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Test-Particle Transport in Strong Electrostatic Drift Turbulence
with Finite Larmor Radius Effects
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(Received 12 February 1996)

Test-particle transport arising fromE 3 B motion in a turbulent plasma is investigated numerically.
The electrostatic field is determined by solving the Hasegawa-Mima model for two-dimensional
drift turbulence. In the linear regime the particles experience stochastic diffusion, but in the fully
nonlinear, strongly turbulent regime the diffusion rate is greatly reduced. Finite Larmor radius
effects, relevant to alpha-particle transport in tokamaks, are also shown to strongly inhibit the level
of transport. [S0031-9007(96)00339-0]

PACS numbers: 52.25.Fi, 52.35.Ra, 52.65.–y
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Studies of the transport of energetic alpha partic
offer a new opportunity to investigate the nature of plas
turbulence in tokamaks. Because the Larmor radii
alpha particles born in fusion reactions greatly exc
those of the majority ions, the response of alpha parti
to a turbulent field in the plasma differs from that of t
thermal ions. For example, the larger scale of gyromo
and drift motion will smooth out the effects of sho
wavelength turbulence, creating a differential respo
for particles of different energies. Given a theoreti
understanding of this differential effect, observations
alpha-particle transport may yield information on t
characteristics of the turbulence.

The role of turbulence in tokamak plasma transport
been widely investigated [1–3]. Transport due to d
turbulence remains an area of particular interest: it
volves low frequency, electrostatic waves and is do
nated by theE 3 B drift [1–4]. There is, for example
increasing evidence of a good fit between observation
transport in the core region of tokamaks and large-s
gyrofluid and gyrokinetic simulations of transport arisi
from ion-temperature-gradient driven turbulence [5–
Meanwhile, initial measurements [10] show broadly cl
sical confinement of fusion alpha particles in the Tokam
Fusion Test Reactor.

In this numerical study, we quantify two key aspects
this problem, namely the impact of large scale turbul
structures and of finite Larmor radius (FLR) on t
transport of test particles. Previous studies have sh
that a field composed of linear drift waves can indu
stochastic diffusion of test particles [11–15]. Here,
compute the field self-consistently by adopting a lon
established model for drift turbulence, the Hasega
Mima equation [4]:

≠

≠t
sf 2 =2fd 2 f===f 3 ez ? ===g=2f 

≠f

≠x
. (1)

This equation describes 2D drift turbulence in the pla
perpendicular to the magnetic field directionez , and can
be derived from the ion continuity equation withE 3 B
and polarization drifts, and assuming an adiabatic
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sponse for the electrons. Time is normalized toLnyCs

(Cs 
p

Teymi is the sound speed), space to the therm
Larmor radiusrs  CsV

21
i sVi  eBymid, and the po-

tential tosTeyedrsyLn. Ln is a typical scale of variation
of the equilibrium density profile. The generalized vo
ticity W  f 2 =2f is the actual quantity transporte
by the flow. The computational box is periodic in thex
direction s0 , x , Lxd and finite iny (2Ly , y , Ly;
bothf andW vanish aty  6Ly). A dissipative term, of
the formn=2W , is added to the right hand side of Eq. (
to control the numerical noise at small wavelengths,
though no forcing is included at this stage (freely d
caying turbulence). The test particles follow theE 3 B
drift: drydt  B 3 =fyB2. Although in the (purely adi-
abatic) Hasegawa-Mima model the flux of thermal bu
ions is zero, the test particles can still experience stoc
tic diffusion.

First, we consider the linearized version of Eq. (1
which describes uncoupled drift waves obeying the (
mensionless) dispersion relationv  kxys1 1 k2d. The
initial condition is a random vorticity distribution

W sx, y, t  0d 
X
n

X
m

1
sn2 1 m2d1y2

3 sin

∑
p

2Ly
ms y 2 Lyd

∏
3 cos

µ
2p

Lx
nx 1 bmn

∂
, (2)

wherebmn are random phases. This choice correspo
to a spectrumjfkj ~ k23, k 

p
m2 1 n2. A typical

realization of the initial vorticity field is shown in Fig. 1
In the present example the sums in Eq. (2) are in
ranges2 # m # 8, 1 # n # 8, with Lx  2Ly  20rs

and n  0.002r3
s ViyLn. We take a relatively large

viscosity because we shall eventually compare the res
with those obtained in the nonlinear regime, whi
requires some dissipation in order to control the numer
noise. The test particles are initially located in a narr
band aroundy  0. After following the trajectories of
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FIG. 1. Typical vorticity field from the superposition o
56 waves.

4000 particles, we compute several statistical quantit
In particular, the mean square displacementY 2std, the
diffusion coefficient in they (nonperiodic) direction
Dystd, and the kurtosisKstd are

Dystd 
Y2std

2t


kf ystd 2 ys0dg2l
2t

,

Kstd 
kf ystd 2 ys0dg4l

3kf ystd 2 ys0dg2l2
, (3)

where the angular brackets denote an average ove
particles andK  1 for a Gaussian distribution. For
truly diffusive process, the diffusion coefficient shou
be asymptotically time independent. The time history
Y 2std is shown in Fig. 2(a), and displays a linear grow
corresponding to a diffusion coefficient (normalized
gyro Bohm) Dy . 0.01DgB, where DgB  r3

s ViyLn.
The kurtosis rapidly approaches unity, as expected.
distribution of the 4000 test particles (Fig. 3) close
approximates a Gaussian, although it is not perfec
symmetric.

We now solve the fully nonlinear Hasegawa-Mim
equation (1) with the same parameters as before. T
ce
g)

ys

e

FIG. 2. Time history of the mean square test-particle displa
ment in the case of freely decaying turbulence (no forcin
(a) linear regime, (b) nonlinear regime.
s.
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FIG. 3. Normalized distribution of the test particles at the e
of the linear evolution (solid line). The broken line represen
a Gaussian distribution of the same width. The vertical lin
indicate the initial distribution of the particles.

virtually suppresses test-particle diffusion, as shown
the time history of the mean square displacementY2std
[Fig. 2(b)]. We attribute this effect to the large sca
structures appearing at the end of the simulation (Fig.
compare Fig. 1), as expected from the inverse casc
[16]. These structures evolve more slowly, both linea
and nonlinearly: for large wavelengths, all waves pro
agate with the same phase velocity, which can be el
inated by a Galilean transformation, thus suppressing
time dependence in the potential. The nonlinear ter
are also negligible whenr2

s k2 ø 1. Therefore, particles
trapped in these large vortices follow the field lines ad
abatically, and are less likely to “jump” from one vorte
to another; nonadiabatic motion is indeed recognized
the origin of stochastic diffusion [11]. The test-partic
statistics are still Gaussian, as indicated by the kurto
sK . 1d and by the particle distribution (Fig. 5).

Let us now consider the effect of a forcing term
Eq. (1). In practice, a source of fluctuations is alwa
-
:FIG. 4. Vorticity field at the end of the simulation for th
nonlinear regime.
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FIG. 5. Normalized distribution of test particles at the end
the nonlinear evolution (solid line). The broken line represe
a Gaussian distribution of the same width.

present, whose nature depends on the linear instability
sponsible for wave excitation. However, it may not b
easy to derive an appropriate spectrum for the forc
term: we have chosen a broad spectrum of the fo
nk2jWkst  0dj where Wkst  0d is the initial vorticity
distribution, Eq. (2). This choice has two advantages:
exactly balances the dissipation term, so that a fluctu
ing steady state is reached rapidly, avoiding the irrelev
transient; and, secondly, it can be used for a direct co
parison with the linear regime, while a source localiz
on a particular wave number would not be meaning
linearly.

The random phases are updated at regular time in
vals, while the viscosity is, in this case, slightly large
n  0.005DgB. The evolution of the mean square di
placement in the linear and nonlinear regimes (Fig.
again shows a reduction in transport due to turbulent m
couplings, which is less dramatic than in the previo
case (with forcing, we have measuredDlin . 3Dnonlin .
0.013DgB). This differential diffusion is also visible from
the particle distribution in space (Fig. 7). Now the forcin
and nonlinear terms are in competition: the former tr
to restore the original, small-scale spectrum, while the
ter favors large-scale structures. If the rate of injection
small scales is too fast, the nonlinear terms do not h
time to react, and the transport will be dominated by t
forcing. A crude estimate is obtained by comparing t
strength of the nonlinear and forcing terms, which yiel
the dimensionless parameterA ; ns1 1 k2

maxd. For the
nonlinearities to dominate we needA ø 1, and in our ex-
ampleA . 0.05.

For high energy alpha particles the above guidin
center model is not adequate, and FLR effects must
taken into consideration. If the gyration frequency
much larger than the typical rate of change of the el
tric field, FLR effects can be modeled numerically b
4362
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FIG. 6. Time history of the mean square displacement (c
with forcing): (a) linear regime, (b) nonlinear regime.

“spreading” the particle over a ring centered at the p
sition of its guiding center [17]. This introduces an ave
aging operation, which tends to suppress the smaller-s
components of the electric field (a similar effect cou
arise from the so-called banana orbits, induced by the
homogeneity of the magnetic field in toroidal geometr
This point has been raised in the context of electron d
fusion in a stochastic magnetic field [18]. We prese
the results of a linear simulation withLx  2Ly  20rs,
n  5 3 1026r3

s ViyLn. The field spectrum is that de
scribed in our first simulation. Five groups of particle
d
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FIG. 7. Particle distribution at t  100LnyCs and
t  300LnyCs for the linear (a),(b) and nonlinear (c),(d
regimes.
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FIG. 8. Time history of the mean square displacement for
groups of test particles with Larmor radiiriyrs  0.0 (a), 0.3
(b), 0.6 (c), 1.0 (d), and 1.6 (e).

were followed in the same field, their Larmor radiiri

ranging from zero to1.6rs. The mean square displac
mentY 2std (Fig. 8) clearly demonstrates that FLR effec
can strongly inhibit stochastic diffusion.

In conclusion, our study shows that the formation
large vortices in strong electrostatic turbulence res
in coherent advective motion for the test particles, s
pressing the stochastic diffusion which occurs in the
ear limit. This result supports an early conjecture
Hasegawa, Maclennan, and Kodama [19]. Furtherm
the transport of high energy ions is greatly reduced by
averaging effect introduced by their large Larmor radi
Comparison of measured diffusion rates of alpha parti
of different energies could therefore be used to infer sp
tral properties of the underlying turbulent field.
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