1984).
10°. Thus the BM force overwhelms the ACM force in [15] C.D. Chenet al., Chalmers University report, 1995 (to be

a Hall effect experiment. Clearly the two forces cannot published).
be the same. In the Hall experiment of Chetrel. [15],  [16] J. Bardeen and M.J. Stephen, Phys. R&40, A1197
V, = 0sothatfsc = 0. Thus the observed nonzero Hall (1965).

angles are clearly due to the BM for€ep # 0, aac =  [17] X.-M. Zhu, Y. Tan, and P. Ao, University of Umea, 1995
0). If one uses the Kim-Bardeen-Stephen empirical (to be published).
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